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PBEFACE. 


Thk ropnblication of a Selection of the Papers of the late Profqgsor 
Manjuorn Kaiikine was originally projected by several of his pcri^n^ 
friends shortly after Ins decease, the objtH^t being to cjombine, in % 
suitable voliinic-forni, jm])crs which were to be found only in the Kecorda 
of Scientific .Societies, and in the Scientific and Kngineering dournals, and ^ 
thus to present to tli<^ many admirers of tin* talented author a memorial 
oi his gieat worth and ability. 

IhtnMluctory to the Selection of Papers now published is an exhaustive 
Motnoir by Professor Tail, wlio kindly consented to embody' in this 
furui the main features of Kankines life, together with his 'recollections 
of one with whom he had been intimately associated us a fellow^worl<cr. 
'fhere renjjxihs, therefore, for the Editor merely to point out, briefly,' the 
primuple tliat has guided him in making the wdection from the papehs 
placetl in his liands for the purpose of rcpublication. 

I'he object, then, kept in View has been tin? j»rcservation of siicli papers 
as art) most characteristic of their author in Ins capaoky of a scientific 
and inathematicjd intpiirer. Professor Kaitkiiie was not, nor did he clainu 
tt> b(\ a j>opular writer ; his command of mathematical expression was 
such, that he naturally ombodietl his reasoning and conclusiotis in 
symbols. All his writings, however, are marked by a |iower of state 
ment so clear and logical, that the reader, even should he fail entirely 
to follow the demonstrations, cannot but bo benefited in the attempt to 
master them. 

Besides the papers in the present Collection, Professor llankitic) con- 
tributed many others to Scientific and Engineering Societies and dounials, 

A nyimber of these, from their nature, (descriptions of works and of 
machines,) were but of passing interest. The papen now published are 
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of permanent value, and deal rather with general scientific principles and 
their applications to practice. 

The leading characteristics of Professor Kankinc’s writings are too 
well-known to require comment hero. One special feature, however, in 
his method of treatment, may be pointed out — viz., the carefully airangcd 
division of the subject into sections. Starting with a general statement of 
the object of the paper, he advances l)y degrees in the argument, giving full 
reference to the subordinate parts of the paper, which are marked by 
numerals or letters to distinguish them, thus progressing with logical pre- 
cision until the conclusion is reached. Another noteworthy featuie may 
also be referred to — viz., that of the introduction of new and suitable words 
or phrases, proposed by the author, to convey more clearly Iris moaning. 
Lastly, we observe throughout all Professor liankine’s writings the most 
minute accuracy of statcinent, and the most scrujmloiisly lionourahle care 
to give to all fellow-workers in the same field with himself their just due, 
whilst pointing out wliat Ik' considers to bo original on Iiis own jrart. 

Tire principal i»apers in the volume are those idating to Thermo- 
dynamics and to Hydrodynamics, where such subjects as the Action of 
Heat in the Steam-Engine, and the Forms of Waves and Water-Lines of 
Ships, arc discusse<l at length — th^ scientific and mathematical investi- 
gation of these (piestions being perhaps most eminently characteristic (d' 
Professor Kaiikino, 

The papers have l)0(‘n grouped into three Divisions, so as to bring as 
nearly as possible kindred subjects together; and in (‘very case? the 
name of tlie Society or tfournal through which the j)aper was originally 
brought fbrward, together with the date of its public'ation, has been 
given. 

It need liardly be added, that the pa])ers appear without change* of any 
kind. In their present form tlu*y stand precisely as th(‘y finally left their 
author’s pen ; and no pains have been spared to eiihure perfect accuracy 
in the reproduction. 

The Editor, like many others, has a grateful remembrance of Professor 
Ihuikine, having enjoyed the great privilege of being one of his students 
in the old College of Glasgow, and having aftorw'ards had the advantage 
of hia friendship in many ways. Pankine’s lectures, although simpler than 
his text-books, were marked by the same clearness of arrangement, and 
were enforced by his distinct and vigorous enunciation, and admirably 
illustrated by carefully prepared diagrams. As chairman of the meetings 
of the societies of which he was president, his methodical habits and 
business qualifications were of marked service. These qualities were also 
evidenced in the drawing up of reports in committee; one of the last 
services which he rendered to engineering science being in connection 
with an experimental inquiry on safety valves on behalf of the InsUtu- 
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tion of Engineers and Shipbuilders in Scotland — ^his deeoasct unfortunately, 
cKjcnrring before the completion of the experiments. 

The Pai)ers classed under Part L relate more or less to Tcmporainre 
and Elasticity, The First, originally publislunl in 1849, gives an 
approximate equation for the elasticity of vaj»our in conhict with its 
liquid, (this equation appears to have lieen om of the results obhiined 
by Professor Rankine whilst investigating the molecular constitution of 
matter,) and conoludos with the statement ot a proposition bofno out by 
experiment, which “ may be safely and usefully applied in practice,” 

In the Second Paj)cr, published in the same year, is given u formula 
for c,alciilating the exjwinsiou of liquids by heat. This formula, the 
author states, he had f<mnd useful wdiilst considering the comiJarative 
volumes of liquids at various tompeKiture.vi. 

The Third Paper, on ** The Centrifugal Tli<*or}' of Plasticity, hh applied 
to Gases and Vapours,” jnibllshcd in 1851, sluovs how the huvs of the 
pressure and expansion of gases may ho di'duccd from the liypothcsis of 
molecular vortices. The investigation Avas begun in 1 842, but was laid aside 
on account of the w ant of <*xi»erimental data ; it was again resumed after the 
pnl)lication of ^le results oi M, IbgnatilPs experiments on gases and 
\ apours, and laid before the Royal Swioty of Edinburgh in February, 1850. 
The hypothesis is defined to be ** that which assumi^s that each atm of 
matter anisL^fs of a nuelens or centra! point cnvchpeil taj an ela4ie atrrw$j)htre^ 
ft'kich iii retained in its position htf attractive for Ca:s ; and that the elaMicibj due 
ht heat arises from the ceninfngal force of these atmospheres revolving or 
i -^•‘tUatlnfi about their nuclei or central ponds'^ After showing that somc- 
Avhat .similar ideas had been entertained liy jihilosophers at different 
times, there follo^vs a sujipositiori wliich, In*, says, “so far as 1 am aAvare, 
is peculiar to my own researches. U is this, that the nhraihni which, 
arc\n’dlnfj to the xiiahdaiurii hgjfothesis, constitutes radio ni light and Ivcat^ is a 
motion of the afornic nuchl or renftr.% and is propagated hg means of their 
hiuinal attractions and repulsions*' Tables urcj given showing the closeness 
of agreement between the formula* made use (♦f, and the experimental 
results. 

In the Fourth Paper wo. hav<; an extension of tlie [»ref;c«]ing one ; by 
means of a fresh investigation the complete aj>plicability of the hypothesis 
of molecular vortices to all substances in all conditio/is is shown, and 
this demonstration is followed by the deduction from that hyiK)tlie8i« of 
the law of the equivalence of heat ami power. 

The Fifth Paper deals with the La^vs of Elasticity in reference to 
the strength of structures — the relations iKjtween pressures and strains ; 
it shows how the Laws of Elasticity are sim[)lified by adopting the 
supposition of atomic centres of force, but also points out that this 
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6up{io6itton requires moiiificatioii, an<i b} means of the hypothesis of 
molecular vortices simplifies the investigation of these Laws. 

In the Sixth Paper the distinction botucen Sbain and Stre^ is made 
clear, and a nomenclature adopted (from*Greek equivalents) descriptive of 
their relations. Crystalline forms are tonsidered, together ivith their 
action oii light. 

The Seventh Paper treats of ^‘Thc Vibrations of Plane-Polarised Light ' 
The principles laid down in the ])aper are sliown to Ih) incompatible 
with the “Idea of aluminiferous ether einelojnng ponderable particles;” 
inasmuch as that “the luminifcious meduini i^ a system of atomic nuclei 
or centres of force, whose office to give ftnm to matter; while the 
atmospheres by which they aic surrounded give of themselves meiel> 
extevmny 

In the Kightli I’apcr an attempt n made to diminish the diffieulties 
attending ilie undiilatory tlieor) of liglit, by juoposing a theory of 
oscillations round axe^, instead of the theory of \ibratioiis. 

In the Xintli Papei, we lu\<‘ a mathematical in\estigation into the 
relations CMsting between the \ilo(it} of sound in elastic substances and 
the clustuitj of the materials. 

Part 11. relates piiiuipall) to Lnc) 4 \ and tiie Mecliann.d Action of 
Heat. The first I'aper of this dnision (No X ) is entithd “The Pec on 
centratiou of tie MechaiiKMl Lneig} of the lhu\cl^( ” — a remaihahh* 
speculation, Uidbcfoic the Hutish Vssociatiou at Itelt.id, and ])ubhshed 
in 1852, alluded to by Pioi(ssoi .l(\ons m Ins, of 

and ackiu)wle<lgcd by Sir Via Thomson to lu Aciy oharar teristu of 
Kaiikine. Thi» paper, after ief(‘mng to all ( x^jeiiiiiental eMdenco as 
being in faxoui of the doc time of the mutual con\ertil)ilit> of the 
different kinds of the ph}sical onei<j:\ of tlie uni\erse, and of the tendency 
towards a inufoim teinpeiatuie of luattei. go( ^ on to ])omt out how it is 
conceivable that ultimatoh the diflusid tmugN mn} bo gathered into 
foci, and renewed stores of chemmal powci piodiucHl from the now inert 
compounds whoa passing thiough the mionse heat of these foci. 

The next Paper deals wdth tlie liaw of the Transformation of Energ}, 
and the ratio of AVork done to Eneig} expended in xarious forms of 
engines; and is followed hy a eomprcheiisne pa])er entitled “ Outlines of 
the Science of Energetics,” treating of the laws of physical phenomena — 
the Science of Mechanics (“the oul} example xet existing of a complete 
physical theory”) — the use of hypotheses — definitions of Energy, AVork, &c., 
and Efficiency of Engines. 

The Thirteenth Paper is mainly descriptive of the use of the term Energy, 
and gives Professor Eankiue's reason for his introduction of the phrase 
Potential Energy” 
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Na XIV., with its supplements XV.-XIX, on ‘‘The iicchanicsl 
Action of Heat,” is an inij>ortaiit contribution considctablo length 
to the Bojal Society of Edinbui^ti, cxteiiduig over the years 15^50-1853. 
It is based u[>on the hvjiothesis of molecular vortices, and roIa|os chiefly 
to the “ mutual conversion of heat atul mechanical power, by ineatts of 
the expansion and contniction of gases and vapoum.” 

In the Twentieth Paper the various comlitions existing in a lioatcMl 
substance are shown geometricaHy by eurvots a inctluxl adoptoil first, it 
is stated, by Janies Watt in Iiis Steam-engine Indicator. 'I'lie efficiency 
of thcnnodynamic engines is considered, and Stirling ami Kricssou's hot- 
air engines desern>ed, 

. The next Pajier is on “ Formuhe for tlie Maximum IVossure and Latent 
Heat of VaiMUirs,” folloAved hy one on “ I'lie Density of Steam,” in which 
tho general equation of thermodynamics, stated in paper Xo. XIV., is 
again given, to show tlu' connection existing between it ami the law of the 
<lensity of steam. 

In Papei: XXI II, tho 'IVo Laws of Thorniodynamies are stated, and 

it is shown that the deri\ at ion of the Second l4a\\ from steady nioleeiilar 
motion (c.^., in circular .streams or in circulalimc ''Ireanm of any figure), 
as given in jirevioiis jiapers may he more simply effeeted than hy tho 
methods adopted in these paper.s. 

The following Pajier, published in TItc Unijlnttr in 1807, refers to 
the want of popular illustrations of TJie Second Law of Th(»nnodynamic«, 
and explain-s the nature of the two laws, with the particular f[uestions to 
wiiich they are respectively api>lieahle.* 

'"‘The Lmr inform.s us tJiut when meclianiral work is done by 

means of heat, a (juantity <if lu‘at disapjiear'^. . . . To calculate* this 

disappearaiicft of lieat, tho work done must he .sensibly ciirnial^ and subject 
to direct mea.surenieiit.” 

Tlir Scunifl Ijuv informs us how’ ileduce the whole amount (»f W'ork 
dune, inlmnil and aknial, from tlie knowledge wliieli we have of tho 
ijfernal w’ork.” 

An illustrcatiun is given by the expansion of a perfect or sensibly licrfoet 
gas ; but it is jiointed out that it is^difl’erent wlien we have to ileal with 
fluids in the act of evaporating, instanced by a case showing wliere tho 
secoml hir is applicable. 

Paper Xo. XX VI. is on “The Working of Steam in Compound 
Engines,” defines such engines, and state.s their advantages, wdth rules for 
the construction of indicator-diagrams. 

This is followed by Papers on “ The Theory of Explosive Cias-Engines,” 
and on “ The Explosive Energy of Heated Liquhls.” In the first of these 
it is shown that, in calculations respecting tho practical use of heat- 
engines, it is convenient to use pressures and volumes rather than 
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toliQ|ii6rature9. Tho mixtures of gas and air most suitable for gas-engines 
are also given. 

The Papers in Part III. relate to W ave-Forms, Propulsion of Vessels, 
Stability of Structures, &c. 

The first of the scries, No. XXIX., which is entitled On the Exact 
Form of Waves near the Surface of Deep Water,” shows that the form 
of such waves is trochoidal, and states that this form was first pointed 
out by Mr. Scott Russell. 

The next Paper, “ On Plane Water-Lines,'' investigates the curves 
suitable for tho water-lines of a ship. Water-line curves are designated 
Neoids, Cyclogenous Neoids (or water-line curves generated by circles), 
Oogenoas Neoids (or those generated by oval bodies), and Lissoneoids, or 
water-lines of smoothest gliding. It is noticed that although, from 
lengthened practice in tho art of shipbuilding, the forms of water-lines 
have attained a high degree of excellence, yet that this is due rather 
to empirical means, than to a knowledge of general principles. The 
system of Chapman is shown to l)o wholly empirical, consisting of 
parabolic forms ; and Mr. Scott Russell's is instanced as the first useful 
theory of ships' water-lines, being based on wave figures. Tho various 
forms of water-lines are then considered in reference to their fitness for 
different classes of vessels. 

Other two Papers follow, the first of which is intended to assist those 
who are not familiar with tho higher mathematics in understanding the 
subject of Stream-Lines. A stream-line is defined as the line traced by a 
particle in a current of fluid, and ' an elementary niethud is given for 
determining circular stream-lines, a subject inatheinatically investigated in 
the preceding paper. The other Paper is an investigation “i*to determin'o 
the relations which must exist between the laws of the elasticity of any 
substance, whether gaseous, liquid, or solid, and those of tho wave-like 
propagation of a finite longitudinal disturbance in that substance.” A 
Paper on The Theoretical Limit of the Efficiency of Propellers ” follows, 
showing the theoretical limit of efficiency which im})rovements in pro- 
pellers may attain ; states the formuTae for reaction and effective power, 
shows at what relative velocities tlie propeller is most effective, and 
compares the advantages of various forms of propeller, with numerical 
examples. 

Paper No. XXXIV., “ On the Design and Construction of Masonry 
Dams,” originally consisted of a report to the municipality of Bombay, 
made in 1870, in reference to proposed extensions of the Water-Works 
there, and was afterwards published in The Engineer, 

This Paper enters into the question of stability of structures, showing 
tihe best and most economical form which a high masonry reservoir wall 
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should have, and is of value to the civil engineer when proposing to 
adopt a masonry or concrete wall, instead of an ordinary embankment, for 
reservoir purposes. 

Papers Nos. XXXV. and XXXVI. are extensions of methods adopted 
by Professor Eankine in his Manual of Applied Meckanks^ in connection 
with the stability of structures of various figures, such as Frames and 
Arches ; and the last paper of the series, No. XXXVII, is a mathematical 
demonstration of a property of certain curves, bearing on the forms of the 
slopes of wave-crests. 

In conclusion, the Editor desires to acknowledge the courtesy, shown 
by the executive officers of the various Societies and Journals to which 
the papers, thus brought together, were originally contributed; and to 
exj^ress liis thanks — not only for the permission, readily accorded, to 
republish — but also for the kindness which supplied, in many instances, 
copies of the Papers selected. 


W. J. MILLAE. 


Glasgow, 

October i 18S0. 
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Thk life of a gomiiiio scioutific man i^^from the common point of view, 
almost ahvays^ iiiievontful. Engrossed witli the pavamoiiiit claims of 
inquiries raised high ahove the domain of mere Ijuman passions, lu; is 
with difficulty tcmj)ted to come forward in p(»litical discussions, even wlien 
they are of national importance ; and he I'cgards with snriu’i.se, if not 
with contempt, tin? petty municipal scpiabhlcs in which local not(n’iety 
is so eagerly sought. To him the discov(‘ry of a new law of nature, or 
even of a new exjaTimental fact, or the invention of a novel mathematical 
method, iio matter who has l)0(‘n th<'- first to rc.aich it, is an (‘.vent of an 
order altogether diilereiit from, and higlu'r than, thos(‘. whi(;h are so 
profusely chronicled iii the newspapers. It is sonu'thing true and good 
for ever, not a mere temporary outcome of craft or expediency. With 
few exceptions, such men pass tliroiigli lih; unnotic(*d by, almost unknown 
to, the mass of even their educated countrymen, ^’et it is tliey wlio, far 
more than any autocrats or statesmen, inv- r(‘ally moulding ilie ]iist(uy of 
the times to come. Man lias l)een left (‘iitirely to himself in the struggle 
for creature comforts, as w(dl as ffir tin.* higher ajiplianees whicli advance 
civilisation ; and it is to schmee, and not to so-called statecraft, that ho 
must look for such things. Science can and does provide tluj iiuxins ; 
statecraft can but more or less judiciously ])roTnot(‘, i’(‘gulato, or forbid 
their use or abuse. One is tlio lavisli and utterly unselfisli furnisher of 
material good, the other the too often churlish and ignorant dis])enser of 
it. In the moral Avorld their analogues are charity and the relieving 
officer! So much it is necessary to say for the sake of tlie gtuieral 
reader; to the world of science no ai)ology need be made. In U 
Ka»kinc’s was and is a well-known name. 

It is high eulogy, but strictly correct, to say that Kankinc holds a 
prominent place among the chief scientific n^en of the last half century. 
He was one of the little group of thinkers to whom, after tlie wondrous 
Sadi Carnot, the world is indebted for the pure science of modern thermo- 
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dynamics. Were this all, it would be undoubtedly much. But his 
services to applied science were relatively even greater. By hid admirable 
teaching, his excellent text-books, and his original memoirs, he has done 
m6re than any other man of recent times for the advancement of British 
Scientific Engineering. He did not, indeed, himself design or construct 
gigantic structures, but he taught, or was the means of teaching, that 
invaluable class of men to whom the projectors of such works entrust 
the calculations on which their safety as well as their efficiency mainly 
depend. For behind the great architect or engineer, and concealed by 
his portentous fonn, there is the real worker, without whom failure 
would be certain. The public knows but little of such men. Not every 
von Moltke has his services publicly acknowledged and rewarded by his 
imperial* employer ! Hut he who makes possible the existence of such 
men confers lasting benefit on his country. And it is quite certain that 
Kankinc achieved the task. 

W ILI.IAM John Macquoux Kaxkine was born in Edinburgh on the 
nth July, 1820. Ho was a Scot of Scots. His father was descended 
from the Uankincs of Carrick and the C^oehranes of Dundonald. llis 
maternal grandfather was (Irahaine of Drumquhasslo, a descendant of the 
(Jrahams of Doiigalston. In Eankine's MSS. there is to 1)C found a 
tracing of the various steps of his podigr<*e from Eobert the Bruce. His 
father, David Rankine, was in youth Lieutenant in the 21st Tiegiment (Rifie 
Brigade) ; but, as will lie seen by what follows, was also a man of great 
general information, cs])ocially in practical matters. He was enqJoyed in* 
later life in constructing railways, and afterwards became Secretary to the 
(Caledonian Hailway Company. Rankine repeatedly notes in liis journal 
the hints and instruction he liad received from his fatlier. He was 
profoundly attached to his parents ; and one of the most touching notes 
in his journal is the brief record of his lasting obligations to them for 
early instruction in the fundamental principles of the Christian religion 
and the character of its Founder. 

It will bo convenient to give, in the first place, a brief sketch of 
Raiikino’s career, and to reserve for a time such comments upon his more 
important investigations and treatises as would materially interfere with 
the continuity of the sketch. 

From Rankinc^s private journal it appears that his first introduction to 
arithmetic and elementary mathematics, mechanics, and physics was 
obtained mainly from his father. He attended Ayr Academy in 1828-9, 
and Glasgow High School iir 1830. After this he seems to have been for 
some years privately instructed in Edinburgh, his state of health preventing 
his being spnt to a public school. In December, 1834, his uncle, Archibald 
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presented hini with « copy of Newton’s Primim^ which ho road 
carefoUy. He remarks — “ This was the foundation of my knowloiigo of tl»o 
higher mathematics, dynamics) and physics* My knowledge of the higher 
mathematics was obtained chiefly by private study.” About this period 
he paid much attention to the theory of music. In 1836 he studied 
Practical and Theoretical Chemistry under David Boswell Reid ; and in 
November of the same year entered Edinburgh University. He there 
attended the Natural Philosophy course under Professor Forbes, and gained 
• (before completing his soventoenth year) the Gold Medal for an essay on 
the ‘‘Undulatory Theory of Light.” In flio summer of 1837, ho studied 
Natural History under Professor dameson, and Botany under Professor 
Graham. He attended the Natural Philosopliy Hass a secoud time in 
1837-8, and obtained an extra prize for an essay on “ Methods in Physical 
Investigation,” He records in his journal, that in 1830-8, during 
leisure, he read mucli metaphysics, chiefly Aristotle, Locke, Hume, Stewart, 
and Degeraudo. 1 have learned from himself that about tliis period he 
^ wasted ” a great deal of time in the fascinating but too often delusive 
pursuit of ^‘Theory of Numbers.” 

In 1837-8 he made his first acquaintance with the practi(‘(‘ of engineer- 
ing, haying assisted his father in superintending the works of tho Leith 
branch of the Edinburgh and Dalkeith Railway, lii tlie latt6r year he 
became a ])upil of the late Sir John Macncill, C.K., having among his 
fellow-pupils many who have since risen to eminence*. His journal records 
the names of Cr. W, Hemaiis, J. W. Bazalgette, W. K. Le Fanu, Matthew 
.Blackiston, John Moilat, and Jonas S. Stawcll. 

During the succeeding four yeai's he was employed by Macncill on 
various surveys, mid schemes for river iiuprovements, water-works, and 
harbours for* Ireland. Also, for some time, on tlic^Dublin and Drogheda 
Railway. While engaged on this railway in 1811, he contrived tho metliod 
of setting out curves “ by chaining and angles at circumference combined/' 
■which has’ since been known as “Rankines method.” 

In 1842 appeared his first i>ublished work, a pamphlet entitled An 
Erpmmental Imiuiry into the advantage of Cylindrical IFheeh on J!ailivayb\ 
This was based upon experiments suggested to him by his father, and 
carried out by them together. 

In the same year Queen Victoria visited Edinburgh for tlio first time, 
and Rankine was charged with the superintendence of the erection of tlu? 
huge bonfire which blazed on the t^p of Arthur’s Seat. He constructed 
it with radiating air passages under the fuel, and succeeded, as he cotn- 
plac^tly records, in partially vitrifying the rock ! 

Daring thisoind the succeeding year he sent 8ev6r%l papers to the 
iKurtitate of Civil Engineers, for some of which prizes were awarded to 
hisL He records that most of them were based on suggestions. by bis 



3IEM0IR. 


xxii 

especially that on the “ Fracture of Axles/' He showed that such 
fractures arose through gradual deterioration or fatigue, involving the 
gradual extension inwards of a crack originating at a square-cut shoulder. 
In this paper the importance of continuity of form and fibre was first 
shown, and the hypothesis of spontaneous crystallisation was disproved. 

In 1844-5 he was employed under Locke and Errington on the Clydes- 
dale Junction Railway project; and afterwards, till 1848, on various 
schemes promoted by the Caledonian Itailway Company. In 1845-6 
lie engineered a project for Edinburgh and Leith Water-works, which was 
defeated by the opposition of the Edinburgh Water Company. 

About 1848 he seems to have commenced that extensive eeries of 
researches on molecular jdiysics which occupied him at intervals during 
the rest of his life, and which constitutes his chief claim to distinction in 
the domain of pure science. The first paper he published on the subject, 
with the title “Elasticity of Steam,” appeared in the Edinburgh New 
Philosophical Jmrnal in July, 1849 ; and at the end of that year he sent 
to tlie Royal Society of Edinburgh his great paper on the “ Mechanical 
Action of Heat.” It was not, however, read to the Society till February, 
1850. On the contents of tliis, and his subsequent papers dealing with 
similar subjects, some remarks will be made below. In July, 1850, he 
read to the British Association at Edinburgh another paper on a closely 
connected subject, “ Elastic Solids.” 

• In 1852 the Loch Katrine Water-works . scheme for the supply of 
Glasgow was revived by Rankinc and John Thomson. This scheme, now 
successfully carried out, was first proposed by Lewis Gordon and Laurence 
Hill, Junior. 

In 1853, one of Eankine’s most characteristic papers in pure science, 
“ On the General Law of Transformation of Energy,” was read by him to 
the Glasgow Philosophical Society. In the same year, along with the late 
J. R. Napier, he projected and patented a ne^v form of air-engine. The 
patent was afterwards abandoned. 

He was now elected to the Fellowshii) of the Royal Society, and sent 
to that body his next great paper on Thermodynamics — viz., “ On the 
Geometrical Representation of the Expansive Action of Heat,” which was 
j)rinted in the Philosophical Transactions. 

From January to April, 1855, he acted in (dasgow University as substi- 
tute for Professor Lewis Gordon, on whose resignation he was appointed 
to the Chair of Engineering, which he held till his death. His inaugural 
discourse, delivered on Dec. 10 of the last-mentioned year, bore the title 
“ Be concordid inter Scientiarum Machinalhm Contemplationem et UsumJ* In 
this year he wrgte, among several contributions to Nichols Cyclopaedia, an 
article on “ Heat, Mechanical Action of,” the earliest formal treatise on 
Thengodynamics in the English language. In 1856, the preparation of 



umLom. 


XXIU 

his course of lectures led him to the invention of some remarkable 
methods connected with Transformation of Structures. These are based 
on the discovery of “reciprocal diagrams” of frames and forces, since 
greatly extended and simplified by Clerk-Maxwell. The remarkable 
storm which occurred on February 7 of this year, directed his inquiries to 
the “ Stability of Chimneys,” on which he has published a valuable article. 

In 1857, he resigned the associateship of the Institute of Civil 
Engineers ; and shortly afterwards, on the establishment of the Institute 
of Engineers in Scotland, ho delivered the opening address as first 
President. At this time he was busily engaged on a Treatise on SUii- 
huildingy his Ma7inal of Applied Mechames^ an article on the same 
subject for the Encyclopaedia Briiaimica, and an investigation (based on 
J, K. Xapier’s experiments) of the theory of skin-resistance of ships. Ho 
also sent to the French Academy of Sciences a memoir, — “ De rEtpiilihrc * 
inUricure d!m cenps solide^ (dasfiqm^ d liomoyhne,^' 

In July, 1859, an offer of service was sent to the Lieutenancy by the 
“ Glasgow University Kiffe Volunteers.” It was accepted in October, 
and Pankinc received his commission as Captaih. lie spent the greater 
part of November at the Uythe School of Musketry, and, on his return, 
instructed the officers and s(‘vgcantH of his corps. In the same year 
appeared Jiis valuable Mannal of Ihc Sfeani^Eogine mul oflwr Prime Movers, 
In 1860, he was made Senior Major, and commanded the second 
battalion of his regiment at the niemorable Volunteer Keview, held by the 
<j(ucen in the Queen’s Park, Edinburgh. 

In 1861, he finished his Mamud of (avU Emfineering, which was pub- 
blished early in the following year. At the International Exliibition in 
1862, at London, he was a Juror in Class VIIL, “ Machinery in General.” 

In 1864, he resigned his commission in tlio Volunteers, “finding it 
impossible to attend at once to duties as field-officiir and as j)rofe.s.sor, to 
(ngineering business, and to literary work, especially Treatise on Ship- 
hmldiwjP 

In 1865, he was appointed Consulting Engineer to the Ifighland and 
Agricultural Society of Scotland ; and became a regular contributor to the 
Engineer, in which many excellent artich^s of his appeared. 

In 1806, was published his Treatise on Shipbuilding, Theorelkal and 
Practical, Though four names were announced on the title })agc as joint 
authors, by far the greater part of the work wjis written by Kankino; 
but the proofs were revised by all four. 

1869 produced Machinery and MUkrorl:, the fourth of Ilankine’s great 
engineering treatises. Tlie other three had then reached their eighth, 
sixth, and fifth editions respectively. In his journal for this year occurs 
the following note : — 

“ Sept, 16, Thomas Graham, Master of the Mint, died [son of a isousin 
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of my mother’d father]. I applied for vacancy to Chancellor of Exchequer 
(Lowe). Application well supported by friends, and civilly received ; but 
the office was virtually abolished, being conjoined with the Chancellorship 
of the Exchequer.” 

Rankine lost his father in 1870, and his mother in the following year. 
Both had passed the age of seventy. The loss of his parents, to whom he 
was so fondly attached, seems to have accelerated the development of the 
illness which had for some years been growing upon him. Ho was well 
enough, in 1871, to contribute most valuable matter to the proceedings 
of the “ Committee on Designs for Ships of War,” which was appointed 
shortly after the loss of the Captain.” ■ He investigated for that Committee 
the Stability of Unmasted Ships of Low Freeboard,” and the “ Stability 
of Ships under Canvas.” 

In February, 1872, Eankine completed his memoir of his friend, John 
Elder, and in July reported on the cause of the explosion of the Tradeston 
Flour Mill. In May the increase of the endowment of his chair, which 
he had in vain sought from Government, was given by Mr. Elder’s widow; 
and the income of Rankihe’s post was at last made sufficient to maintain 
its occupant. But by this time his energy was fast ftiiling, the simplest 
work fatigued him ; and he died on December 24, of a general decline 
rather than of any special disease. He had been for some years liable to 
violent headaches, and towards the close of his life these ‘affected his sight. 
They were probably symptoms of heart disease, which ultimately developed 
paralysis. The gradual decay of his physical powers is painfully evident 
in the last pages of his journal, where, though the sul)stanco is correct 
and to the point, the handwriting becomes more and more irregular at each 
succeeding entry. 

Such are the more prominent events in the life of this great and good 
man. Even now, after the lapse of eight years, it is difficult to realise the 
fact of his death. He was so many-sided, and yet so complete in himself, 
that the mental imago of him formed by each of his friends remains 
almost as clear and distinct as if it had been formed but a few days 
ago. 

Of the man himself it is not easy to speak in terms which, to a stranger, 
would appear unoxaggerated. His appearance was striking and prepos- 
sessing in the extreme, and his courtesy resembled almost that of a gentle- 
man of the old school. His musical taste had been highly cultivated, and 
it was always exceedingly pleasant to see him take his seat at the piano 
ta accompany himself as he sang some humorous or grotesquely plaintive 
song — ^words and music alike being generally of his own comjposition. 
Some of the best of these songs have been collected in a small volume, 
Smg$ mi Fables (Second Edition; Glasgow, Maclehosoi 1874). We 
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extract one which gives, in a very telling form, one point of view of a 
much-debated semi-scientific question : — 


THE THEEE-FOOT EULE. 

When I was bound apprentice, and learned to use niy hands, 

Folk never talked of measures that came from foreign lands : 

Now I ’in a British workman, too old to go to school ] 

So whether the chisel or file I hold, I ’ll stick to my threc-foot rule. 

Some talk of millimetres, and some of kilogrammes, 

And some of decilitres, to measure beer and drams ; 

But I ’m a British workman, too old to go to scliool ; 

So by pounds 1 ’ll cat, and by quarts 1 ’ll drink, and 1 'll work by my 
three-foot rule. 

A party of astronomers went measuring of tlic earth. 

And forty million metres they took to be its girth ; 

Five hundred million inches, though, go through from pole to pole ; 
So let ’s stick to inches, feet, and yards, and the good old threo-foot 
rule. 

The great Egyj)tian jiyramid ’s a thousand yards about ; 

And when the masons finished it, they raised a joyful shout 3 
The chap that planned That building, I ’m bound lie was no fool ; 

And now ’tis proved beyond a doubt, he used a threc-foot rule. 

Here ’>s a health to every learned man that goes by common sense, 
j\nd would not plague the workman on any vain pretence 3 
But as for those philanthro])ists, who ’d send us back to school, 

Oil, hlcs.^ their eyes, if ever they tries to put down the three-foot rule. 

When the “Red Lions” met during the Britisli Association week of 1871, 
in Edinburgh, liaiikine was hailed with universal acclaim as the Lion-King. 
His versatility in that singular post was very much akin to that of Pro- 
fessor Edward Forbes 3 though their paths in science were ividely different. 
His conversatiofi was always interesting, and embraced with equal seeming 
case all topics, however various. He had the still rarer qualification of 
being a good listener also. The evident interest which he took in all that 
was said to him had a most reassuring effect on the si)cakor 3 and he could 
turn without apparent mental effort from the prattle of young children to 
the most formidable statement of new results in mathematical or physical 
science. Theft liis note-book was at once produced, and in a fewRnes be 
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jotted down the esseace of the statement, to be pondered over at leisure, 
provided it did not at once appear to "him how it was to be verified. The 
questions which ho asked on such occasions were always almost startlingly 
to the point, and showed a rapidity of thought not often met with in 
minds of such calibre as his, where the mental inertia wdiich enables them 
to overcome obstacles often prevents their being quickly set in motion. 
His kindness, shown in the readiness with which he undertook to read 
proof sheets for a friend, or even to contribute a portion of a chapter 
(where the subject was one to which he had paid special attention), was, 
for a man so constantly at work, absolutely astonishing. The writer of 
this brief notice has several times availed himself of such assistance. It 
was given almost as soon as asked, and it was invariably of sterling value. 
Nothing is more precious to a writer on scientific subjects (especially when 
questions of priority are involved) than the assistance of a friendly — though, 
if necessary, severe — critic, such as was Eankine. 

We must not refrain from pointing out, in connection with his scientific 
merits, how very good and how exemplary for scientific writers and 
investigators his character was. He was ambitious ; that is obvious from 
the number and variety of his books and papers, and the quite unnecessary 
display of symbols in several of his less popular writings. But he was the 
very soul of honour iu respect to giving all credit to others, and in never 
attempting in anything, small or great, to go a liairbreadth beyond the 
line of right as to his own claims. He showed a particularly good and 
generous temper in cases of difference on scientific questions — a temper 
which proved the true metal, unalloyed l)y any mean ((uality. 

Eankine was, in many subjects, an almost self-taught man, and the 
direction of his earlier scientific work seems not to have ])ecn a very pro- 
fitable one. But, once on tlie right tack, his progress became very rai)id. 
Every mathematician worthy of the name has made himself; sonie, as 
Eowaii Hamilton, by attacking at an early age tlic grander works of 
Lagrange and Laplace ; others by attempting original flights without tlie 
assistance of books. Eankine published only one or two papers on sub- 
jects of pure mathematics; and even these, tliough not containing any 
direct allusion to physics, were connected somewhat closely with kine- 
matical or physical investigations, such as the deformation of an elastic 
solid. 

The number of Eankine’s scientific papers seems absolutely enormous, 
when wo consider the minute and scrupulous care with which he attended 
to every point of detail in the writing and printing of them. How he 
managed, in addition to these, to find time for the composition of his 
many massive (not heavy) and elaborate ‘volumes — all marked with the 
most striking stamp of originality — ^for his memoirs, and his almost weekly 
commumcations to The Engineer and other professional papers, must 
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always remain matter for conjecture, lii the Royal Society*s splendid 
Catc^gue of Sckntific Papers we find that from 1843 to 1872 (both 
inclusive) he published, in recognised scientific journals alone, upwards of 
a hundred and fifty papers — ^inany of .these being exhaustive essays on 
mathematical or physical questions, and all, save one or two, contain- 
ing genuine contributions to the advance of science. Leaving out of 
account the more strictly professional of these papers, we find among 
the titles of the rest such heads as the following: — Molecular Fort!ce,% 
Elasticity of Solids^ Isorrhopic Axes, Compressibility of IFater at Different 
Temperatures, Centrifugal Theory of Elasticity, Oscillatory Theory of Light, 
General Law of Transformition of Eneryii, Plane JFater-Lines, Oogenous 
Neoids. To indicate even briefly the nature and importance of the 
varied contents of these papers alone, would require vastly more time 
and space than arc at present at our disposal. The more important of 
them are included in the present volume; others of less importance, or of 
less characterised originality, may be consulted by the reader in the 
scientific publications where they originally appeared. 

•Unquestionably the greatest pure scientific work of Kankine's is contained 
in his numerous papers bearing on the Dynamical Theory of Heat, and on 
Energy generally. As Sir William Thomson has remarked, even the mere 
title of his earliest paper on this subject, ‘^Molecular Vortices,'* is an 
important contribution to physical science. The mode in which Kankinc, 
in 1849, attacked the true theory of heat, which had just been recalled to 
the attention of scientific men l)y the admirable experiments and numerical 
determinations of Joule, was ([uite <liflercnt from that adopted by any 
one of his concurrents; and though objections may fairly be raised to 
certain parts, even his first i)aper constituted a remarkable contribu- 
tion to our physical knowledge. The essential characteristic of his 
method is the introduction of a hypothesis as to the 7iaturc of the motions 
and displacements (of the ultimate parts of bodies) upon which temper- 
ature depends, and in which heat, whether latent or sensil)le, consists. 
He thought it necessary to defend this mode of investigation, and did so 
in a remarkable address to the Philosophical Society of (Uasgow, from 
which we extract the following passages, which are valuable not alone 
from their intention, but also from the insight^ they give us into the 
character of the man : — 

“ In order to establish that degree of probability which warrants the 
reception of a hypothesis into science, it is not suflScient that there should 
be a mere loose and general agreement between its results and those of 
experiment. Any ingenious and imaginative person can frame such 
hjrpotheses by the dozen. The agreement should be mathematically 
exact to that degree of precision which the uncertainty of experimental 
data renders possible, and should be tested in particular cases by numerical 
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the degree of probability is a^ned 'wbeiat Sr byp^ 

' jN^Oteads totbe prediction of laws, phenomena, and mnnerical results 
alte^^ verified by experiment; as when the wavNhtoy 
^wji^xt led 1)0 the prediction of jkhe tme velotiiy of Vgh% in rrihaeting 
of the circular polarisation of light by^rdkndon^ atid ti the 
^tfeviouriy 'iinknown phenomena of conical and cylmdricti refraction ; and 
$8 when the faypothesis of atoms in chemistry led to the prediction of 
the exac|; proportions of the constituents of innumerable compounds, 
. . . I think I am justified in claiming for the hypothesis of mole- 
cular vortices, as a means of advancing the theory of the mechanical 
action of heat, the merit of having fulfilled the proper purposes of a 
mechanical hypothesis in physical science, which are to connect the laws 
of molecular phenomena by analogy with the laws of motion, and to 
suggest principles such as the second law of thermodynamics and the 
laws of the elasticity of imperfect gases, whose conformity to fact may after- 
wards be tested by direct experiment. And I make that claim the more 
confidently, that I conceive the hypothesis in question to be in a great 
measure the development, and the reduction to a precise form, of ideas 
concerning the molecular condition which constitutes heat, that have been 
entertained from a remote period by the leading minds in physical 
science. ... I wish it, however, to be clearly understood, that although 
I attach great value and importance to sound mechanical hypotheses as 
means of advancing physical science, I firmly hold that they can never 
attain the certainty of observed facts; and accordingly, I have laboured 
assiduously to show that the two laws of thermodynamics are demon- 
strable as facts, independently of any hypothesis;’ and in treating of the 
practical application of those laws, I have avoided all reference^ to 
hypothesis whatsoever.’' 

The application of the doctrine, that hraif and %v&rl arc conveHihle, to the 
discovery of new relations among the properties of bodies, was made 
about the same time by three scientific men — W. Thomson, Kankine, and 
Clausius. 

Of these, Thomson cleared the way for the new theory by his account 
of the almost forgotten work, of Carnot on the ‘‘ Motive Power of Heat.” 
This excessively important investigation was published in 1824, when the 
world of science was not prepared for its reception, and had been allowed 
to drop out of notice. Thomson gave a very full abstract of its contents 
in the Transactions of the lioyal Society of Edinburgh, 1843, and pointed out 
that they would require modification if the new theory were adopted, 
as Carnot had throughout assumed that heat is a substance, and therefore 
indestructible. He showed, besides, that Carnot's method was capable 
of giving an absolute definition of temperature; independent, that is, 
of the pfoperties of any particular substance. He also experimentally 
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)dt 0 «r^ perfectly 4l£fekeii« modes of attacking the questum) tiie natoie 
0 { tibe moc^eatiom which Oaimot’s the&iy required. The receut publics^ 
iioii el Oamot’e MSS. proves ihat that very remarkable man had himself 
lecogoised the necessity for such modifications (and had all but succeeded 
in Tnaking them) befare his premature death. Thomson, in 1851, put the 
fcamdations of the theory in the form they have since retained. 

In Rankine’s paper of 1819, he applied the theory to the determination 
of the relation between the latent heat of steam and its density, and 
made a very noteworthy prediction of the tine value of the specific heat 
of air, at a time when the experimental results which were considered 
the best were far from the truth. [Raiikine's results were soon after 
verified by the exiierimental researches of Joule and Eegnault.] He also 
showed that saturated steam, jiicssing out a piston in a vessel impervious 
to heat, must cool so as to keep constantly at the tem])cratnre of satura- 
tion ; and that, besides, a iiortion of it liquefies. 

A very excellent statement of the claims of Kankine in thermodynamics 
is given in the following ([uotation from an aiticlc by Clei'k Maxwell 
{Nature, 1878, Vol. XVII., p. 257) • — 

^‘Of the three founders of theoretical therino(l>namies, Rankino availed 
himself to the greatest extent of the scientitk* use of tlie imagination. 
His imagination, however, though amply luxiuiant, was strictly scientific. 
Whatever he imagined about molecnlar \oitices, ^vith their nuclei and 
atmosidieres, was so clearly imaged in his niiiRUs that he, as a piactical 
engineer, could see how it would work. 

“However intricate, therefore, the machinery might b(' which he 
imagined to exist in the minute parts of bodies, tluue was no diing(T of 
his going on to explain natural ]>hcnomena by any mode of action of this 
machinery which was not consistent with the general laws of mechanism. 
Hence, though the construction and distribution of his vortices may seem 
to us as complicated and arbitrary as the Cartesian system, his final 
deductions arc simple, necessary, and consistent with facts. 

“ Certain phenomena were to bo explained. Rankine set himself to 
imagine the mechanism by which they might be })roduced Being an 
accomplished engineer, he succeeded in sjiecifying a particular arrangement 
of mechanism competent to do the woik, and also in predicting other 
properties of the mechanism which were afterw’^ards found to be consistent 
with observed facts, 

“As long as the training of the naturalist enables him to trace the action 
only of particular material systems, without giving him the iiower of 
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dealing with the general properties of all such systems, he must proceed 
by the method so often described in histories of science — he must imagine 
model after model of hypothetical apparatus, till he finds one which will 
do the required work. If this apparatus should afterwards be found 
capable of accounting for many of the known phenomena, and not demon- 
strably inconsistent with any of them, he is strongly tempted to conclude 
that his hypothesis is a fact, at least until an equally good rival hypothesis 
has been invented. Thus Kankine,'^' long after an explanation of the 
propeHies of gases had been founded on the theory of the collisions of • 
molecules, published what he supposed to bo a proof that the phenomena 
of heat were invariably due to steady closed streams of continuous fluid 
matter. 

“ The scientific career of liankinc was marked by the gradual develop- 
ment of a singular power of lu’inging the most difficult investigations 
within the range of elementary methods. In his earlier papers, indeed, 
he appears as if battling with cliaos, fis he swims, or sinks, or w’ades, or 
creeps, or flies, 

* And through the palpable obscure finds out 
His uncouth way 

but lie soon begins to pave a broad and beaten way over the dark abyss ; 
and his latest writings show such a power of bridging over the difficulties 
of science, that his premature death must have been almost as great a loss 
to the diffusion of science as it was to its advancement. 

The chapter on tlieririodynamics in his book on the steam-engine was 
the fii’st published treatise on the sulqect, and is the only expression of 
his views addressed directly, to students. 

“ In this hook lie has disencumbered himself to a great extent of the 
hypothesis of molecular vortices, and builds principally on observed facts, 
though he, in common with Clausius, makes several assumptions, some 
expressed as axioms, others implied In definitions, which seem to us 
anything hut self-evident. As an example of Kankine's best style we 
may take the following definition : — 

“‘A Perfect Cas is a substance in sucli a condition that the total 
pressure exerted by any number of portions of it, at a given temperature, 
against the sides of a vessel in which they are enclosed, is the sum of the 
pressures which each portion would exert if enclosed in the vessel separately 
at the same temperature.’ 

“ Here wo can form a distinct conception of every clause of the definition; 
but when we come to Rankinc’s Second Law of Thermodynamics -we find 

^ “On the Second Law of Thermodynamics,” PhiL Mag,y Oct., 1865, § 12, p. 244 ; 
but in bis paper “On the Thermal Energy of Molecular Vortices,” Trans. R.S. Edtn.y* 
XXV., p. 557 (1869), he admits that the explanation of gaseous pressure by the impacts 
of molecules has been proved to be xiossible. 
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that though, as to literary form, it seems cast in the same mould, its 
actual meaning is inscrutable. 

“ ‘The Second Law of Thermodynamics.— If the total actual heat of 
a homogeneous and uniformly hot substance be conceive<I to be divided 
into any number of equal parts, the cflects of those j^arts in causing work 
to be performed are equal.* 

“ We find it difficult enough, even in 187S, to attach any distinct meaning 
to the total actual heat of a body, and still more to conceive this heat 
divided into equal parts, and to study the action of each of those parts; 
but as if our powers of deglutition wore not yet sufficiently strained, 
Eankine follows this up with another statement of tlie same law, in which 
we have to assert our intuitive belief* that 

“ ‘If the absolute temperature of any uniformly hot substance be divided 
into any number of. equal parts, the cliccts of those parts in causing work 
to be performed are equal’ 

“The student who thinks that he can form any idea of the meaning of 
this sentence is quite capable of explaining, on tliei niodynamical principles, 
what Mr. Tennyson says of the great Duke — 

* \M\ose eighty wiuters freeze with one rebuke 
All great self-seekers tranqjling on the right.’ ’’ 


Raiikine’s rcsearjihes on heat were for the most part connected, as we 
have already said, witli a theory of the constitution of bodies, and a specula- 
tion as to the physical nature of a hot body, to which he gave tlic name of 
Theory of Molecular Vortices, in this theory, the invisildy small parts 
of bodies apparently at rest are supposed to be in a state of motion, the 
rapidity of which may bo compared with that of a cannon ball. It was 
distinguished from otlier theories, which attri])utc motion to bodies 
apparently at rest, by the further assumption that this motion is like that of 
very small vortices, each whirling about its own axis, and that the centri- 
fugal force of this motion contributes to the elasticity of the body. A 
theory of a similar kind has since been applied hy Clerk-Maxwell to the 
exjdanation of magnetic phenomena ; and Sir W. Thomson has made the 
rigorous investigation of vortices possible by his paper on “ Vortex 
Motion,” and has also contributed to the philosophy of speculation by his 
theory of “ Vortex Atoms.” 

Kankine’s researches on the general theory of elastic bodies are charac- 
terised by the fact that while, in laying the foundation of the theory, ho 
confines himself to the use of rigorous methods, and does not shrink from 
any mechanical difficulty in their apidication, he always prepares the way 
for the application of the results . to practice, by making the definitions so 
clear, the methods so simple, the results so definite, that they can bo 
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mafitered by the exercise of a little thought, without special mathematical 
traimng. This quality is prominent also in his researches on fluid motion, 
three of which are of special importance. 

I. The theory of the propagation of waves, such as those of sound in 
elastic media, is generally supposed to belong to the most abstruse depart- 
ments of mathematical science. Even Newton made some oversights in 
his investigation, and it required more than a century of hard mathematical 
development before the theory reached its present state — ^which is still very 
imperfect. Eankine, by the introduction of a few new conceptions in the 
elementary part of the investigations, has rendered it possible for any one 
acquainted with elementary dynamics to follow the theory up to the point 
at which it was left by Laplace, and almost as much further as it has yet 
been carried. 

II. The theory of waves on the surface of water, when their height 
is not regarded as infinitely small, is still more difficult than that of 
sound waves. Stokes has, indeed, in a masterly scries of investigations, 
arrived at a second, and for some purposes a third, approximation. An 
exact solution, however, but of a particular case only, was arrived at by 
Eankine. He was not aware that it had been given by Gerstner in 1802 , 
having been deduced from an assumption, generally erroneous, but true for 
this special case. Unfortunately, as this theory essentially involves rota- 
tion of fluid elements, it is not a solution of the usual problem of waves at 
the surface of a perfect liquid, for it implies a kind of jnotion which could 
not be produced in such a substance if .originally in a state of rest. 

III. Eankinc’s third investigation is that of lines of motion of water 
flowing past a shi]). He begins with the mathematical theory of such 
lines, but soon applies his results to the determination of good forms of 
the lines of a ship, and the investigation of the principal causes of the 
resistance to the motion of the ship, and the means of diminishing that 
resistance. 

No other person has tlonc so much as cither Eankine or '^William 
Froude to promote naval dynamics, and the application of science to the 
shaping of ships, and to the estimation of their performances. 

To Eankine, the Scientific Sub-Committee of the late Admiralty Com- 
mittee on Designs owed most of its reports, and a very large proportion 
of their effectiveness. Even those most disposed to disparage that 
Committee and its work, have made exception as regards the Eeports of 
the Scientific Sub-Committee, and, in particular, Eankine's contributions. 
(It seems to us that only ignorance or unfavourable bias could attempt to 
disparage the committee at all; for, it undoubtedly did, though in an 
unostentatious manner, very good service indeed.) 

Eankine’s works on Applied MechanieSy on the Steam-Enginey and on 
Engimeringy contain many valuable and original methods ; and while the 
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publication of any one of them would have establislied the fame of one of 
our average scientific men, that on the steam-engine could not have been 
produced by any but an original discoverer of a high oinier. Some of the 
investigations contained in this series of volumes are as remarkable for 
the material aid they afford to the man of practice as for the light they 
throw upon his work. 

The following gives a striking instance of Rankino’s tact under a novel 
*and somewhat puzzling combination of circumstanees. In August, 1858, 
he wrote to4he Philosophical Magazim the annexed short letter, which 
was printed in the September number of that journal : — 

" In the course of last year there were communicated to me, in con- 
fidence, the results of a great body of experiments on the engine power 
required to propel steamships of various sizes and figures, at various 
speeds. From those results I deduced a gcntral formula for the resistance 
of ships, having such figures as usually occur in steamers, which, on 
the 23rd of December, 1<S57, I communicated to the owner of the 
experimental data, and he has since applied it to practice with complete 
success. 

As the experimental data were given to me in confidence, I am for the 
present bound in honour not to disclose the formula* which I deduced from 
them; but as I am desirous not to delay longer the placing it upon record, 
I have recourse to the old fashion of sending it to you in the form of 
an anagram, in which the letters that occur in its verbal statement are 
arranged in alphabetical order, and tlie numl»er of times that each lctt(‘r 
occurs is expressed by figures; — 20 A. 4 B. 0 C. i) 1). 33 K 8 F. 4 G. 16 IF. 
10 L 5 L. 3 M. 15 N. 14 0. 4 P. 3 Q. 14 R. 13 S. 25 T. 4 U. 2 V. 2 W. 1 X. 
4 Y. (219 letters in all). I hope I may soon he released from my present 
obligation to secrecy.” 

There could be no doubt that this refers to a remarkable investigation 
which Rankine candied out for his friend James R. Napier, who had asked 
him to ffetimate the horse-power necessary to propel at a given rate a 
vessel which he was about to construct. Guided })y this consideration, 1 
found, in 1872, the following sentence of Rankinc’s in The Civil Engwecir 
and ^Architects Journal (October 1, 1861), but without any reference wliat- 
ever to the anagram or to the Philosophical Magazine : — 

*^‘The resistance of a shaip-ended ship exceeds the resistance of a 
current of water of the same velocity in a channel of the same length and 
mean girth, by a quantity proportional to the square of the greatest 
breadth, divided by the square of the length of the bow and stern.” 

Curiously enough, Ranldne seems to have made an arithmetical mistake, 
or a mis-spelling, because this sentence exactly fits all of the above 
nummcal data, with the exception that it contains just one E too much, 
and has^ therefor^ 220 letters in all. Bankine’s private MSS.;^ to which I 
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have recently had access, show that my guess was coirect, but do not 
enable me to find how the numerical error just noticed arose. 

Mr. Napier informed me that in all his business relations with Rankine, 
nothing had so much impressed him as the rapid and keen insight with 
which he seemed at once to seize upon the most essential points in the 
solution of a practical question, though stated to him for the first time ; 
how ho first shook himself free from the petty complications, and gave 
almost immediately an approximate estimate embracing all the larget^ 
bearings of the (luestiou ; and then, much more formally and deliberately, 
and with the minute accuracy and system of a man of business, proceeded 
to work the question with the desired exactness. Mr. Napier said that 
on* the occasion of his first consultation with Rankine on the matter 
referred to in the anagram above, Rankine's -very first words pointed out 
to liim what a large proporticn of the resistance to a vessefs motion is due 
to friction, and how ill-considcrcd was the then growing demand for long 
and narrow ships. 

Rankine’s text-books on engineering sulqects are in many respects the 
most satisfactory that have Ijcen published in any country. At the time 
of their publication they have always been in. advance of the professional 
knowledge of the day, but they possess much greater merits than that of 
mere novelty, Rankine was peculiarly happy in discriminating between 
those branches of engineering knowledge which grow from daily experi- 
ence, and those which depend on unchangeable scientific principles. In 
his books he dealt almost exclusively with the latter, which may, and 
certainly will, bo greatly extended, 1)ut so far as they have been established 
can never change. Hence his books are a mine which smaller men may 
work for many years, rendering his knowledge more generally available 
by giving it a Jiopular setting of their ow’ii. By the bulk of the engineer- 
ing profession the books are considered hard reading, bu^ as engineering 
education improves .they will more and inore be recognised as both 
wonderfully complete and essentially simple. Rankine, by his iriucation 
aa a practical engineer, was eminently qualified to recognise the problems 
of which the solution is required in practice; but the large scope of l)is mind 
would not allow him to be content with giving merely the solution of 
those particular cases which most frequently occur in engineering as we 
now know it. His method invariably is to state the 2 )roblem in a very 
general form, find the solution, and then 'apply this solution to special 
cases. This method does not make the books easy reading for students, 
nor does it give the most convenient work of reference for the practical 
man; but it has produced writings the value of which is permanent, 
instead of being ephemeral. 

In his Applied Mechanics we have the best existing work on the applica* 
tion of the doctrines of pure mechanics to general enjgineering problems. 
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No specious reasoning has been detected in this great work, a fact which 
should for ever dispel the old and false antithesis between theory and 
practice — a contrast drawn by practical men who nc^ er understood fully 
any theory, and assented* to by scientific men who were not candid 
enough to. point out where their theories were incomplete. In the 
work named Cml Enginecrivffy Rankine applied the general doctrines of 
applied mechanics to the special juohlenis which tlie civil engineer of 
to-day meets with in his practice, and his volume contains much valuable 
statistical information. In liis work on Prime Jlforers we have a most 
thoroughly original statement of the thermodynamic theory, so far as it 
bcfUrs on the design luid use of the steam-engine. This work especially 
shows Raiikine’s clear discrimination of what is ])ermauent and can he 
taught, from that which must vary from <lay to day, and can only be 
acquired by personal experience; the distinction between tlie and the 
art of the engineer. 

His treatise on Machinerj/ and Alillivorl: gives the mechanical cngiiiocr 
instruction of a kind analogous to tliat which the civil eiigiueer may derive 
from the book calle<l Ciril Enf/ineerin/f^ Tlie problems stated generally in 
the Applied Mechanics are iirit applied to the special eases which arise in the 
design of machinery. Seyeral of thesis aMauuals have b(u>n recently 
translated ; Prime Movers into French, Civil Engineering into (’lernian, tK:c. ; 
and Machinery and Milhvorh will .soon a])pear in Italian. 

Most of the common treatises on engineering subjects are mere rocliauiles 
or conqiilations ; and no library become.s sooner wortliloss than that of the 
engineer, the practice of tliis year being wliolly different from that of 
five years since. Really original papers and monographs rapidly lose their 
interest and importance, except a.s historical landmarks, but Kankinc’s 
works will retain their value after this generation has passed away. 

In concluding the scientific part of this brief notice of a true man, wo 
need soH|eely point out to the reader how much of Rankine’s u.scfulness 
was due to steady and honest \vork. The unscientific arc prone to imagine 
that talent (especially when, as in Rankine’s case, it rises to the level of 
genius) is necessarily rapid and oft-haiul in producing its fruits. No greater 
mistake could he made. The most powerful intellects work slowly and 
patiently at a new subject. Such was the case with Newton, and so it is 
still. Rapid they may be, and in general are, in new applications of 
processes long since mastered ; but it is only your pseudo-scientific man 
who forms his opinion at once on a new subject. This truth was pro- 
minently realised in Rankine, who was prompt in reply when his know- 
ledge was sufficient, but patient and reticent when he felt that more 
knowledge was necessary. With him thought was never divorced from 
work — both were good of their kind — the thought profound and thorough, 
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tile work a workman-like expression of the thought Few. if any, 
practical engineers have contributed so much to abstract science, and in 
no case has scientific study been applied with more effect to practical 
engineering. Kankine’s name will ever hold •a high place in the history 
of science, and will worthily be associated with those of the great men we 
have recently lost. And, when wc think who these were, how strangely 
does such a list — including the names of Babbage, Boole, Brewster, 
Leslie Ellis, Faraday, Forbes, Herschel, Rowan Hamilton, Clerk-Maxwell, 
Rankine, and others, though confined to physical or mathematical science 
alone — contrast with the astonishing utterance of' the Prime Minister of 
Great Britain and Ireland, to the effect that the present is by no means* an 
age abounding in minds of the first order ! Ten such men lost by this 
little country within the last dozen years or so — any one of whom 
would have made himself an enduring name had he lived in any pre- 
ceding age, be it that of Hooke and* Newton, or that of Cavendish and 
Watt ! Nay more, oven such losses as these have not extinguished the 
hopes of science amongst us. Every one of these groat men has, by 
some mysterious influence of his .genius, kindled the sacred thirst for 
new knowledge in younger but kindred spirits, many of whom will 
certainly rival, some even may excel, their teachers ! 

For the dates and statements of fact in this Memoir, I am indebted 
mainly to Rankine's private MSS., access to wliich has been given me by 
his relatives. Some special details 1 have had from his own lips. 1 have 
also to acknowledge my obligations to Sir William Thomson, to Professor 
Jerikin, and specially to the late Mr. J. R. Napier, who was one of 
Rankine's most enthusiastic admirers. He furnished me with much of 
the more technical part of the materials for a notice of Rankine's scientific 
work, which I wrote immediately after his death for the Glasgow Herald, 
December 28, 1872, and of which I have made considerable use in what 
precedes. 

Of Rankine’s purely scientific work I have spoken from actual acquaint- 
ance with his writings; but J have found it necessary to apply for 
assistance while attempting to discuss the merits of his more practical 
investigations. 

P. G. TAIT. 
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I.— ON AN EQUATION BP:TWEEN THE TEMPERATURE AND 
THE MAXIMUM P:LASTIC1TY OF STEAM AND OTHER 
VAPOURS. (Seo Plate I.)^ 

In the course of a series of investigations founded on a peculiar hypothesis 
respecting the molecular constitution of matter, I have obtained, among 
other results, an equation giving a very close approximation to the maxi- 
mum elasticity of vapour in contact with its liquid at all temperatures 
that usually occur. 

As this equation is easy and expeditious in calculation, gives accurate 
numerical results, and is likely to be practically useful, I proceed at once 
to make it known, without waiting until I have reduced the theoretical 
researches, • which it is a consequence, to a form fit for publication. 

The equation is as follows : — 

Log.P-a-^-J,. (1.) 

where P represents the maximum pressure of a vapour in contact with 
its liquid ; 

ty the temperature, measured on the air-thermometer, from a point which 
may be called the absolute zero, and which is — 

274®*6 of the Cerdigrade scale below the freezing point of water ; 
462®*28 of Fdhrenheifs scale below the ordinary zero of that scale, 

* Originally published in the Edinburgh New Philosophical Journal for July, 1849. 
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supposing the boiling point to have been adjusted under a pressure 
of 29*922 inches of mercury, so that 180® of F^renheit may 
be exactly equal to 100 Centigrade degrees ; 

461®*93 below the ordinary zero of Fahrenheit’s scale, when the 
boiling point has been adjusted under a pressure of 30 inches of 
mercury, 180® of Fahrenheit being then equal to 100®*0735 of the 
Centigrade scale. 

The form of the equation has been given by theory; but three constants, 
represented by a, j3, and y, have to be determined for each fluid by 
experiment. 

The inverse formula, for finding the temperature from the pressure, is 
of course 


. 1 = p , /3'^ ^ 

t y y 4^*^ 2y 


( 2 .) 


It is obvious that for the determination of the three constants, it is 
.sufficient to know accurately the pressures corresponding to three tem- 
peratures ; and that the calculation will bo facilitated if the reciprocals of 
those temperatures, as measured from the absolute zero, arc in arithmetical 
progression. 

In order to calculate the values of the three constants for the vapour of 
water, the following data have been taken from M. Regnault’s experi- 
ments ; — 


Temperatures in Cen- 
tigrade Degrees. 

Common 
Logarithme of 
the Pressure in 
Millimhtros of 
Moi*cury. 


Above the 
Freezing 
Point. 

Above the 
Absolute 
Zero. 

llEMAnKS. 

220* 

494*6 

4*2403 

( Measured by M. Kegnault (^his curve, 

< representing the mean resulw of his ex- 
( periments. 

100- 

374-6 

2*8808136 

Logarithm of 760 millimetres. 

26*86 

301-46 

1*4198 

J Calculated by interpolation from M. Eeg- 
( nault’s general table. 


These data give the following results for the vapour of water, the 
pressures being expressed in millimetres of mercury, and the temperatures 
in Centigrade degrees of the air-thermometer : — 

log. yz=6*0827176 Log. /3=3*1861091 

0=7*831247 



Table I. — Vapolti of Water. 
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Table I. exhibits a domparison between the results of £he formula and 
those of M. Regnault’s experiments, for every tenth degree of the Centi- 
grade air-thermometer, from 30® below the freezing point to 230® above 
it, being within one or two degrees of the whole range of the experi- 
ments. 

M. Eegnault's values are given, as measured by himself, on the curves 
representing the mean results of his experiments, with the exception 
of the pressures at 26®‘86, one of the data already mentioned, and that 
at -30®, which I have calculated by interpolation from his table, 
series A. 

Each of the three data used in determining the constants is marked 
with an asterisk 

In the columns of differences between tlie results of the formula and 
those of experiment, tlio sign + indicates that the former exceed the latter, 
and the sign — the reverse. 

Beside each such column of differences is placed a column of the cor- 
responding differences of temperature, which would result in calculating 
the temperature from the pressure by the inverse formula. These are 
found by multiplying each number in the preceding columns by 

dt . ^dt 

— or by ^ ^^7 require. 

In comparing the results of the formula with those of experiment, as 
exhibited in Table I., the following circumstances arc to be taken into 
consideration : — 

First, That the uncertainty of barometric observations amounts in 
general to at least one-tenth of a millimetre. 

Secondly, That the uncertainty of thermometric observations is from 
one-twentieth to one-tenth of a degree under ordinary circumstances, and 
at high temperatures amounts to more. 

Thirdly, That, in experiments of the kind referred to in the table, those 
two sorts of uncertainty arc combined. 

The fifth column of the table shows that, from 30® below the freezing 
point fo 20® above it, where the minuteness of the pressures makes the 
barometric errors of most importance, the greatest difference between 
experiment and calculation is ^ millim6tre, or of an inch of 

mercury, a very small quantity in itself, although, from the slowness 
with which the pressure varies at low temperatures, the corresponding 
difference of temperature amounts to of a degree. 

The sixth and tenth columns show that, from 20® to 230® above the 
freezing point, the greatest of the discrepancies between experiment and 
observation corresponds to a difference of temperature of only of a 
degree, and that very few of those discrepancies exceed the amount 
corresponding to yV ^ degree. 
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!» 

A comparison between the sixth and tenth columns shows that, for 
four of the temperatures given— viz., 120®, 150®, 200®, and 210®— the 
pressures deduced from M. Regnault*s curve of actual elasticities, and 
from his logarithmic curve respectively, differ from the pressures given 
by the formula in opposite directions. 

If the curves represented by the formula were laid down on M. 
Regnault’s diagram, they would be almost undistinguishablo from those . 
which he has himself drawn, except near the freezing point, where the 
scale of pressures is very large, the heights of the mercurial column being 
magnified eight-fold on the plate. In the case of the curves of logarithms 
of pressures above one atmosphere, the coincidence would be almost 
perfect. 

The formula may, therefore, be considered as accurately representing 
the results of all M. Rcgnault’s experiments throughout a range of 
temperatures from 30® of the Centigrade scale below the freezing point to 
230® above it, and of pressures from of an atmosphere up to 28 
atmospheres. 

It will be observed that equation (1.) bears some resemblance to the 
formula proposed by Professor Roche in 1828, viz. : — 

I jOg. P HZ A — -j-,- - 

where T represents the temperature measured from the ordinary zero 
point, and A, B, and C, constants, which have to be determined from 
three experimental data. It has been sliown, however, by M. Regnault, 
as well as by others, that tliough this formula agrees very nearly with 
observation throughout a limited range of temperature, it errs widely 
when the range is extensive. I have been unable to find Professor 
Rochets memoir, and I do not know the reasoning from which he has 
deduced his formula. 

The use in computation of the equations I have given, whether to 
calculate the pressure from the temperature, or the temperature from the 
pressure, is rapid and easy. In Table II. they are recapitulated, *and the 
values of the constants for different measures of pressure and temperature 
are stated. 

In calculating the values of a, the specific gfavity of mercury has been 
taken as 13 59G. 

Temperatures measured by mercurial thermometers are in all cases to 
be reduced to the corresponding temperatures on the air-thermometer, 
which may be done by means of the table given by M. Regnault in his 
memoir on that subject. 
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TABiiE II. — Vapour of Water. 

Formula for calculating the Maximum Elasticity of Steam (P), from 
the Temperature on the Air-Thermometer, measured from the Absolute 
Zero (t ) ; — 

Log.P = .-f-|. 

Inverse Formula for calculating the Temperature from the Maximum 
Elasticity of Steam : — 

i_ /^=i^p;rF_/3 

y 4/ 2 y 

Values of the Constants depending on the Thermomctric Scale ; 

For the Centigrade scale : — 

Absolute zero 27 below the freezing point of water. 

Log. P = 3-1851091 Log. y = 5-082717G 

= 0-0063294 -^“7 = 0-00004006 

U y 4y" 

For Fahrenheit’s scale; boiling point adjusted at 29*922 inches: — 
Absolute zero 4G2®*28 below ordinaiy zero. 

Log. /3 3-440381G Log. y = 5-5932G26 

-P-= 0-0035163 0-000012364 

^y 4»y- 

For Fahrenheit’s scale ; boiling point adjusted at 30 inches : — 


Absolute zero 4G1'^’93 below ordinary zero. 


II 

3-4400625 

Log. y = 

= 5-5926244 


0-0035189 

4y2- 

= 0-000012383 

2y 




Values of the Constant a depending on the Measure of Elasticity : 

For millimtoes of mercury, . . . , a = 7*831247 

English inches of mercury, .... 6*426421 
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Atmospheres of 760 mil. = 29*922 inches \ 

=14*7 lbs. on the square inch=l*0333 kil. t . , 4*960433 

on the centimitre^, j 

Atmospheres of 30 inches = 761 mil. *99 \ 

=14*74 lbs. on the square mch=l*03Ckil. t . . 4*949300 

on the centimetre^, j 

Kilogrammes on the square ccntimt^tre, . . . 4*964668 

Pounds avoirdupois on the square inch, . . . 6*1 17817 

N,B . — ^All the Constants are for common logarithms, 

I have applied similar formula3 to the vapours of alcohol and ether^ 
making use of the experiments of Dr. Ure. 

In order to calculate the constants, the following experimental data 
have been taken, assuming that, on Dr. Ure*s thermometers, 180"^ were 
equal to 100 Centigrade degrees. 



'reniperaturOH on 
Fahrenlioit’s Scale 
from 

the Ordi- the Abso- 
uary Zero, into Zero. 

ProssurcH 
in Inches 
of Mer- 
cury. 

llKMAllKS. 

For Alcohol of the \ 
specific gravity 0*813, j 

250 

173 

111*02 

712*3 

635*3 

573*32 

132*30 

30*00 

6*30 

From Dr. lire’s Table. 

Do. 

Interpolated in the same 
Table. 

For Ether, boiling at ) 
105^ F., under 30 [ 
inches of pressure, ) 

200 

148*8 

105 

662*3 

611*1 

567*3 

142*8 

66*24 

30*00 

From Dr. lire’s Table. 
Interpolated. 

From the Table. 

For Ether, boiling at ) 
104® F., under 30 [ 
inches of pressure, ) 

104 

06*7 

34 

566*3 

529*0 

496*3 

30*00 

13*76 

6*20 

From Dr. lire’s Table. 
Interpolated. 

From the Table. 


The values of the constants in equation (1.), calculated from these data, 
are as follows, for inches of mercury and Fahrenheit's scale : — 


• 


Log. 

Log. y. 

Alcohol, specific gravity 0*813, . . . 

Ether, boiling point 105°F., .... 
Ether, boiling point 104®F.i .... 

6*16620 

3*3165220 

5*7602709 

6*33590 

3*2084573 

6*5119893 

6*44580 

3*2571312 

6*3962460 

i I 1 

Absolute zero 462^*3 below ordinary zero. 
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The curves represented by the formulse for those three fluids are laid 
down on the diagram which accompanies this memoir (Plate I), and 
which has been reduced to one-fourth of the original scale. The horizontal 
divisions represent the scale of Fahrenheit’s thermometer, numbered from 
the ordinary zero ; the vertical divisions, pressures of vapour, according 
to the scales specified on the respective curves. The points corresponding 
to the experimental data are surrounded by small circles. 

The curve for alcohol extends from 32® to 264® of Fahrenheit. It is 
divided into two portions, having different vertical scales, suitable to 
high and low pressures respectively. 

The curve for the less volatile ether extends from 105® to 210®; that 
for the more volatile ether, from 34® to 104®. 

The results of Dr. lire’s experiments are marked by small crosses. 

The irregular and sinuous manner in which those crosses are dis- 
tributed, indicates that the errors of observation, especially at high 
temperatures, must have been considerable. This does not appear 
surprising, when we recollect how many causes of uncertainty affect all 
the measurements required in such experiments, especially the ther- 
mometric observations, and how little those causes have been understood 
until very recently. The data from which the constants have been 
calculated are, of course, affected by the general uncertainty of the 
experiments. 

When those circumstances are taken into account, it is obvious, from 
inspection of the diagram, that the curves representing the formula) agree 
with the points representing the experiments as nearly as tlie irregularity 
of the latter and the uncertainty of the data permit ; and that there is 
good reason to anticipate that, when experiments shall have been made 
on the vapours of alcohol and ether with a degree of precision equal to 
that attained by M. Kegnault in the case of the vapour of water, the 
equation will be found. to give the elasticities of those two vapours as 
accurately as it does that of steam. 

• Although the diagram affords the best means of judging of tho 
agreement between calculation and experiment, three tables (IIL, IV., 
and V.) are annexed, in order to show the numerical amount of the 
discrepancies at certain temperatures. The data, as before, are marked 
with asterisks. 

It is worthy of remark, in the case of alcohol, that although the lowest 
of the experimental data is at the temperature of 111®*02, the formula 
agrees extremely well with the experiments throughout the entire range 
of 79 degrees helow that point. 
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Table III. — Vapoitr op Alcohol, of the Specific Gravity 0 - 813 . 


Temperatnres in 
Degrees of 
Fahrenheit from 
the Ordinary 
Zero. 

Pressarea in In 
accon] 

the Formula. 

ches of Mercury 
ling to 

Dr. Ure’s 
Experiments. 

Differences be- 
tween Calculation 
and Experiment in 
Inches. 

Corresponding 
Differences of 
Teinpemturo. 

32 

0-41 

0*40 

+ 0 01 

o 

-0-5 

40 

0 57 

0*56 i 

+ 0-01 ' 

-0-4 

60 

0*84 

0-86 1 

- 0-02 

+ 0-7 

60 

1*22 

1-23 1 

-0 01 

+ 0 2 

70 

1-74 

1-76 

-0-02 

+ 0*3 

80 

2-43 

2*45 

- 0-02 

+ 0-2 

90 

3-36 

3-40 i 

-004 

+ 0-4 

100 

4-56 

4 -.TO 

+ 0-06 

-0-5 

110 

6-12 

600 ; 

+ 0-12 

-0-7 

*11102 

6-30 

6 30 i 

0*00 

0-0 

120 

8-10 

8-10 i 

0-00 

0-0 

130 

10-61 

10 60 i 

+ 0*01 

-00 

]40 

13 73 

1390 

-017 

+ 0-5 

150 

17-60 

18-00 

-0-40 

+ 0-9 

160 

22-32 

2-2-60 

- 0*28 

+ 0-5 

170 1 

28-06 

28-30 

- 0 -24 

+ 0-4 

*173 i 

30-00 i 

3000 

()(M) 

0 0 

180 . j 

34-96 1 

34-73 

+ 0-23 

-0-3 

190 

43-21 

43-20 

+ 0*01 

-0 0 

200 1 

52-96 

5300 

- 0*04 

+ 0-0 

' 210 1 

64-47 

65 00 

-0-53 

+ 0-5 

220 i 

77-92 

78*50 

- 0-58 

+ 0-4 

230 1 

93-54 

94*10 

- 0-56 

+ 0-4 

240 1 

111-58 

111*24 

+ 0-34 

-- 0 -2 

*250 

132-30 

132-30 

0-00 

0 0 

260 

155-98 

155-20 

+ 0-78 

-o-;$ 

264 i 

165-58 

166-10 

-0-52 1 

+0-2 

0., 1 

(2.) i 

(3.) 

(‘i.) 

(5.) 

Table IV . — Vapour of Ether ; Boiling J ’ oint , 

105“ F . 

Temperatures in 

Pressures in Inches of Mercury 

Differences bo- 

(-orresponding 
DiffercncftH of 

Degrees of 
Fahrenheit above 

according to 

twoon Cjileulation 
unci Kxperiincut 

the Ordinary 
Zero. 

the Formula. 

Dr. Tire’s 
Experiments. 

in Iiichc.s of 
Mercury . 

Tomperaturo. 

o 

*105 

30-00 

30-00 

0*00 

< 0 0 

110 

33-08 

32 54 

+ 0-54 

-0-9 

120 

39-98 

39*47 

+ 0-51 

-0-7 

125 

43-83 

43 24 

+ 0-59 

-0-8 

130 

47-95 

47-14 

+ 0-81 

-1-0 

140 

57*10 

56 90 

+ 0-20 

-0-2 

*148-8 

66-24 

66-24 

0-00 

0-0 

150 

67-53 

67*60 

- 0-07 

+ 0-1 

160 

79-35 

80-30 

-0-95 

+ 0-9 

170 

92-68 

92-80 

1 -0*12 

+ 0-1 

176 

99-94 

99-10 

+ 0-84 

-0-6 

180 

107-62 

108-30 

-0-68 

+0-4 

190 

124-29 

124-80 

-051 

+ 0-3 

*200 

142-80 

142-80 

000 

0-0 

205 

152 78 

151*30 

+ 1-48 

-0-7 

210 

163*27 

166-00 

1 - 2-73 

1 

+ 11 
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Tabes V. — ^Vapour op Exhee j BohiIJig Point, lOiT. 


Temperatares in 
Degrees of 
Fahrenheit above 
the Ordinary 
Zero. 

PresBures In In 
accord 

' the Formula. 

cbes of Mercury 
ling to 

Dr. lire’s 
Experiments. 

Differences be* 
tween Calculation 
and Experiment 
in Inches of 
Mercury. 

Corresponding 
Differences of 
Temperature. 

o 

*34 

6-20 

6*20 

0*00 

o 

0*0 

44 

8*02 

8*10 

-0*08 

+0*4 

54 

10‘24 

10*30 

-0*06 

+0*2 

64 

12*94 

13*00 

-0*06 

+0*2 

*66-7 

13*76 

13*76 

0*00 

0*0 

74 

16-19 

16*10 

+0*09 

-0*2 

84 

20*06 

20*00 

-f-0‘06 

-0*1 

94 

24*64 

24*70 

-0*06 

+0*1 

*104 

30*00 

30*00 

0*00 

0*0 

(1.) 

(2.) 

(3.) 

(4.) 

(6.) 


The results of Dr. lire’s experiments on the vapours of turpentine and 
petroleum arc so irregular (as the diagram shows), and the range of 
temperatures and pressures through which they , extend so limited, that 
the value of the constant y cannot be determined from them with 
precision. I have, therefore, endeavoured to represent the elasticities 
of those two vapours approximately by the first two terms of the formula 
only, calculating the constants from two experimental data for each fluid. 
The equation thus obtained 

Log. P ” a —j, 

is similar in form to that of Professor Eoclie. 

The data and the values of the constants are as follows : — 


Temperatures 

Scale 

the Ordinary 
Zero. 

}ii Fahrenheit's 
from 

the Absolute 
Zero. 

Pressures in 
Inches of 
Mercury. 

Values of the Constants for 
Fahrenheit’s Scale and 

Inches of Mercury. 

360 

822*3 

Turpentine, 

60*80 

•=6-98187 

304 

766*3 

30*00 

Log. ^=3-6380701 

370 

832*3 

Petroleum, 

60*70 

•=6-19451 

316 

778*3 

30*00 

Log. A=3-5648490 


Although the temperatures are much higher than the boiling point of 
water, 1 have not endeavoured to reduce them to the scale of the air- 
thermometer, as it is impossible to do so correctly without knowing the 
nature of the glass of which the mercurial thermometer was made. 
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The dh^pnou shows that the fonnnla agrees with the aacperjmentB as 
wdl as their irregularity entitles us to expect. 

The following tables give some of the numerical results . — 


Table VI. — ^Vapour of Turpentine. 


Temperatures in 
Degrees of 
Fahrenheit from 
the Ordinary 
Zero 

Pressures in In 
accord 

the Formula 
(of two terms) 

chea of Mercmy 
ing to 

Dr Uros 
experiments 

Differences be- 
tween Calculation 
and Fxperimeiit 
m Inches of 
Mercury 

Corresponding 
Dlffereni es of 
lemperature 


30 00 

30 00 

000 

o 

00 

310 

32 52 

33 50 

-0 98 

+2 3 

320 

37 00 

37 06 

+00i 

1 -00 

330 

42 16 

42 10 

+ 0(K) 

-0 1 

340 

47 7S 

47 30 

-f0 4S 

-0 9 

350 

53 98 

53 80 

+ 0 IS 

-0 3 

*300 

00 80 

00 80 

0 00 

0 0 

302 

02 24 

(>2 40 

-0 10 

+0 0 


Tablp Vn — V vrouu oi Teiroj h 


Temperatures in 
Degrees of 
Fahrenheit from : 
the Ordinal y 
Zero 

ProsBuies in Tn 
' accoid 

the Formnla 
(of two toim&) 

( hofi of All rcui y 

Ling ti 

Dr 1 rc B 

1 XI 1 1 imcntB 

Diffori iici H b( 
tween ( al ul iti u 
mid 1 1 mil 1 1 
m IntluH of 

Ml KU1> 

1 irrosp mding 
Diffeionces oi 
rouipoiaturo 

o 




o 

*316 ’ 

30 00 

30 00 

0 00 

0 0 

320 

31 71 

31 70 

+ 0 01 

-0 0 

330 i 

36 35 

.3(> 40 

-0 05 

+0 1 

340 

41 52 

41 60 

-0 OS 

+ 02 

350 

47 27 

46 86 

+ 0 41 

-07 

360 

53 65 

53 30 

4 0 35 

-05 

*370 

60 70 

60 70 

0 00 

00 

375 

64 50 

64 00 

+ 0 50 

-07 

(1) 

(2) 

(3) 

(4) 

' r>) 

I have also 

endeavoured, 

by means of 

the first two 

tcims of the 


formula, to approximate to the elasticity of tlic vapoui of mercury, as 
given by the experiments of M. llegnault. The data and the constants 
are as follows — 


Temperatures 

Degree 

the Freezing 
Point 

in Centigrade 
s from 

the Absolute 
Zero 

Pressures in 
Miihmbtres of 
Mercury 

Values of the C onstants m the 
h ormula 

Log P = * - 

368 

177 9 

e 

632 6 

452 5 

760 00 

10 72 

a for millimetres = 7 *5305 

„ for English mehes 6 1259 

Log fi Centigrade scale 3 4685511 

,, Fahrenheit’s scale, \ 

boiling point ad- ( „ -gwes 
justed at 29 922 ( 
inches, . . . . ) 

SI 
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The following table exhibits the comparative results of observation and 
experiment : — 


Table VIII. — Vapour of Mercury. 


Temperatures in 
Centigrade Degrees 
from the Freezing 
Point. 

PresBurea in Milli 
accorc 

the Formula 
(of two terms). 

mfetrea of Mercury 
ling to 

M. Regnault's 
Experiments. 

Differences between 
Calculation and 
Erperimeut in 
MiUimbtres. 

7274 

0*115 

0*183 

-0*068 

lOO-ll 

0*480 

0*407 

+0*073 

100*6 

0*49 

0*56 

- 0*07 

146*3 

3*49 

3*46 

+0*03 

M77-9 

10*72 

10*72 

0*00 

200*5 

21*85 

22*01 

-0*16 

ni58*0 

760 00 

760*00 

0*00 


Tlio discrepancies are obviously of the order of errors of observation, 
and the formula may be considered correct for all temperatures below 
200®C., and for a short range above that point. From its wanting the 
third term, however, it will probably bo found to deviate slightly from 
the truth between 200° and 358°; while above the latter point it must 
not be relied on. 

I have not carried the comparison below 72°, because in that part 
of the scale the whole pressure becomes of the order of errors of 
observation. 

In conclusion, it appears to me that the following proposition, to which 
I have been led by the theoretical researches referred to at the commence- 
ment of this paper, is borne out by all the experiments I have quoted, 
especially by those of greatest accuracy, and may bo safely and usefully 
applied to practice. 

If the maximum elasticity of any vapour in contact loith its liquid be 
ascertained for three points on the scale of the air-thermometer, then the constants 
of an equation of the form 

L»S.r = a-^-J, 


may be determined, which equation will give, for that vapour, with an accuracy 
limited only by the eriws of observation^ the relation between the temperature (t), 
measured from the absolute zero (274*6 Centigrade degrees below the freezing 
point of water), and the maximum elasticity (P), at all temperatures between 
those three points, and for a considerable range beyond them. 
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II.— ON A FORMULA FOR CALCULATING THE EXPANSION 
OF LIQUIDS BY HEAT.'^ 

Having been lately much engaged in researches involving the comparative 
volumes of liquids at various temperatures, I have found the following 
formula very useful : 


Log. V 


B/ + 


-A. 


Log. V represents the common logarithm of the volume of a given mass 
of liquid, as compared with its volume at a certain standard tennporaturo, 
which, for water, is the temperature of its maximum density, or 4®*1 Cen- 
.tigrade, and for other liquids 0° Centigrade. 

t is the temperature measured from the absolute zero mentioned in my 
paper on the Elasticity of Vapours, in the Edhihiu'fjh Neiv lliilosophical 
Journal for July, 1849 {see preceding Paper)^ and is found by adding 
274‘’'6 to the temperature according to the Centigrade scale. 

A, B, and C, are three constants, depending on the nature of the 
liquid, whose values for the Centigrade scale, corresponding to water, 
mercury, alcohol, and sulphuret of carbon, are given below. 



A. 

Log. n. 

Log. C. 

Water, . . . . 

. 0-4414907 

4-8987540 

1 -7890280 

Mercury, . . . . 

. 0 0229130 

5-9048760 

1-3703897 

Alcohol, . . . . 

. 0-2015033 

4-8414452 

1 -2893050 

Sulphuret of Carbon, . 

. 0-2540074 

4-8483872 

1-2192054 


The data from which the constants have been computed have been 
taken from the following authorities : — ^for water, from the experiments of 
Hallstrom; for mercury, from those of Regnault; and for alcohol and 
Bulphuret of carbon, from those of Gay-Lussac. As the experiments of 
M. Gay-Lussac give only the apparent expansion of the liquids in glass, I 
have assumed, in order to calculate the true expansion, that the dilatation 

Originally published in the EdivSburgh New Philosophical Journal for October, 1849. 



u 


THE EXPANSION OF LIQUIDS BY HEAT, 


of the glass used by him was *0000258 of its volume for each Centigrade 
degree. This is very nearly the mean dilatation of the different kinds of 
glass. M. Eegnault has sbpwn that, according to the composition and 
treatment of glass, the coefficient varies between the limits *000022 and 
•000028. 

Annexed are given tables of comparison between the results of the 
formula and those of experiment. The data from which the constants 
were calculated are marked with asterisks. 

The table for water shows, that between 0° and 30° Centigrade, the 
formula agrees closely with the experiments of Hallstrom, and that from 
30° to 100° its results lie between those of the experiments of Gay-Lussac 
and Deluc. 

The experiipcnts of Gay-Lussac originally gave the apparent volume of 
water in glass as compared with that at 100°. They have been reduced 
to the unit of minimum volume by means of Hallstrom’s value of the 
expansion between 4°*1 and 30°, and the coefficient of expansion of glass 
already mentioned. 

In the fifth column of the table of comparison for mercury, it is stated 
which of the experimental results were taken from M. Eegnault^s own 
measurements on the curve, representing the mean results of his experi- 
ments, and which from his tables of actual experiments, distinguishing the 
series. 

In the experimental results for alcohol and sulphuret of carbon, the 
respective units of volume arc the volumes of those liquids at their boiling 
points, and the volumes given by the formula have been reduced to the 
same units. 


F.xpansion of Water. 


Tomperattire on 

Volomo aa compared with that at 

Difference between 

Authorities for 

tho Centigrade 

4^'*! C. according to 

Calculation and 
Experiment. 

the 

Scale. 

the Formula. 

the Experiments. 

Experiments. 

0 

0 

1 •0001 120 

1-0001082 

+ -0000038 

Hallstrom. 

HI 

1-0000000 

1-0000000 

•0000000 

Do. 

10 

1-0002234 

1-0002200 

+ -0000034 

Do. 

20 

1 0015668 

1-0016490 

+ -0000178 

Do. 

*30 

1-0040245 

1-0040245 

-0000000 

Do. 

... 

... 

1-0041489 

-•0001244 

Deluc. 

40 

1*00750 

1-00748 

+ -00002 

Gay-Lussac. 

Deluc. 

... 

... 

1-00774 

-•00024 

60 

1-01718 

1-01670 

+ -00048 

Gay-Lussac. 

Deluc. 

... 


1-01773 

-•00055 

80 

1-03007 

1-02865 

+ -00142 

Gay-Lussac. 

Deluc. 

... 

... 

1-03092 

-•00086 

100 

1-04571) 

1-04290 

+ 00289 

Gay-Lussac. 

Deluc. 

• •• 

*•• 

1-04664 

-•00085 
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Expansion of Mercury. 


TemperatuTG on 
the Centigrade 
ScaJe. 

Volume as comp 
0® C. acc 

the Formula. 

arcd with that at 
ording to 

M. Rcgnault's 
Experiments. 

Difference between 
Calculation and 
Experiment. 

Bemarks. 

0 

*0 

1-000000 

1-000000 

*000000 

Curve, 

90-22 

1-016333 

1*016361 

- -000028 

Series I. 

100-00 

1-018134 

1*018153 

-- -000019 

Curve. 

100*52 

1-018230 

1-018-267 

~ •(K)0037 

Series L 

*150-00 

1-027419 

1*027419 

*000000 

Curve. 

198-79 

1-036597 

1*036468 

1- -000129 

Series IT. 

205 07 

1-037786 

1-037805 

- -000019 

Series IV. 

205-57 

1-037905 

1*037910 

- -000005 

Series III, 

*300-00 

1-055973 

1*055973 

*000000 ! 

Curve. 


Expansion of Alcohol. 


Temperature on the 
Centigrade Scale. 

Volume as compared 
accon 

the jETormula. 

with that at 78®*4ia 
iiig to 

M. Oay-DnRBac’H 
Experiments. 

Difforoneo between 
Calculation and 
Experiment. 

o 

3-41 

*91705 

•91796 

~ -00001 

*18-41 

-93269 

*93-269 

•00000 

33*41 

•94803 

•94799 

+ -00004 

*48-41 

*96449 

•90449 

•00000 

63*41 

•98183 

•98210 

- -00027 

*78-41 

1*00000 

1-OOUOO 

-00000 


Expansion of Sulpiiuret of Carbon. 


• 

Temperature on the 
Centigrade Scale. 

Volume as comparoi 
accori 

the Formula. 

l with that at 46®-60C. 
ling to 

M. (4ay-Lo8.sac’fl 
Expei'imontH. 

Difference between 
Calculation and 
Experiment 


•93224 


•00000 


•94768 


-•00008 

*16-60 

•96417 

•96417 

•00000 

31*60 

•98163 

•98163 

•00000 

*46-60 

1-00000 

1-00000 

•00000 
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IIL— ON THE CENTRIFUGAL THEORY OP ELASTICITY, 
AS APPLIED TO GASES AND VAPOURS. 

1. The following paper is an attempt to show how the laws of the 
pressure and expansion of gaseous substances may be deduced from that 
which may be called the hypothesis of molecular vortkes, being a peculiar 
mode of conceiving that theory which ascribes the elasticity connected 
with heat to the centrifugal force of small revolutions of the particles of 
bodies. 

The fundamental equations of this theory were obtained in the year 
1842. After having been laid aside for nearly seven years, from the want 
of experimental data, its investigation was resumed in consequence of the 
publication of the experiments of M. Regnault on gases and vapours. Its 
results having been explained to the Royal Society of Edinburgh in 
February, 1850, a summary of them was printed as an introduction to a 
paper on tho Mechanical Action of Heat in the twentieth volume of the 
Transactions of that body. I now publish the investigation in detail in 
its original form, with the exception of some intermediate steps of the 
analysis in the second and third sections, which have been modified in 
order to meet the objections of Professor William Thomson, of Glasgow, 
to whom the paper was submitted after it had been read, and to whom 1 
feel much indebted for his friendly criticism. 

This paper treats exclusively of the relations between the density, heat, 
temperature, and pressure of gaseous bodies in a statical condition, or 
when those quantities are constant. The laws of their variation belong 
to the theory of the mechanical action of heat, and are investigated in the 
•other paper already referred to. 

Tho present paper consists of six sections. 

The first section explains the hypothesis. 

The second contains the algebraical investigation of the statical relations 
between the heat and the elasticity of a gas. 

The third relates to temperature and real specific heat. 

The fourth treats of the coefficients of elasticity and dilatation of gases, 
find compares the results of the theory with those of M. Regnault's 
experiments. 

* Bead before the Boyal Society of Edinburgh, February 4, 1850, and published in 
the Philosophical Magazine for December, 1851. 
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He fifth treats of the laws of the pressure of yapours at saturation. 

The sixth relates to the properties of mixtures of gases of different 
kinds. 

I have endeavoured tliroughout this paper to proceed as directly as 
possible to results capable of being compared with experiment, and to cany 
theoretical researches no further than is necessary in order to obtain such 
results with a degree of approximation sufficient for the purpose of that 
comparison. 


Section I. — On the Hypothesis of Molecular Vortices. 

2, The hypothesis of molecular vortices may l>e defined to bo that 
which assumes — that each atom of matter consists of a nucleus or central point 
enveloped hy an elastic atmosphere, which is retained in its position hy attractive 
forces, and that the elasticity due to heat arises from the centrif ugal force of those 
atmospheres, revolving or oscillating about their nuclei or central points. 

According to this hypothesis, quantity of heat is the vis viva of the 
molecular revolutions or oscillations. 

Ideas resembling this have been entertained by many natural philoso- 
phers from a very remote period ; but, so far as } know, Sir Humphry 
Davy was the first to state the hyi3othesi8 I have described in an intelli- 
gible form. It appears since then to have attracted little attention, until 
Mr. Joule, in one of his valuable papers on the Production of Heat by 
Friction, published in the London and Edinburgh Philosophical Magazine for 
May, 1845, stated it in more distinct terms than Sir Humphry Davy had 
done, I am not aware, however, that any one has hitherto applied 
mathematical analysis to its development. 

3. In the present stage of my researches, there are certain questions 
connected with the hypothesis as to which I have not found it necessarj^ 
to make any definite supposition, and which I have therefore left indeter- 
minate. Those questions are the following : — 

First, Whether the clastic molecular atmospheres are continuous, or 
■consist of discrete particles. This may be considered as including the 
question, whether elasticity is to a certain extent a primary quality of 
matter, or is wholly the result of the repulsions of discrete particles. 

Secondly, Whether at the centre of each molecule there is a real nucleus 
having a nature distinct from that of the atmosphere, or a portion of the 
atmosphere in a highly condensed state, or merely a centre of condensation 
of the atmosphere, and of resultant attractive and repulsive forces. There- 
fore, although the yror A. nucleus properly signifies a small central body, I 
shall use it in this paper, for want of a better term, to signify an atomic 
centre, whether a real nucleus or a centre of condensation and fofce. I 

B 
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assume, however, that the volume of the nucleus, if any, is inappreciably 
small as compared with that of the atmosphere. 

4. I have now to state a supposition, which, so far as I am aware, is 
peculiar to my own researches. It is this: — thaf the vihratim whichy 
according to the undulatory hypothesis, constitutes radiant light and heat, is a 
motion of the atomic nuclei or centres, and is propagated hj means of their 
mutual attractions and repulsions. 

It will be perceived at once, that from the combination of this sup- 
position with the hypothesis of molecular vortices, it follows that the 
absorption of light and of radiant heat consists in the transference of 
motion from the nuclei to their atmospheres; and conversely, that the 
emission of light and of radiant heat is the transference of motion from 
the atmospheres to the nuclei. 

It appears to me that the supposition I have stated poi^esses great 
advantages over the ordinary hypothesis of a luminiferous ether pervad- 
ing the spaces between ponderable particles, especially in the following 
respects : — 

First, The propagation of transverse vibrations requires the operation 
of forces, which, if not altogether attractive, are of a very different 
nature from those capable of producing gaseous elasticity, and which it 
is difficult to ascribe {o such a substance as the ether is supposed to bo ; 
while attractive forces between the atomic centres are perfectly consistent 
with their being kept asunder by the elasticity of their atmospheres. 

Second, The immense velocity of light and radiant heat is a natural 
consequence of this supposition, according to which the vibrating masses 
must be extremely small as compared with the forces exerted by them. 

Third, According to the most probable view of the theory of dispersion, 
the unequal refrangibility of undulations of different lengths is a conse- 
quence of the distances between the particles of the vibrating medium 
having an appreciable magnitude as compared with the lengths of the 
undulations. This is scarcely conceivable of the ether, but easily con- 
ceivable of the atomic nuclei. 

Fourth, The manner in which the propagation of light and of radiant 
heat is affected by the molecular arrangement of crystalline bodies, is 
rendered much more intelligible if the vibrations are supposed to bo those 
of the atomic nuclei, on whose mutual forces and positions the form of 
crystallisation must depend. 

[Note. — The consequences of this supposition, in the theory of double 
refraction and polarisation, are pointed out and shown to be corroborated 
by Professor Stokes’ experiments on diffraction, in a paper read to the 
Eoyal Society of Edinburgh on the 2nd of December, 1860, and publidied 
in ih^Philosophical Magazine for June, 1851.] 
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Section II.— Investigation of the General Equations between 
THE Heat and the Elasticity of a Gas. 

5. I now proceed to investigate the statical relations between the heat 
and the elasticity of a gaseous body ; that is to say, their relations when 
both are invai'iable. The dynamical relations between those phenomena 
which involve the principles of the mutual conversion of heat and 

, mechanical power by means of elastic fluids, and of the latent heat of 
expansion and evaporation, form the subject of another paper. 

6. It is obvious that, in the condition of perfect fluidity, the forces 
resulting from attractions and repulsions of tlie atomic centres or nuclei 
upon their atmospheres and upon each other, must bo considered as being 
sensibly functions merely of the general density of the body, and as being 
either whoHy independent of the relative positions of the particles, or 
equal for so many different positions as to bo sensibly independent of 
them ; for otherwise a certain degree of viscosity would arise, and con- 
stitute an approach to tlie solid state. For the same reason, in the state 
of perfect fluidity each atomic atmosphere must bo considered as being 
sensibly of uniform density in each spherical layer described round the 
nucleus with a given radius, and the total attractive or repulsive force on 
each indefinitely small portion of an atmosphere must be considered as 
acting in a line passing through its nucleus ; that force, as well as the 
density, being either independent of the direction of that line, or equal for 
so many different and symmetrical directions as to be sensibly independent 
of the direction. 

7. An indefinite number of equal and similar atoms, under such con- 
ditions, will arrange themselves so that the form of their bounding 
surfaces will be the rhombic dodecahedron, that being the nearest to a 
sphere of all figures which can be built together in indefinite numbers. 

8. 1 may here explain that by the term hounding surfaces of the atoms, 
I understand a series of imaginary surfaces lying between and enveloping 
the atomic centres, and so placed that at every point in these surfaces the 
resultant of the joint actions of all the atomic centres is null. To secure 
the permanent existence of each atom, it must be supposed that the force 
acting on each particle of atomic atmosphere is centripetal towards the 
nearest nucleus or centre. 

The variation of that force in the state of perfect fluidity must be* so 
extremely small in the neighbourhood of those surfaces, that no appreci- 
able error can arise, if, for the purpose of facilitating the calculation of 
the elasticity of the atmosphere of an atom at its bounding surface, the 
form of that surface is treated as if it were a sphere, of a capacity equal 
to that of the rhombic dodecahedron. 

9. If the several atoms exercised no mutual attractions nor repulsions, 
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the total elasticity of a body would be equal to the elasticity of the atomic 
atmospheres at their bounding surfaces. Supposing such attractions and 
repulsions to exist, they, will produce an effect, which, in the state of 
perfect fluidity, will be a function of the mean density of the body ; and 
which, for the gaseous state, will be very small as compared with the 
total elasticity. Therefore, if p be taken to represent the superficial 
elasticity of the atomic atmospheres, P the actual or total elasticity of the 
fluid, and D its general density, 

P=i>+/(D), . . . . (1.) 


where /(D) is a function of the density, which may be positive or 
negative according to the nature of the forces operating between distinct 
atoms. 

10. The following relations must subsist between the masses of the 
atmosphere and nucleus, and the density and volume of each atom : 

Let E represent the radius of the sphere already mentioned, whose 
capacity is equal to the volume of an atom, that volume being equal to 

T»- 

Let fi denote the mass of the atmosphere of an atom, m that of the 
nucleus, and M = ju + m the whole mass of the atom (so that if there is no 
real nucleus, but merely a centre of condensation, m = 0, and M = ju). 

Then D being the general density of the body, ^D is the mean 

4:7r 

density of the atomic atmosphere, and M=— E^D. 

o 

If wE be taken to denote the distance of any spherical layer of the 
atmosphere from the nucleus, the density of the layer may be repre- 
sented by 


and the function will be subject to this equation of condition, 

which is equivalent to 

1 = 3 f du(u^ipu) (2.) 

J 0 

11. So far as our experimental knowledge goes, the more substances 
are rarefied — that is to say, the more the forces which interfere with the 
operation of the elasticity of the atomic atmospheres are weakened — ^the 
morc^ nearly do they approach to a condition called that oi perfect gas, in 
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which the elasticity is simply proportional to the density. I therefore 
assume the elasticity of the atomic atmosphere at any given point to be 
represented by multiplying its density at that point by a constant 
coefficient 6, which may vary for different substances, but, as I have 
already stated, without deciding wdiether that elasticity is a primary 
quality or the result of the repulsion of particles. Consequently, the 
superficial atomic elasticity 

.... ( 3 .) 


ip{l) being the value of which corresponds to the bounding surffice of 
the atom, where u-l, 

12. Let an oscillatory movement have henm propagated from the 
nuclei to every part of their atmospliores, the size of the orbits of 
oscillation being everj^vhere very small as compared with the radii of 
the atoms, and let this movement have attained a permanent state, whicli 
will be the case when every part of each atmosphere, as well as each 
nucleus, moves with the same mean velocity, v ’ — meem nlociiy signifying 
that part of the velocity wJiich is independent of periodic changes. It is 
necessary to suppose that tlic propagation of this movement to all parts 
of a molecular atmosphere is so rapid as to be practically instantaneous. 

We shall conceive all the masses and densities referred to, to be 
measured by tvclght. Then taking g to represent the velocity generated 
by the force of gravity at the cartlVs surface in unit of time, the whole 
mechanical power to which the oscillatory inovemeiit in question is 
equivalent in one atom will be represented in terms of gravity by 



that is to say, the weight of the atom, M, falling through the height 




due to the velocity v ; and this is tlio mechanical measure of the quantity 
of heat in one atom in terms of gravity. 

1 3. Any such motion of the particles of a portion of matter confined 
in a limited space, will in general give rise to a centrifugal tendency with 
respect to that space. In order to obtain definite results with respect to 
that centrifugal tendency in the case now under consideration, it is 
necessary to define, to a certain extent, the general character of the 
supposed movement. 

In the first place, it is periodical ; secondly, it is similar with respect to 
so large a number of radii drawn in symmetrical directions from the 
atomic centre, as to be sensibly similax in its effects with resppet to all 
directions round that centre. Tliis symmetry exists in the densities of 
the different particles of the atomic atmosphere in a gas, and In the 
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forces which act upon them ; and we are therefore justified in assuming 
it to exist in their motions. 

Two kinds of motion possess these characteristics : 

First, Eadial oscillation, by which a portion of a spherical stratum of 
atmosphere surrounding an atomic centre, being in eguUibrio at a certain 
•distance from that centre, oscillates periodically to a greater and a less 
distance. This forms part of the vis viva of the molecular movements ; 
but it can only affect the superficial atomic elasticity by periodic small 
variations, having no perceptible effect on the external elasticity. 

Second, Small rotations and revolutions of particles of the atomic 
atmosphere round axes in the direction of radii from the atomic centre, 
by which each spherical layer is made to contain a great number of equal 
and similar vortices, or equal and similar groups of vortices having their 
axes at right angles to the layer, and similarly situated with respect to a 
great many symmetrical directions round the atomic centre. 

Let us now consider the condition, as to elasticity, of a small vortex 
of an atmosphere whose elasticity is proportional to its density, inclosed 
within a cylindrical space of finite length, and not affected by any force 
at right angles to the axis except its own elasticity. Let Z denote the 
external radius of the cylinder, its external density, p its mean density, 
p the density at any distance z from the axis (all the densities being 
measured by weight), w the uniform velocity of motion of its parts. The 
condition of equilibrium of any cylindrical layer is, that the diiference of 
the pressures on its two sides shall balance the centrifugal force ; con^ 
isequently {b being the coefficient of elasticity) 


The integral of this equation is 


The coefiicient a is determined by the following relation, analogous to 


that of equation (2), between the densities : 






■whence 


:+l Z 


And the general value of the density is 


• ( 6 .) 
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Making z = Z, and multiplying by the coefficient of elasticity h, we 
obtain for the elasticity of the atmosphere, at the cylindrical siuface of 
the vortex, 

hpi = hp+~^^; . . . (Sa.) 

which exceeds the mean elasticity hp by a quantity equivalent to the 
weight of a column of the mean density p, and of the height duo to the 
velocity and independent of the radius of the vortex. 

Supposing a spherical layer, therefore, to contain any number of 
vortices of any diameter, in which the mean density is equal, it is 
necessary to a permanent condition of that layer that the velocities in 
all these vortices should bo equal, in order that their lateral elasticities 
may be equal. 

Although the mean elasticity at the plane end, or any plane section at 
right angles to the axis of a vortex, is simjdy = hp^ being the same as if 
there were no motion, yet the elasticity is variable from point to point, 
and the law of variation depends on the velocity. Therefore, if two 
vortices are placed end to end, it is necessary to a stable condition of 
the fluid, not only that their terminal planes should coincide, and that 
their mean elasticities should be in cquilibrio, but also that their velocities 
should be equal, or subject only to periodical deviations from a state of 
equality. 

Therefore,'the mean velocity of vortical motion, independent of small 
periodic variations, is the same throughout the whole atomic atmosphere; 
and the mean total velocity, independent of small periodic variations, 
being uniformly distributed also, the vis viva of the former may be 
expressed as a constant fraction of that of the latter, so that 


vr 


v^ 

'P 


( 56 .) 


y being the mean value of a coefiicient which is subject to small periodical 

fC 

variations only.^ 


As it has been represented to me that I have, without stating sufficient grounds, 
assumed the velocity of revolution to to be constant throughout each individual 
vortex, I add this note to assign reasons for that supposition. 

First, Unless w, the velocity of revolution of a particle, is independent of 2, its 
radius vector, the atomic atmosphere cannot be in a permanent condition. 

For if fo is a function of 2, the external elasticity of a vortex will be a function of 
its diameter. If the whole atmosphere is in motion, vortices of different diameters 
must exist in the same spherical layer ; and if their external elasticities are different, 
their condition cannot be permanent. 

Second, Whatsoever may be the nature of the forces by which velocity is communi- 
cated throughout the atmosphere, the tendency of those forces must be to equalise 
that velocity, and thus to bring about a permanent condition. • 
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This coefficient, being the ratio of the vis viva of motion of a peculiar 
kind to the whole vis viva impressed on the atomic atmospheres by the 
action of their nuclei, may be conjectured to have a specific value for each 
substance, depending, in a manner as yet unknown, on some circumstance 
in the constitution of its atoms. It will afterwards be seen that this 
circumstance is the chemical constitution. 

Let the entire atmosphere of an atom be conceived to be divided into 
a great number of very acute pyramids meeting at the centre, and having 
even numbers of faces, equal and opposite in pairs ; and let one of these 
pyramids, intersecting a spherical layer whose distance from the nucleus 
is B>u and thickness cut out a frustum, containing and surrounded 
by vortices. Consider one pair of the faces of that frustum ; their length 
being IRdu, let their breadth be A, and their distance asunder /. Then 
they make with each other the angle at the apex of the pyramid 


2 sin”^ • 




their common area is hlldu ; and the sum of the volumes of the two 
triangular frusta of the spherical layer, included by diagonal planes drawn 
between their radial edges, is 

fJiRdu 


the sum of all such triangular frusta being the whole volume of the 
spherical layer. 

The additional pressure due to the centrifugal force of vortices, viz. — 



acts on the two lateral faces, its total amount for each being 

2gk 


The transverse components of this pair of forces biilance each other. 
Their radial components, amounting to 


_/ 


2 

X 

2gk 


v^pfMu 


constitute a centrifugal force relatively to the atomic centre, acting on the 
pair of triangular frusta whose mass is 

2 ”' 


The condition of permanent, or periodical, equilibrium of this pair of 
frusta, requires that this centrifugal force shall be balanced by the varia- 
tion of the mean elasticity of the atmosphere at the two surfaces of the 
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spherical layer, combined wth the attraction of the nucleus. The action 
of the former of these forces is represented by 


-b%u 

du 



Let the accelerating force of attraction towards the nucleus bo repre* 
sented by 

K ’ 


0 being a function, wliich, by tlie definition of an atomic bounding 
surface in article 8, is null at that surface, or when 7i 1. Tlicn the 
attraction on the pair of frusta is 

pfIiducJ)(Ru) 


Add these three forces togetlier; let the sum be divided by 

and let the density p bo denoted, as in article 10, by 

then the following differential equation is obtained as the condition of a 
permanent state of the atomic atmosphere : 


A-o 

(jlm \p{u) dll 


(rye.) 


This equation will be realised for each layer at its mean position, on 
each side of which its radial oscillations are performed. 

The variation of this expression being of opposite sign to the variation 

of shows that any small disturbance of the density produces a force 

tending to restore that distribution to the state corresponding to the 
position of equilibrium of the layers, and therefore that the state indicated 
by equation (5c) is stable. 

14. The integral of equation (5c) is 




• ( 6 .) 


The arbitrary constant a is determined from the equation of condition 
(2) in the follo>ving manner : — , 
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Substituting for j/zm in equation (2) its value as given above, we obtain 

or 

. . . (7.) 

which integration having been effected, we shall obtain for the value of 
the superficial elasticity of the atomic atmospheres, 




• (8.) 


To obtain an infinite series for approximating to the value of the 
integral in equation (7), let the following substitutions be made : — 


Log.^w=:X 


+ 3 = 3e 


and let the values of the successive differential co- 
efficients of (o with respect to X, when X— 0, ^“0, 
and oj = 1, be denoted by 

(oi'), (O, (O, ^ 

Then 

( 3 ~®= i 3 / dXx^^^io. 

J -ao 

The value of which (when the function 0 is such as to admit of its having 
a finite value) is 

“ 0 \ 30 ^ 90 * 270 »^ /’ 

whence 

+ M + ^ ■ <'»•> 


\ ' 30 ' 90-i 

(a,y-2(,o')(a.-0 + (0 
+ - 


Now, because (w') = — - ^ ^ j, = 0, 

^(i)=^=e(i-^'+fa) 

which may bo represented by 


(lOa.) 
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F(D,0) being a quantity which becomes continually less as the density 
becomes less and the heat greater. The complete expression for the 
elasticity of a gas is therefore, according to equations (1), (8), and (10a), 

P=l'+/(D) = |‘iD(3^^; + &)*(l -F(D,0))+/(D); . (11.) 

when each atom contains a quantity of heat measured by the mechanical 
power corresponding to the velocity v in the weight M, or 





according to equation (4). 

Section III. — Of Temperature, and of Keal Specific Heat. 

15. The definition of temperature consists of two parts: — First, the 
definition of that condition of two portions of matter when they are said 
to be at the same temperature; and, second, the definition of the measure of 
differences of temperature, * 

Two bodies are said to bo at the same temperature when tliero is no 
tendency for one to become hotter by abstracting heat from the other ; 
that is to say (calling the two bodies A and B), when there is eitlier no 
tendency to traiftmission of heat between them, or when A transmits as 
much heat to B as B does to A. Now it is known by experiment, that 
any surface or other thing which affects the transmission of heat being 
placed between B and A, has exactly the same influence upon the 
same quantity of heat passing in either direction; tlierefore, to producol 
equilibrium of temperature between A and B, the powers of their atoms 
to communicate heat must bo equal. 

15a. If we apply to vortices at the surface of contact of the atmo- 
spheres of two atoms of the same or different kinds, the conditions of 
permanency laid down in article 13 for vortices in the same atmosplicre, 
these conditions take the following form : — 

Firsty The superficial atomic mean elasticities must be the same; in 
other words, the superficial atomic mean densities must bo inversely as 
the coefficients of elasticity of the atmospheres. This is the condition of 
equilibrium of pressure. 

Second, The law of variation of the elasticity from the centre to the 
circumference of a vortex, as expressed in equation (5), must be the same 

for both atoms ; and this law depends on the quantity ; therefore 

the condition of equilibrium of heat is, that the square of the velocity of 
vortical motion, divided by the coeflScient of atmospheric elasticity, shall 
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be the same for each atom. Of this quantity, therefore, and of constants 
common to all substances, temperature must be a function. 

Taking the characteristics (A) and (B) to distinguish the quantities 
proper to the two atoms, we havf the following equation; — 




7;- 


temperature universal constants^. 
16 , In v^ioerfect gas, equation (11) is reduced to 


• ( 12 .) 


. (12a.) 


the pressure being simply proportional to the mean elasticity of the atmo- 
spheric part of the gas multiplied by a function of the heat, ’which, as 
cfiuation (12) shows, is a function of the temperature, from its involving 

only 77 and universal constants. 
kb 

Therefore, in two perfect gases at tho same pressure and temperature, 
the mean elasticities of tho atmospheric parts are tho same, and 
consequently — 

The mean specific gravities of the atmospheric parts of all perfect gases are 
inversely proportional to the coefficients of atmospheric elasticity. 

Let n therefore represent the number of atoms of a perfect gas which 
fill unity of volume under unity of pressure at the temperature of melting 
ice, so that nK is the total specific gravity of tho gas, and nja that of its 
atmospheric part 3 then 


and consequently 


bnfx - constant for all gases, 

njuLV^ 


(12J.) 

(12c.) 


T^herefore, 

Temperature is a function of universal constants, anil of the vortical vis viva 
of the atomic aimosp)heresxf so much of the substance as would, in the condition 
of perfect gas, fill of volume under unity of pressure at some standard 
temperature. 

The equation (12a) further shows, that in any two perfect gases the 
respective values of the quotient of the pressure by the density corresponding to 
the same temperature, bear to each other a constant ratio for all temperatures, 


being that of the values of the coeflGlcient b 
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Therefore the pressure of a perfect gas at a given density, or its volume 
under a given pressure, is the most convenient measure of temperature. 

Let Po represent the elasticity of a perfect gas of the density 1) at the 
temperature of melting ice, P that of the, same gas at the same density, at 
a temperature distant T degrees of the thermometric scale from that of 
melting ice, and C a constant coefficient depending on the scale employed; 
then the value of T is given by the equation 

T=C 

^0 1 

or ^ 1 . . . . (13.) 

T + C=rCp 1 

The value of the constant C is found experimentally as follows: — Let 
'Pj represent the elasticity of the gas at the temperature of water boiling 
under the mean atmospheric pressure, Tj the number of degi'ees, on the 
scale adopted, between tlie freezing and boiling points of water; then 


and 


P ~P 1 

rp / I * 0 

^1-^' T> 


P -P ) 

J- 1 A 0 ' 



C is in fact the reciprocal of the coefficient of increase of elasticity with 
temperature, or the reciprocal of the coefficient of dilatation, of a perfect 
gas at the temperature of melting ice. 

1 7. As it is impossible in practice to obtain gases in the theoretical 
condition referred to, the value of C can only be obtained by approxima# 
tion. From a comparison of all M. Kegnault’s best experiments, 1 liavc 
arrived at the following values, which apply to all gaseous bodies. 

For the Centigrade scale, C = 274°*G, being the reciprocal of 
0-00364166. 

For Fahrenheit’s scale, if adjusted so that 180° are equal to 100° 
Centigrade, — 

C for temperatures measured from the freezing-point of water 
r=494°*28. 

C for temperatures measured from the ordinary>z6rd 
= 494°-28-32°iz:4G2°-28. 


The point C degrees below the ordinary zero of thermometric scales 
may be called the absolute zero of temperature ; for temperatures measured 
from that point are proportional to the elasticities of a theoretically 
perfect gas of constant density. 
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Temperatures so measured may be called absolute terrvperatwres. Through- 
out this paper I shall represent them by the Greek letter r, so that 


t=:T + C. .... (15.) 

It is to be observed, that the absolute zero of temperature is not the 
absolute zero of heat. 

18. If wo now substitute for P in equation (13) its value according 
to equation (12a), we obtain the following result: — 


,=T + C=C>‘ 




_ - 






)■ 


Let n represent, as before, the theoretical number of atoms in unity of 
volume under unity of pressure, at the temperature of melting ice, of the 
gas in question, supposing the disturbing forces, represented by - F(D,0)’ 
and /(D), to be inappreciable ; then nK is the weight of unity of volume 
under those circumstances, and it is evident that 


Consequently 



, = T + C = C»^(|,+i), . 


(16.) 


being the complete expression for that function of heat called temperature. 

It follows that the function 0, which enters into the expressions for the 
elasticity of gases, is given in terms of temperature by the equation 


dgkb^ Cfi/iAb 


(16a.) 


If, according to the expression 4, for the quantity of heat in one atom 
we substitute for in equation (16), we obtain the following equa- 
tions : 


__ __ 3^M/ r A 

2a ^ 2 \Cwu / ^ 


and if Q represent the quantity of heat in tinitij 
of weight. 




(17.) 


19. The real specific heat of a given substance is found by taking the 
differential coefScient of the quantity of heat with respect to the tempera- 
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ture. Hence it is expressed in various forms by the following equations, 
in which the coefficient ^ is supposed not to vary sensibly with the tem- 
perature. 


Real specific heat of one atom, 

dq _ 3iM 
dr ~2Cnfi’ 

real specific heat of unity of weight, 

rfQ _ U 

dr 

real specific heat of so much of a perfect gas as 
occupies unity of volume under unity of pressure 
at the temperature of melting icc, 

(h 3i-M 
” ~ 2 C^ 


( 18 .) 


The coefficient 


IcM 

i 


representing the ratio of tlic total vis viva of the 


motions of the molecular atmospheres to the portion of vis viva which pro- 
duces elasticity, multiplied by the ratio of the total mass of the atom to 
that of its atmospheric part, is the specific factor in th(3 capacity of an 
atom for heat. The view which I have stated as probaldo in article 1 3 
— that the first factor of this coefficient is, like the second, a function of 
some permanent peculiarity in the nature of the atom — is confirmed by 
the laws discovered by Dulong : that the specific heats of all simple atoms 
bear to each other very simple ratios, and generally that of equality ; that 
the same property is j^ossessed by the specific heats of certain groups of 
similarly constituted compound atoms ; and that the specific heats of equal 
volumes of all simple gases, at the same temperature and pressure, are 
equal. 


The coefficient — varies in many instances to a great extent for the 

same substance in the solid, liquid, and gaseous states. So far as experi- 
ment has as yet shown, it appears not to vary, or not sensibly to vary, 
with the temperature ; and this I consider probable A piori, except at or 
near the points of fusion of solid substances. 

Apparent specific heat differs from real in consequence of the con- 
sumption and production of certain quantities of heat by change of 
volume and of molecular arrangement, which accompany changes of 
temperature. 

This subject belongs to the theory of the mechanical action of 
heat. 
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Section TV. — Of the Coefficients of Elasticity and Dilatation 

OF Gases. 


V . T 

20. If in equation (11) we substitute for + b its value we 
obtain the following value for the elasticity of a gas, 


■ ■ <>»■) 

in which ^ denotes the ratio of the actual weight of unity of volume to 

the weight of unity of volume under unity of pressure, at the absolute 
temperature C, in the theoretical state of perfect gas ; 

T is the absolute temperature ; 

— F(D, 0) is a function of the temperature and density, representing the 
effect of the attraction of the atomic nucleus or centre in diminishing the 
superficial elasticity of its atmosphere ; 

And /(D) is a function of the density only, representing the effect of the 
mutual attractions and repulsions of the atoms upon the whole elasticity 
of the body. 

From this equation are now to be determined, so far as the experiments 
of M. Regnault furnish the requisite data, the laws of the deviation of 
gases from that theoretical state in which the elasticity is proportional to 
the density multiplied by the absolute temperature. 

21. The value of -F(D, 0) is given by the infinite scries of equations 


T 

(10), (lOa), substituting in which for 0 its value we obtain the 
following result ; — 


A^, Ag, Ag, &c., being a series of functions, the value of which is given by 
the following equation : — 

-K= 3i.r 


^1+m } 


( 20 .) 


coefficient of in the development of the reciprocal of 

the series 

1 - (io')x + ((u>2_ (w'")a? + &c., 

when (<!>') &c. have the values given in equation (9). 

Equation (19) is thus transformed into 

The series in tenns of the negative powers of the absolute temperature 
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converges so rapidly, that I have found it sufficient, in all the calculations 
I have hitherto made respecting the elasticity of gaseous bodies, to use the 

first term only, . 

r 

22. Instead of making any assumption respecting the laws of the 
attractions and repulsions which determine the functions A and /(D), 1 
have endeavoured to represent those functions by empirical formula^ 
deduced respectively from the experiments of M. Eegnault on what he 
terms the coefficient of dilatation of gases at constant volume, which ought 
rather to be called the coefficient of increase of elasticity xcith temperature, and 
from his experiments on the compressibility of elastic fluids at constant 
temperature. 

From the data thus obtained I have calculated, by means of the theory, 
the coefficients of dilatation of gases Hinder constant piressure, which, as a test of 
the accuracy of the theory, I have compared Avith those deduced by 
M. Regnault from experiment. 

23. The mean coefficient of increase of elasticity with temperature at 
constant volume betAveen 0*^ and 100^ of the Centigrade thermometer is 
found by dividing the difFeronce of the elasticities at those two tempera* 
turcs by the elasticity at 0'^, and by 100'', the diircrciice of temperature. 
It is therefore represented l)y 




P —P 
^ 1 _ 0. 

ibo'P^,' 


( 22.1 


where E represents the coefficient in question, and and P^ the elasti- 
cities at 0° and 100° Centigrade respectively. 

Noav by equation (21), neglecting poAvers of - higher than the first, we 


have 


D ,.«0- + C A 






c 


whence 


E = 


D /I 


ih 


100° + c 

A 


«M Po\C (C + 100°). 


)■ 


• (23.) 


Supposing the value of 


D 


mMP, 


to bo known, this equation affords the 


means of calculating the values of the function A corresponding to various 
densities, from those of the coefScient E as given by experiment. 

c 
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As a gas is rarefied approximates to unity, A diminishes without 

limit, and the value of E consequently approximates to the reciprocal 

of the absolute temperature at 0° Centigrade. This conclusion is verified 
by experiment ; and by means of it I have determined the values already 

given — ^viz., C = 274'‘*G Centigrade, and ^ = *00364166 for the Centigrade 
scale. jy 

24. In order to calculate the values of made use of 

empirical formula?, deduced from those given by M. Regnault in his 
memoir on the Compressibility of Elastic Fluids. In M. Ilegnault's 
forrnulfB, the unit of pressure is one metro of mercury, and the unit of 
density the actual density corresponding to that pressure. In the formula? 
which I am about to state, the unit of pressure is an atmosphere of 760 
millimetres of mercury, or 20*922 inches; and the unity of density, the 
theoretical density in the perfectly gaseous state at 0 ° Centigrade, under a 
pressure of one atmosphere, which has been found from M. Regnault’s 

MnP 

formula? by making the pressure = 0 in the value of ' Regnault^s 

experiments were made at temperatures slightly above the freezing point, 
but not sufficiently so to render the formulx' inaccurate for the purpose of 

, , . , . . . 

calculating the ratio in cpicstion, 

yoiVxJ. Q 

The formuhe arc as follows : — 


Supposing given, 




which, when T is small, or r nearly = C, gives an 
approximate value of 

^ I 

Cl : T> • 


Supposing P, given, 


, = 1 + 7 Po + sPfl^; 


• ( 24 .) 


■which, -when T is small, gives an approximate 
value of 


The values of the constants a, /3, 7 , t, and of their logarithms, are givrai, 
togethei with the mean temperatures above the freezing point at which 
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M. Rcgnault's experiments were made, for atmospheric air, carbonic acid 
gas, and hydrogen. 

Atmospheric Air. T=1®*75. 


Constants. 

J.oe;arithms. 

a = - -y = - -000860978 

4*0:U9920 

|3 = +-00001118-3 

5-04851 40 

e = _ -000009700 

(>-9S(>77ir 

t’.^RBONU! Aoii) ({as. T 

-3^-27. 

a = — T ~ — -00641836 

:;-8074242 

/3 = - -0000041727 

r>-(>204i2r> 

f = + -oooo8Gr)r.3.''> 

5*937284 0 

llYDnOClEN. T = 4"- 

75. 

« = _ -y = + -000403331 

•1 *()05(J540 

(3 = + -OOGOOlSCiGl 

(;-(;s(i949i. 

£ = - -0000044981 

(i'()53()291 


The three substances abovonioutioiiod are tlie only gases on which 
experiments have yet been made, under eiremnstauc(,‘.s sulficiently varied 
to enable me to put the tlieory to the test 1 liavi* <l(‘SCTibed in articlx^ 
22 . 

25. M. Regnault has determined the values of tiie cocfHcient of 
elasticity E for carbonic acid at four different densities, and for atmosplieric 
air at ten. By applying equiftions (23) and (24) to those data, I luivo 
ascertained that the function A for these two gases may be represented 
empirically, for densities not exceeding that corresponding to fivo 
atmospheres, by the formula given below, wdiicli lead to formulte for tho 
coefficient E. 
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For Atmospheric Air, 

where log. a=:0*3176168, and consequently 

E — ^ ^ 

wMP'cV C + 100“'\»tM/ / 


•0 

a 


- 

^^C + 100° 


3*7440490 


The value of log. - is 3*5612995. 


( 26 .) 


The following table shows tliat those empirical formulae accurately 
represent the experiments, the greatest differences being less than one- 
half of *0000136, whicii M. Eegnault, in the seventy-first page of his 
memoir, assigns as the limit of the errors of observation due to barometric 
measurements alone. 

As the coefficient E for hydrogen has been determined for one density 
only, it is impossible to obtain an empirical formula for that gas. The 
single ascertained value of E is nevertheless inserted in the table. 

Table of Coefficients of Increase of Elasticitv with 
Temperature at Constant Volume. 



Pressure at 

0° Cent, in 
Atmospheres 

Density 

I) 

nM* 

Coefficient E 
according to the 
Formula). 

Coefficient E 
according to 
Experiment. 

Difference be- 
tween the 
Fonnulu) ami 
Experiment. 

CARBONIC AC[D. 

I. 

11. 

III. 

IV. 

0- 9980 

1- 1857 

2- 29.31 
4-7225 

1-00448 

1- 19487 

2- 32788 
4-87475 

-00.36865 

•0036951 

•0037465 

•0038647 

•0036856 

-0036943 

-0037523 

•0038598 

+ *0000009 
+•0000008 
- -0000058 
+ *0000049 

atmospheric air. 

I. 

II. 

III. 

IV. 

V. 

VI. 

VII. 

VIII. 

IX.' 

X. 

0-1444 

0-2294 

0-3501 

0-4930 

0- 4937 

1- 0000 
2-2084 
2-2270 
2-8213 
4-8100 

0-1444 

0-2294 

0-3502 

0-4932 

0- 4939 

1- 00085 

2- 2125 
2-2312 
2-8279 
4-8289 

•0036484 

•0036507 

•00365.35 

•0036564 

•0036564 

•0036652 

•0036810 

*0036812 

•0036880 

•0037081 

•0036482 

•0036513 

•0036542 

•0036587 

•0036572 

•0036650 

•0036700 

•0036800 

•0036894 

•0037091 

+ -0000002 
-•0000006 

- -0000007 

- -0000023 

- -0000008 
+ -0000002 
+ -0000050 
+ -0000012 
- -0000014 
-•0000010 

HYDROGEN. 

• 

1-0000 

0-9996 

No formula. 

*0036678 
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26. The empirical fonnute (24), representing the experiments of M. 
Regnault on the compressibility of cai'bonic acid gas, atmospheric air, 
and hydrogen at certain temperatures, give for these temperatures the 
values of a function which is theoretically expressed by 

(27.) 

rl) T“ rD ’ ’ 


It is evident, that supposing the value of - for any given density 

to be known by experiment, and that of A to bo calculated from the 
value of the coefficient E, or from the empirical formula3 (25) and (26), 

the corresponding value of the function may be determined by 


means of equation (27). 

By this method I have obtained the following empirical formula) for 
calculating the values of tliat function : — 


For Carhomc Acid, 

nM /(]')) _ T) 

“ "i) ■ 


where log. 4:=:: 3*1083932. 


For Atmospheric Air, 


..M/(l)) _ 
D 





where locr. A™ 3*8181545. 


(28.) 


As only one value of — for hydrogen can at present be ascer- 
tained, it is impossible to determine a formula for that gas. The single 
value in question is — 

For To = 1 atmosphere, = -01050. . (29.) 


27. I now proceed to determine theoretically, from the data which 
have already been obtained, the mean coefficients of dilatation at constant 
pressure, between 0° and 100° of the Centigrade scale, for the three gases 
under consideration, at various pressures. 

Let E' represent the coeflSicient required; and the respective 

’values of -jj- for 0° and 100° under the pressure P, that is to say, the 

volumes occupied by the weight wM at those temperatures; A^^^and A^, 
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/q and /j, the corresponding values of A and /(D), Then from equation 
(21) we deduce the following results: — 



and consequently 

Q 

• u ' ^^0 

lOO^S,) 

_ ^ I _:^o _ 

SorVC'^1000 100(0+100) 


100 


). . (30.) 


In applying the empirical formula) (25), (26), and (28), to determine 
the values of and »Sj /, in the above equation, it will produce no 

(J 

appreciable error to use ( as an approximate value of for 


that purpose only. By making the necessary substitutions, the following 
formulce are obtained : — 


Fm* Carhonic Acid, 


E': 




; + 


Po ^ 


?iMP\C 
where log. « = 5*5189349. 
For Atmospheric Air, 

where log. a=5‘4717265 
log. /3=6-07597:38 


(:u.) 


28. The following table exhibits a comparison between the results 
of the formulae and those of M. Regnault’s experiments. It is not, like 
the preceding table (article 25), the verification of empirical formulae, 
but is a tost of the soundness of the theoretical reasoning from which 
equations (30) and (31) have been deduced. 

It is impossible, from the want of a sufficient number of experimental 
data, to give a formula similar to (31) for hydrogen. I have calculated, 
however, the value of the coefficient E' for that gas, corresponding to the 
pressure of one atmosphere, on the assumption that at that pressure a 
formula similar to that for carbonic acid gas is applicable without sensible 
error. . 
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The table shows only one instance in which the difference between the 
result of the theory and that of experiment exceeds *0000136 ; the limit, 
according to M. Regnault, of the errors of observation capable of arising 
from one cause alone, — the uncertainty of barometric measurements. 
That discrepancy takes place in one of the determinations of the coefRcient 
E' for carbonic acid gas under the pressure of one atmosphere. In the 
other determination the discrepancy is less than the limit. 

The agreement between theory and exj)erimcnt is most close for tlie 
highest pressures; and M. Regnault has shown that tlio higher the i)ressure 
tlie less is the effect of a given error of observation in pToducing an error 
in the value of the coefficient. 

The tlieory is therefore successful in calculating the coefficients of 
dilatation of gases, so far as the means at present exist of putting it to 
.the test. 


Table of Coeffictents of DilaTxVtion endeii Oonstant lhii:ssuKE, 
SHOwiNcv A Comparison iuctwei-.n Theory and Experiment. 


Prosauro in 
Atmospheres. 

Coomciont Vj' acconlin;? 
to the 'Iheory. 

Coeftleionl F/ aeconliuj; 
to M. Uoj^iuuili's 
IkpcrinientH. 

Diffevein'.o between I 

'I’lieory and ' 

Experiment. 


(^VPvBONIO A(UD GAS. 


1-000 

-0036988 

FiiT-t Memoir. 

•0037099 

•OOOOlll 



Second Memoir. 
•003719 

- -000020'^ 

3-316 

•0038430 

Firat M»imoir. 
•0038450 

- -oooooa) 

ATMOSPIIERIO AIR. 

1-0000 

•0036600 

First Memoir. 

•0036706 

- -oooooae 



Second Memoir. 
•003663 
•003667 

+ -0000020 
- -0000020 

3-3224 

3-4474 

•0036955 

•0036969 

First Memoir. 

•0036944 

•0036965 

+ •0000011 
+ •0000004 

1 

HYDROGEN. | 

1-0000 

0036598 

•0036613 

1 

- -0000015 
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Section V. — Of the Elasticity of Vapour in Contact with the 
SAME Substance in the Liquid or Solid State. 

29. As the most important phenomena of evaporation take place 
from the liquid state, I shall generally use the word liquid alone through- 
out this section in speaking of the condition opposed to the gaseous state ; 
but all the reasonings are equally applicable to those cases in which a 
substance evaporates from the solid state. 

30. In considering the state of a limited space entirely occupied by 
a portion of a substance in the liquid form, and by another portion of the 
same substance in tlic form of vapour, both being at rest, the most obvious 
condition of equilibrium is, that the total elasticity of the substance in each 
of the two states must be the same; that is to say, 

I’=i^+/(D«)=:i>i+/(Di), . . . (32.) 

where represents the superficial atomic elasticity in the liquid state, 
that in the gaseous state, and /(D^), /(D^), the corresponding values of the 
pressures, positive or negative, due to mutual actions of distinct atoms. 

31. A second condition of equilibrium is, that the superficial elastici- 
ties of two contiguous atoms must be equal at their surface of contact. 
Hence, although there may be an abrupt change of density at the bounding 
surface betweerf the liquid and the vapour, there must be no change of 
superficial atomic elasticity except by inappreciable degrees ; and at that 
bounding surface, if there is an abrupt change of density (as the reflexion 
of light renders probable), there must be two densities corresponding to 
the same superficial atomic elasticity. 

32. A third condition of equilibrium is to be deduced from the mutual 
attractions and repulsions of the atoms of liquid and of vapour. In a gas 
of uniform density, those forces, acting on each individual particle at an 
appreciable distance from the bounding surface, balance each other, and 
have accordingly been treated as merely affecting the total elasticity of the 
body by an amount denoted by /(D) ; but near the bounding surface of a 
liquid and its vapour, it is obvious that the action of the liquid upon any 
atom must be greater than that of the vapour. A force is thus produced 
which acts on each particle in a line perpendicular to that bounding 
surface, and which is probably attractive towards the liquid, very intense 
close to the bounding surface, but inappreciable at all distances from it 
perceptible to our senses. Such a force can be balanced only by a gradual 
increase of superficial atomic elasticity in a direction towards the liquid. 
Hence, although at perceptible distances from the surface of the liquid the 
density of vapour is sensibly uniform, the layers close to that surface are 
probably in a state of condensation by attraction, analogous to that of the 
earth^s .atmosphere under the influence of gravity. 
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Professor Faraday has expressed an opinion, founded on his own experi- 
ments and those of MM. Dulong and Thenard, that a state of condensation 
exactly resembling that which I have described is produced in gases by 
the superficial attraction of various substances, especially platinum, and 
gives rise to chemical actions which have been called catalytic. 

To express this third condition algebraically, let the boundary between 
the liquid and the vapour be conceived to be a plane of indefinite extent, 
perpendicular to the axis of x; and let positive distances be measured in 
a direction from the liquid towards the vapour. 

Let X, x + (Ic represent the positions of two planes, perpendicular to the 
axis of X, bounding a layer whose thickness dx is very great as compared 
with the distance between two atomic centres, but very small as compared 
with any perceptible distance, and let a portion of the layer be considered 
whose transverse area is unity. 

Let p represent the mean density of the layer. Then it is acted upon 
by a force 

— pXdx, 


the resultant of the actions of all tluj neighbouring atoms, whicli has the 
negative sign, because it is attractive towards tlie liipiid, X being a func- 
tion of the position of the layer in (luestion, and of the densities and 
positions of all the neighbouring layers. 

The superficial atomic elasticity behind the layer being p, and in front 

of it + ^1^^ dx, it is also acted on 1 )y the force 

dp 


hence its condition of equilibrium is 

dp 


dx 


+ /,X=:0. 


(33.) 


In order to integrate this equation, so as to give a relation applicable at 
perceptible distances from the surface, let x^^ represent the positions of 
two planes perpendicular to the axis of x^ the former situated in the 
liquid, the latter in the vapour, and so far asunder that the densities 
beyond them are sensibly uniform, and equal respectively to D^j for the 
liquid and for the vapour, the corresponding superficial atomic elastici- 
ties being andpj. Then dividing equation (33) by p, and integrating 
between the limits x^ and x^, the result obtained is 

f^^=-f^dx.X. . . . (34.) 

Had we a complete knowledge of the laws of molecular forces in the 
solid, liquid, and gaseous states, this equation, taken in conjunction with the 
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two conditions previously stated, would be sufficient to determine formulas 
for calculating the total elasticity and the respective densities of a liquid 
and its vapour when in contact in a limited space, at all temperatures. 

33. In the absence of that knowledge, I have used equation (34), 
80 as to indicate the form of an approximate equation suitable for 
calculating the elasticity of vapour in contact with its liquid at all 
ordinary temperatures, the coefficients of which I have determined 
empirically, — for water and mercury, from the experiments of M. Eegnault, 
and for alcohol, ether, tur 2 )entinc, and petroleum, from those of Dr. Ure. 

It lias been shown (equation 19) that the superficial atomic elasticity 
is expressible approximately in terms of the density and temperature 
for gases hy ^ . f r \\ 

^ ■ CviM V “ ^ \^’ (3(1^6 //’ 


where the function F is a very rapidly converging series, in terms of the 
negative 2 )owcrs of the absolute temperature, the coefficients being 
functions of the density. It is probable that a similar formula is 
applicable to liquids, the series being less convergent. 

It follows that the density is expressible approximately in terms of 
the superficial atomic elasticity by 


CnM 




ri 




the function being also a convei-ging series in terms of the negative 
powers of the absolute temperature, and the coefficients being functions of p. 
Making this substitution in the first side of equation (34), and 


abbreviating d? 


{p, 


T 

CufibJ 


\ 


Jp^ ^ p CnM. J 2 ^ ^ 


into we obtain the following result 
1 


i3»(i +d>) 






= (35.) 

from which, making 

logv Po + /,/ <^P ■ • X = Q. 

the following value results for the hyperbolic logarithm of the super- 
ficial atomic elasticity of ,the vapour at sensible distances from the 
surface of the liquid : — ^ 

log.,i?i = 'F--^. 


( 36 .) 
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Ir the cases which occur in practice, the dinsity of the vapour is very 
small as compared wth that of the liquid. Hence it follows that iu 
such cases the value of 'F depends chiefly on the superficial atomic elasticity 
of the liquid, and that of Q on its density. The density is known to 
diminish with the temperature, but slowly. The superlicial atomic 
elasticity, according to equation (32), is expressed by 

Ih^lh +f(Pi) 

where and /(D J are obviously small as compared with a function 

of the density of the liquid, so that the variations of ^ 

the temperature are comparatively slow also. 

Therefore, when tlie density of the vapour is small as compared \ntli 
that of the liquid, tlic principal variable part of the logarithm of its 
superficial atomic elasticity, and (‘onsequently of its wliole pressure, 
is negative, and inversely proportional to tlio absolute tenipi'rature ; and 



(d and /3 being constants) may lx* regarded as the first two terms of an 
approximate formula for the logaritlim of llio pressure. 

A formula of. two terms, similar to this, w^‘ls proposed al)out 1828 
by Professor Roche. I have not been able to find his memoir, and 
do not ]?now the nature of the reasoning from which lie deduced his 
formula. It lias since been showui, by M. Uognault and others, to bo 
accurate for a limited range of temperature only. Tlio quantity corre- 
sponding in it to r is rcclconed from a point determined empirically, 
and very different from the absolute zero. 

Thus far the investigation lias been theoretical. The next step is to 
determine empirically what other terms are re(juisite in order to approxi- 
mate to the effect of the function /(H), and of the variation of the 
functions and Q. 

The analogy of the formuhe for the dilatation of gases, tlie obvious 
convenience in calculation, and the fact that the deviations of the results 
of the first two terms from tliose of experiment arc greatest at low 
temperatures, naturally imlucetl me to try, in the first place, the effect 
of a third term inversely proportional to the Sfjiiare of tlie absolute 
temperature, making the entire formula for the logarithm of the pressure 
of vapour in contact with its liquid 


log. P = a 


§_y 

r r" 

and the inverse formula, for calculating the abso- 
lute temperature from the pressure, 

”Tog /3 

7 472 2y’ J 


I-/- 


( 37 .) 
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the values, of the constants a, /3, y, being determined by the ordinary 
methods from three experimental data for each substance. 

34. The agreement of those formulae with the results of experiment 
proved so remarkable, that, as they are calculated to be practically useful, 
I thought it my duty not to delay their publication until I should have 
an opportunity of submitting my theoretical* researches to the Eoyal 
Society of Edinburgh. I therefore communicated the formulae to the 
Edinburgh New Philosophical Journal iox July, 1849, together with the 
full details of their comparison, graphic and tabular, with the experiments 
of M. Ecgnault upon water and mercury, and with those of Dr. Ure upon 
alcohol, ether, turpentine, and petroleum, but without giving any account 
of the reasoning by which I had been led to them. 

Without repeating those details here, I may state that the agreement 
between the results of the formulae and those of observation is in every 
case as close as the precision of the experiments renders possible. This 
is remarkable, especially with respect to the experiments of M. Eegnault 
on the elasticity of steam, which extend throughout a range of tempera- 
tures from 30° below zero of the Centigrade scale to 230° above it, and 
of pressures from of an atmosphere to 28 atmospheres, and which, 
from the methods of observation adopted, especially those pf measuring 
temperature, necessarily surpass by far in precision all other experiments 
of the same kind. From 20° to 230° Cent, the greatest discrepancy 
between calculation and experiment corresponds to a difference of yf ^ of 
a Centigrade degree, and very few of the other differences amount to so 
much as of a degree. Eelow 20°, where the pressure varies so slowly 
with the temperature that its actual value is tjie proper test of the 
formula, the greatest discrepancy is yqjj of a millimetre of mercury, or 
■ 2 ^ of an inch. If the curves representing the formulae were laid down 
on M. Eegnault’s diagram, they would be scarcely distinguishable from 
those which he has himself drawn to exhibit the mean results of his 


experiments. 

Annexed is a table of the values of the constants a, log. j3, log. y, 
/3 62 

T— oj for the fluids for which they have been calculated. As the 

2y 4y2 

existing experiments on mercury, turpentine, and petroleum, are not 
sufficiently extensive to indicate any precise value for the coefficient y 
(which requires a great range of temperatures to evince its effect), I have 
used for these fluids, as an approximation, the first two terms of the 

formula only, o — 

# r 

For different measures of pressure, the contact a evidently varies 
equally with the complement of the logarithm of the unit of pressure. 

For different thermometric scales j3 varies inversely as the length of a 



Table op the Constants in the Formula for the Elasticities of Vapours in Contact 

WITH their Liquids. 
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degree, y inversely as the square of t^at length, ^ directly as the length 

Jy 

32 

of a degree, and ^ directly as the square of that length. 

For all the fluids except water, it will probably be found necessary to 
correct more or less the values of the constants, when more precise and 
extensive experiments have been made, 'especially those for the more 
volatile ether, and for turpentine, petroleum, and mercury, which have all 
been determined from data embracing but a small range of pressures. 

In reducing the constants f# the Centigrade scale to those for Fahren- 
heit's scale, 180*" of the latter have been assumed to be equal to lOO'^ of 
the former. In order that this may be the case, the boiling point of 
Fahrenheit's scale must be adjusted under a barometric pressure of 760 
millimetres, or 29*922 inches, of mercury, whose temperature is 0° 
Centigrade. 

In the ninth and tenth columns of the table are given the limits on the 
scales of temperature and pressure between which tlie formula) have been 
compared with ex23eriment. It is almost certain that the ^formula for the 
pressure of steam may be employed without material error for a consider- 
able range beyond, and probably also that for the pressure of vapour of 
alcohol ; but none of the formula.) are to be regarded as more than 
approximations to the exact physical law of the elasticity of vapours, for 
the determination of which many data are still wanting, that can only be 
supplied by extensive series of experiments. 

The following are some additional values of the constant a for steam, 
corresponding to various units of pressure used in practice : — 


Units of Pressure. Values of a. 

Atmospheres of 760 millimetres of mercury — 

— 29*922 inches of mercury 

= 14*7 ll>s. on the square inch 

= 1*0333 kilog. on the square centim., 4*950433 

Atmospheres of 30 inches of mercury — ^ 

= 761 *99 millimetres 
= 14*74 lbs. on the square inch 


= 1*036 kilog. on the square centim., 4*949300 
Kilogrammes on the square centimetre, .* . 4*964658 

Kilogrammes on the circular centimetre, . . 4*859748 

Pounds avoirdupois on the squai’e inch, . . 6*117663 

Pgiands avoirdupois on the circular inch, . 6*012752 

Pounds avoirdupois on the square foot, . . 8*276025 


All the numerical values of the constants are for common logarithms- 
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35. According to the principlea which form the basis of calculation 
in this section, every substance, in the solid or liquid state, is suri'oimdcd 
by an atmosphere of vapour, adhering to its surface by molecular attrac- 
tion ; and even when the presence of vapour is imperceptible at all visible 
distances from the body’s surface, the elasticity of tlio strata close to that 
surface may be considerable, and sufficient to oppose that resistance to 
being brought into absolute contact, which is well known to bo very great 
in solid bodies, and perceptible even in drops of liquid. It is possible 
that this may be the only cause which prevents all solid bodies from 
cohering when brought together. 

The action of an atmosphere of vapour, so highly dense and clastic as 
to operate at visible distances, may assist in producing the spheroidal state 
of liquids. 

If the particles of clouds are small vesicles or bubbles (which is doubt- 
ful), the vapour within them may, according to these principles, bo 
considerably more dense than that wliich pervades the external air, and 
may thus enable them to i)rescrve their shape. 

‘ Section VI. — Of IVIixtitres of (Jasks and Vapours of 
Different Kinds. 

3G. The principle stated in Section II. article 11, that the elasticity of 
the atomic atmosphere is proportional to its density, miglit bo otherwise 
expressed by saying, that the elasticity of any number of portions of atomic 
atmosphere, comjnxssed mto a given space, is eyual to the sum of the elastkities 
which such portions tvoiild respectively have, if they occAipicd the same space 
separately. 

If the same i)rinciple here laid down for portions of atomic atmosphere 
of any one kind of substance, be considered as true also of portions of 
atomic atmosphere of substances of different kinds mixed, and if it be 
supposed that when two or more gases are mixed there is no mutual force 
exerted between atoms of different kinds, except the elastic pressure of 
the atomic atmospheres, it will then evidently follow, — 

First, that the mixed gases will only be m equililrio when the particles 
of each of them are diffused throughout the whole space which contains 
them. 

Secondly, that the particles of each gas taken separately will be in the 
same condition as to density, elasticity, arrangement, and mutual action, 
and also as to gravitation, or any other action of an external body, as if 
that gas occupied the space alone. 

Thirdly, that the joint elasticity of the mixed atomic atmospheres at any 
given point, will be the sum of the elasticities which they would respec- 
tively have had at that point if each gas had occupied the space alone. 
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Fmrilily, that the value of the elasticity, positive or negative, resulting 
from the attractions and repulsions of separate atoms, will be the sum of 
the values it would have had if each gas had occupied the space alone ; 
and, 

Fifthly^ that tlie total elasticity of the mixed gases will be the sum of 
the elasticities which each would have had separately in the same space. 

If there are any mutual actions between the particles of diiferent gases 
except the elasticity of the molecular atmospheres, these conclusions will 
no longer be rigidly true ; but they will still be approximately true if the 
forces so operating are very small. This is probably the actual condition 
of mixed gases. 

37. On applying the same principle to the case of a gas mixed with a 
vapour in contact with its liquid, it is obvious thatdf the attractions and 
repulsions of the particles of the gas upon those of the vapour are null or 
inappreciable, the direct effect of the presence of the gas upon the elasticity 
assumed by the vapour at a given temperature will also be null or 
inappreciable. 

The gas, however, may have a slight indirect influence, by compressing 
the liquid, and consequently increasing its superficial atomic elasticity and 
its attractive power, on which the functions “i' and O in equation (36) 
depend. The probable effect of this will be to make the elasticity of the 
vapour somewhat less than if no gas were present. There appear to be 
some indications of such an effect ; but they arc not sufficient to form a 
basis for calculation. 

Supposing the gas, on the contrary, to exercise an appreciable attraction 
on the particles of vapour, the elasticity of the latter will be increased. 
Traces of an effect of this kind are perceptible in M. Eegnault’s experi- 
ments on the vapour of mercury in which air was present. 

38. I have already referred to the property ascribed by Professor 
Faraday to various substances, of attracting, and retaining at their 
surfaces, layers of gas and vapour in a high state of condensation. Sup- 
posing a solid body to acquire, in this manner, a mixed atmosphere, 
consisting partly of its own vapour and partly of foreign substances, the 
total elasticity of that atmosphere at any point will be equal, or nearly 
equal, to the sum of the elasticities which each ingredient would have had 
separately; and thus solid metals, glags, charcoal, earthy matters, and 
other substances, may acquire a great power of resisting cohesi<i% although 
producing no perceptible vapours of their own at oi^mary temperatures. 
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IV._ON THE CENTRIFUGAL THEORY OF ELASTICITY AND 
ITS CONNECTION AVITH THE THEORY OF HEAT * 

Section I. — Relations between Heat and Expansive Piiessurk. 

1. In February, 1850, I laid before the Royal Society of Edinburgh 
a paper in which the laws of the pressure and expansion of gases and 
vapours were deduced from the supposition that that part of the elasticity 
of bodies whicli depends upon heat arises from tlie centrifugal force of th<i 
revolutions of the particles of elastic atmospheres surrounding nuclei or 
atoniic centres. A summary of the results of this supposition, which 1 
ealled the Hypothesis of Molecular Vortices, was printed in the Transq^tmifi 
of this Society, Vol. XX.; as an introduction to a series of papers bii the 
Mechanical Action of Heat; and the original paper has since appeared in 
detail in the Philosophical Magiizine, 

In that paper the hounding surfaces of atoms were defined to be imaginary 
surfaces, situated between and enveloping the atomic nuclei, and sym- 
metrically placed with respect to them, and having this property — that at 
these surfaces the attractive and repulsive actions of the atomic nuclei and 
atmospheres upon each particle of atomic atmosphere balance each other. 
The pressure of the atomic atmosjAeres at those imaginary boundaries is 
the part of the total expansive pressure of the body which varies with 
heat, the effect of the centrifugal force of molecular vortices being to 
increase it. 

In the subsequent investigation it was assumed that, owing to the sym- 
metrical action of the particles of gases in all directions, and the small 
amount of those attractive and repulsive forces which interfere with the 
elasticity of their atmospheres, no appreciable error would arise from 
treating the boundary of the atmosphere of a single atom, in calculation, 
as if it wm fipherical, an j^umption which very much simplified the 
analysis.-'"^ 

An effect, however, of this assumption was to make it doubtful whether 
the conclusions deduced from the hypothesis were applicable ta;|ny sub- 
stances except those nearly in the state of perfect gas. I have, therefore, 

^ Read before the Royal Society of Edinburgh on December 15, 1851, and 
• published in VoL XX., Part iii., of the TransactUm of that Society. 

D 
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in the present paper, investigated the subject anew, without making any 
assumption as to the arrangement of the atomic centres, or the form of 
the boundaries of their atmospheres. The equations deduced from the 
hypothesis between expansive pressure and heat, are therefore applicable 
to all substances in all conditions ; and it will be seen that they are 
identical with those in the original paper, showing that the assumption 
that the atomic atmospheres might be treated, in calculation, as if spherical, 
did not give rise to any error. 

By the aid of certain transformations in those equations I have been 
enabled, in investigating the principles of the mutual transformation of 
heat and expansive power, to deduce Joules law of the equivalence of heat 
and mechanical power directly from them, instead of taking it (as I did in 
my previous papers) as a consequence of the principle of vis viva, Carnots 
law is also deduced directly from the hypothesis, as in one of the previous 
papers. 

2. Glassification of Elastic Pressures , — The pressures considered in the 
present paper are those only which depend on the volume occupied by a 
given weight of the substance, not those wliich resist change of figure in 
solids and viscous liquids. Certain mathematical relations exist between 
those two classes of pressures; but they do not affect the present 
investigation. 

To illustrate this symbolically, let V represent the volume occupied by 

unity of weight of the substance, so that is the mean density; Q, the 

quantity of heat in unity of weight, that is to say, the vis viva of the mole- 
cular revolutions, which, according to the hypothesis, give rise to the 
expansive pressure depending on heat ; and let P denote the total expan- 
sive pressure. Then, 

P = F(V,Q)+/(V),. . . . (1.) 


In this equation, F(V, Q) is the pressure of the atomic atmospheres at 
the surfaces called their boundaries, which varies with the centrifugal 
force of the molecular vortices as well as with the mean density ; and 
/(V) is a portion of pressure due to the mutual attractidns and repulsions 
of distinct atoms, and varying with the number of atoms in a given 
volume only. If the above equation be differentiated with respect to the 
hyperbolic logarithm of tfie density, we obtain the coefficient of elasticity 
of volume 


V 


V V 


where h denotes the cubic compressibilitj. 
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The latter portion of this coefficient, — /(V), consists of two parts, 

V 

one of which is capable of being resolved into forces, acting along the 
lines joining the atomic centres, and gives rise to rigidity or elasticity of 
figure as well as to elasticity of volume, while the other, which is not capable 
of being so resolved, gives rise to elasticity of volume only. The ratio of 
each of those parts to their sum must be a function of the heat, tlie former 
part being greater and the latter less, as the atomic atmosphere is more 
concentrated roun^ the nucleus ; that is to say, as the heat is less ; but 
their sum, so far as elasticity of volume is concerned, is a function of the 
density only. 

That is to say, as in c(iuati(»n (13) of my paper on the Laws of the 
Elasticity of Solids {Camlridge and DuUhi Mathcmatiad Journal, February, 
1851), let the total coefficient of elasticity of volume be denoted thus — 

. • (IB.) 

C], (^ 2 , C 3 , being the coefficients of rigidity round the three axes of elas- 
ticity, and J a coefficient of fiuid elasticity ; then 

V Y 

c„ eg = - (1 - .piY, Q)) . ^^/(V) 

V 

For the present, we have to take into consideration that portion only 
of the expansive pressure which depends on density and heat jointly, and 
is the means of mutually converting heat and expansive power ; that is 
to say, the pressure at the boundaries of the atomic atmospheres, which 
I shall denote by 

Pressures throughout this paper are supposed to be measured by units 
of weight upon unity of area ; densities by the weight of unity of volume. 

3. Determination of the External Pressure of an Atomic Atmosphere , — 
Let a body be composed of equal and similar atomic nuclei, arranged in 
any symmetrical manner, and enveloped by an atmosphere, the parts of 
which are subject to attractive and repulsive forces exercised by each 
other^^d by the nuclei. Let it further be supposed that this atmosphere, 
at eacit'point, has an elastic pressure jpr^ortional to the density at that 
point, multiplied by a specific coefficient depending on the nature of the 
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substance, which I shall denote by A. (This coefficient was denoted by h 
in previous papers.) 

Let p and / denote the density and pressure of the atomic atmosphere 
at any point ; then 

p’ = hp 


Let 


d? 






d 9 dy* ^ dz^ 


be the accelerative forces operating on a particle of atomic atmosphere in 
virtue of the molecular attractions and repulsions vhicli I have made 
explicitly negative, attractions being supposed to predominate. The 
property of the surfaces called the boundaries of the atoms is this 



the suffix 1 being used to distinguish the value of quantities at those 
surfaces. Hcnco is a maximum or minimum. Those surfaces are 
symmetrical in form round eaWi nucleus, and equidistant between pairs of 
adjacent nuclei. Their equation is 


= 0 . 

Let M denote the total weiglit of an atom ; fx that of its atmospheric 
part, and M — p that of its nucleus; then 
MV is the volume of the atom, — 


the mean density of tlic atmospheric part, measured by weight, the 

nucleus being supposed to be of insensible magnitude; — 
and we have the following equations 


M V fr j j j ^y^dxdy d 

= j j j^pd^dyd.:. 


The suffix (i) denoting that the integration is to be extended to all 
points within the surface 


According to the liypothesis now under consideration, Heat consists in 
a revolving motion of the particles of the atomic atmosphere, com- 
municated to them by the nuclei. Let v be the common mean velocity 
possessed by the nucleus of an atom and the atmospheric particles, when 
the distribution of this motion has been equalised. I use the term mean 
velocity to denote that the velocity of each particle may undergo small 
periodic changes, which it is unnecessary to consider in this investigation. 



THE CENTRIFUGAL THEORY OF ELASTICITY. 


53 


Then the quantity of heat in unity of weight is 


Q: 


v- 

'^9 


being equal to the mechanical power of unity of weiglit falling through 
the height The quantity of heat in one atom is of course MQ, and in 

the atmospheric part of an atom, /uQ. 

I shall leave the form of the paths described by the atmospheric par- 
ticles indeterminate, except that they must bo closed curves of permanent 
figure, and included within the surface (<I> Let the nucleus be 

taken as the origin of co-ordinates, and let a, j3, y, be the direction- 
cosines of the motion of the particles at any point (;r, y, z). Then the 
equations of a permanent condition of motion at that point, are 


d X 


1 dp 

p dx 

1 (11 
p\ly dy 
1 dp' ^ 
p (I z d 




Let T be the radius of curvature of the path of the particles through 
(x^ y, z), and a (3' y', its direction-cosines; then the above equations 
obviously become 


1 d p d $ 

p d X d X 

1 d p' d $ 

p dy dy 

1 (H^ 

p d z d rj 


= () 
r 

2 Q ^=0 

r 

2Q^; = 0 


(3A.) 


If these equations are integrable, 


-- d X + - dy + ~ ~ d z 

r r r 


must be an exact differential. Let — ^ be its primitive function ; the 
negative sign being used, because a, (o', y' must be generally negative. 
Then the integral of the equations (3) is 

- $) + constant; 
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or taking to denote the pressure at the bounding surface of the 
atom : — 


p = p,e * 


(4.) 


Our present object is to determine the superficial-atomic density, 

and thence the pressure in terms of the mean density and 

heat Q. For this purpose we must introduce the above value of p into 
equation (2), giving 


whence 


[f[ -|^(0-0i)-r , , , 

p=Pi- j J I ' dxdydz 
p = hpi=him-i-j j ^ *‘^dxdydz. (6.) 


Let the volume of the atom be conceived to be divided into layers, in 
each of which 0 has a constant value. Then we may make the following 
transformations. 


j j Jdxdydz=l:MVJe 

e dxd^d^^;=l:MVJe 


h (6.) 


k being a specific constant, and \p and w functions of 0, and of the nature 
and density of the substance. 

The lower limit of integration of 0 must be made oo , that it may 
include orbits of indefinitely small magnitude described round the atomic 
centre. 

The nature of the function 0 is limited by the following condition, 

k {(f) - (pi) 


l=k 


It 




0 . 


(7.) 


Then these transformations give the following result for the pressure at 
the bounding surface of an atom : — 


7 V . 


01 dk{(f>-(f>i) 


-kd(j> 


hfjt. 

■~MV‘ 


Qo)i 


Wi Ci> 
+- 


-1 Q Q2 03 


V+&C, 


( 8 .) 
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&c., being the successive differential coefficients of ci> with respect to 
when ^ 

4. The following transformation will be found useful in the sequel. 

Let X be the indefinite value of log.^ V, and \ its actual value in the 
case under consideration. Let G be the same function oi \ which cu is 
of and let G', G", &c., be its successive differential cofflfecicuts with 
respect to X. 

Let 


Then 



6 (X- Xi) 

e 


u 



6^ 


9:i_ 


_ VG, 


(9.) 


The function H lias the following properties, which will be afterwards 
referred to : — 


J — 00 ad 


( 10 .) 


5. Case of a Perfect Gas. — As a substance is rarefied, it gi’adually 
approaches a condition in which the pressure, under like circumstances as 
to heat, varies proportionally to the density. This is because the cftect 
of the molecular attractions and repulsions on the pressure diminishes 
with the density, so that <P, w, and G approximate to constant quantities. 
In the limiting or perfectly gaseous condition, therefore. 


and 




e 


k/aO h jUL 



( 11 .) 


6. Equilibrium of Heat: Nature of Temperature and Beal Specific 
Heat . — When the atmospheres of atoms of two different substances are 
in contact at their common bounding surface, it is necessary to a per- 
manent condition that the pressure in passing that surface should vary 
continuously. 

Lot (a) and (6) be taken as characteristics, to distinguish the specific 
quantities peculiar to the two media respectively.' Let dm denote the 
volume of an indefinitely thin layer, close to the bounding surface. 
Then the following equations must be fulfilled to ensure a permanent 
condition : — 

(a)=i? (6);^ (a) (6) when . . (12.) 
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By making tho proper substitutions in equation (4), it appears that 


p =p6 


Hence 




+7,^) 

Now, p is the same for both media : 


Wi \f, 


-/,(*- 4^1) 


is either a maximum or a minimum, so that its differential is null ; and 
dm is a continuous function of 7 j^, so that 

dm dm ' ' 

They! remains only the function of heat : 

Therefore the condition of a permanent state of molecular motion, that 
is to say, the condition of equilihrium of heat, is that this function shall be 
the same for the two substances ; or that 

2Q„ _ 2Q„ 


ct 


KK 


(13.) 


Hence, temperature depends on the above function only; for the 
definition of temperature is, that bodies at the same temperature are in 
a permanent condition as to heat, so far as tlieir mutual action is 
concerned. 

The ratio of the real specific heat of (a) to that of (h) is obviously 

KK--hh ( 14 .) 

7. Measure of Temperature and Specific Heat — The function 0 is 
proportional to the pressure of a perfect gas at a constant density. That 
pressure, therefore, is the most convenient measure of temperature. 

Let r denote absolute temperature, as measured by the pressure of a 
perfect gas at constant density, and reckoned from a certain absolute zero^ 
274'^*6 Centigrade, or 49 4° *2 8 Fahrenheit below the temperature of 
melting ice. Let ic be a constant which depends on the length of a 
degree on the thermomctric scale, and is the same for all substances in 
nature. Then 


r = K0 = - + K 

hk 


Q = (r— k) 


hk 

2k 


( 15 .) 
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and the real specific heat of the substance, that is to say, the depth of 
fall, under the influence of gravity, which is equivalent to a rise of one 
degree of temperature in the body, is represented by 



(1C.) 


The pressure of a perfect gas is represented in terms of temperature by 


_ h fiT 

^ “ MVk 


(17.) 


It may also be expressed thus : let Tq denote the absolute temperaturo 
of melting ice in degrees of the scale employed, and the volume of 
unity of weight of the su])stance in the theoretical state of perfect gas, at 
the temperature of melting icc and pressure imity : — then 


P = 


Vo r 


( 1 ».) 


On comparing this witli equation (17) we see tliat 


A/4 

kM 


V. 


h /X To h ^ 

MV; MV, 


(JO.) 


Now h is the specific elasticity of tlie atomic atmospliere of the substance ; 


is the mean specific gravity of that atmosphere, Avlion the liody is in 

the theoretical state of perfect gas; and k and tq arc the same for all 
substances in nature. Therefore, for every siihstame in nature, the mean 
specific gravity of the atomic atmosphere in the theoretical state of perfect gas is 
inversely proportional to the specific elasticity of that atmosphere. 

Keal specific heat may also l)e tlius expressed : — 


, V, 


( 20 .) 


tQ 

V. . 1 ; . 3Z;M 

in which — corresponds to — — in my former papers, and ^ to — — 

Tq (J?iM 

1 

or 

is 

The latter factor appears to depend on the chemical constitution of the 
substance, being the same for all simple gases. 

8. Total Pressure of Substances in general, expressed in terms of Temperature. 

In equation (9) let - be put for 0 : then 
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P=i>+/(V)=/(V) + 


V Ip 
kMV 1 



kG/ k2G," 

_ * _9 


&c. 


) 


where 


+ . (2f.) 

A, = - '’.(G’-G,") 

A3 = -|3(Gi'*-2G/G/'+G-); &c. 

VJTj 


This formula is identical with that which I employed in my former 
paper to represent the pressure of an imperfect gas, and which I found to 
agree with M. Eegnault’s experiments, when the coeflScients A and the 
function /(V) had been calculated empirically. 


Section II. — Eelations between Heat and Expansive Power. 

9, Variations of Sensible and Latent Heat : Fundamental Equation of the 
Theory , — If the forms, positions, and magnitudes of the paths described by 
the revolving particles of the atomic atmospheres be changed, whether by 
a variation of mean density, or by a variation of temperature, an increase 
or diminution of the vis viva of their motion, that is to say, of the heat of 
the body, will take place in virtue of that change of the paths of motion — 
an increase when they are contracted, and a diminution when they are 
dilated. 

Let 8.Q represent, when positive, the indefinitely small quantity of 
heat which must be communicated to unity of weight of a substance, and 
when negative, that which must be abstracted from it, in order to produce 
the indefinitely small variation of temperature 8 r simultaneously with the 
indefinitely small variation of volume 8V. Let S.Q be divided into two 
parts 

SQ + gQ':=8.Q, 

of which 8Q, being directly employed in varying the velocity of the particles, 
is the variation of the actual or sensible heat possessed by the body ; while 
8Q', being employed in varying their orbUs, represents the amount of the 
mutual transformation of heat with expansive power and molecular action, 
or the variation of what is called the latent heat; that is to say, of a 
molecular condition constituting a source of power, out of which heat may 
be developed. (8Q' in this paper corresponds to — 8Q' in my former 
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The variation of sensible heat has evidently this value, 

8Q = ltSr. . . . . (22.) 

L§t Sx, Sy, be the displacements of the orbit of the particles of atomic 
atmosph^e at the point (x, y,z). A molecule pdxdydz is acted upon 
by the accelerative forces (see equation 3A). 

^^dx’ ^^‘dy^ 

parallel to the three axes respectively. 

The sum of the actions of those forces on the molecule pdxdydz 
during the change of temperature and volume, is 

= — 2 QS(j)pdxdydz. 

The sum of such actions upon all the particles in unity of weight is 
equal in amount and opposite in sign to the variation of latent heat ; that 
is to say, 

■ ■ (23.) 

To determine the value of the variation let it be divided into two 
parts, thus : — 

= Bcpi + SA0, 

where — 

First, With respect to S(pi, it is obvious that because, according to 
equations (6, 7), 

MV = JcMV ^ 


SV 


we must have 

and 

Hence the first part of the integral (23) is 

j jQpdxdydz = ^^^-BV 


M' 


V/ \ 


8V 


(23A.) 


To determine the second part of the integral we have the condition that 
the quantity of atomic atmosphere inclosed w ithin each surface at which 
has some given value is invariable ; that is to say, 

keA<t> , 




0 . 
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Hence 






dAd> = ^ 

hp,MYe — . 

The value of the second part of the integral (23) is now found to be: 

- -a(«4+s^*) }• 


In the double integral, let X = log.^ V be put for G for w, and H for 
the single integral, as in equation (9). Then the double integral becomes 

K dlL 


Gj (It 


Also, because piMV by Eq. (9), and ^ (r—K),the second part 


of the integral (23) is found to be 

Hence, adding together (2 3 A) and (2313) we find for the total variation 
of latent heat 


8Q'= '“J (- 0 { +«v ■ C:| * >) } . (24.) 

To express this in terms of quantities which may be kno\vn directly by 
experiment, we have, by equations (10) and (9) — 

(I H Cr 

H (7\ + 0 — jq“ “ 


and, therefore, 


d log^^J|j_ Gj ^ r __ r 

~dV “H^V KV~h^~KT 

>S., Hj = ~ log.J+/(T) + constant. 


/(r) is easily found to bo = —Icg.^r for a perfect gas, and, being indepen- 
dent of the density, is the same for all substances in all conditions ; hence 
we find (the integrals being so taken that for a perfect gas they shall = 0) 
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dr J \IifjidT kY / T 

dr^ AyuJ dr^- '^ r^’ 

drdV hjJL dr icV’ 

and, therefore, 

8Q- = (r-.){8r.(i + /j^^) + SV.|} . (-25.) 


is the variation of latent heat, expressed in terms of the pressure, volume, 
and temperature ; to which, if the variation of sensible heat, SQ = feSr, bo 
added, the complete variation of heat, SQ + SQ' = §.Q, in unity of weight 
of the substance, corresponding to the variations SV and Sr of volume and 
temperature, will be ascertained. 

It is obvious that equation (25), with its consequences, is applicable to 
any mixture of atoms of different substances m efjuilibrio of pressure and 

temperature; for in that case r, and ^ are the same for each substance. 
We have only to substitute for ^ the following expression : — 


''hi, ^"hi. 


+ &c., 


where 712 , &c., are the proportions of the different ingredients in unity 
of weight of the mixture, so that n, + 912 + &c. = 1. 

Equation (25) agrees exactly with equation (6) in the first section of my 
original paper on the Tbegry of the Mechanical Action of Heat. It is the 
fundamental equation ^ ^at theory ; and I shall now proceed to deduce 
the more important consequences from it. 

10. Equivalence of Heat and Expansive Power: Joule's Law, — From the 
variation of the heat communicated to the body, let us subtract the 
variation of the expansive power given out by it, or 


PSV={p+/(V)}SV, 

The result is the variation of the total power exercised upon or com- 
municatjsi to unity of weight of the substance, supposing that there is no 
chemical, electrical, magnetic, or other action except heat and pressure ; 
and its value is — 


’ * This coefficient corresponds to - ? in the notation of my previous paper on the 
Mechanical Action of Heat. 
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8^=:8Q + 8Q'-P8V=8r.{h+^(i -^ 2 ) +(’•-«) 

+ 8V.{(r-.c)^-p-/{V)}. . . (26.) 

This expression is obviously an exact dljlferential, and its integral is the 
following function of the volume and temperature : — 

^=k(r-K)+'2(log,r + ^) +/{(r-.);^^-i.}.ZV-//(V)^V. (27.) 

Accordingly, the total amount of power which must be exercised upon 
unity of weight of a substance, to make it pass from the absolute 
temperature and volume to the absolute temperature and volume 
V„ is 

'I'(V„r,)-^F(V„r„). 

This quantity consists partly of expansive or compressive power, and 
partly of heat, in proportions depending on the mode in which the 
intermediate changes of temperature and volume take place; but the 
total amount is independent of these changes. 

Hence, if a body be made to ])ass through a variety of changes of temperature 
and volume, and at length be brought back to its primitive volume and tempera- 
iure, the algebraical sum of the portions of power applied to and evolved from 
the body, ivhether in the form of expansion and compression, or in that of heat, 
is equal to zero. 

This is one form of tlie law, proved experimentally by Mr. Joule, of 
the equivalence of heat and mechanical power. In my original g^per on 
the Mechanical Action of Heat, I used this law as an axiom, to assist in 
the investigation of the equation of latent heat. I have now deduced 
it from the hypothesis on which my researches are based — ^not in order 
to prove the law, but to verify the correctness of the mode of investigation 
which I have followed. 

Equations (26) and (27), like equation (23), are made applicable to 
unity of weight of a mixture, by putting for fe, and 'Sn ^ for 

The train of reasoning in this article is the converse of that followed 
by Professor William Thomson of Glasgow, in article 20 of his paper on 
the Dynamical Theory of Heat, where he proves from Joule’s law that 
the quantity corresponding to 8^ is an exact differential. 

11. Mutual Conversion of Heat and Expansive Power : Carnofs Law of 
the Actim of Expansive Machines, — ^If a body be made to pass from the 
volume Yq and absolute temperature to the volume and absolute 
temperature r^, and be then brought back to the original volume and 
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temperature, the total power exerted* ('p) will have, in those two 
operations, equal arithmetical values, of opposite signs. Each of the 
quantities ^ consists partly of heat and partly of expansive power, the 
proportion depending on the mode of intermediate variation of the volume 
and temperature, which is arbitrary. If the mode of variation be different 
in the two operations, the effect of the double operation will be to 
transform a portion of heat into expansive power, or vice versit 

Let (a) denote the first operation, (h) the reverse of the second. Then 

'Pi— 

The terms of 'P which involve functions of t only, or of V only, are 
not affected by the mode of intermediate variation of those quantities. 
The term on wliich the mutual coimjrsion of heat and expansive power 
depends, is therefore 

or, 

Hence, 

/ ^ d V (a) - 1 d V (h) = JpdV(a) - \pd. Y (/,), 


which last quantity is the amount of the heat iransformed into expansive 
power, or the total latent heat of expansion in the doiiUe operaimu 
Let 

fp’dV^ f~J^^'dV=F. 

J dr Jr — K d V 

Theif because 

^-pV=(r-K)dF, 

we have 


f pdV(a)— f pdV(6) = l (r — K)dF(a)—f (r — K)dF(b) 
■'Vo ■'Vo ■'Fo ■'Fo 


In which and n are the pair of absolute temperatures, in the two 
operations respectively, corresponding to equal values of F. 

This equation gives a relation between the heat transformed into 
expansive power by a given pair of operations on a body, the latent heat 
of expansion in the first operation, and the mode of variation of tempera- 
ture in the two operations. It shows that the proportion of the original 
latent heat of expansion finally transformed into expansive power, is a 
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function of the temperatures alone, and is therefore independent of the 
nature of the body employed. 

Equation (28) includes Carnot’s law as a particular case. Let the 
limits of variation of temperature and volume be made indefinitely small. 
Then 

dpdY = --- 

T — K d\ 

and dividing by drdY 

dp _ 1 dQ' 

(It t — ic dY 


This differential equation is also an immediate consequence of 
equation (25). 

1 d 0^ 

If - be put for , and JM for it becomes identical with the 

J T—K dM 

equation by which Professor William Thomson expresses Carnot’s law, 
as deduced by him and by Mr. Clausius from the principle, that it is 
impossible to transfer heat from a colder to a hotter body without expenditure of 
mechanical power. 

The investigation which I have now given is identical in principle 
with that in the fifth section of my paper on the Mechanical Action of 
Heat ; but the result is expressed in a more comprehensive form. 

Equation (28), like (25), (26), and (27), is applicable to a mixture, 
composed of any number of different substances, in any proportions, 


provided the temperature, the pressure, and the coefficients 


dp, d?p, 


the same throughout the mass. 

12. Apparent Specific Heat . — ^The general value of apparent specific 
heat of unity of weight is 


_dQ dQ' rfQ' ^ 

dT^ dV^ dY^ dr 




dY dp 


agreeing with equation (13) of my previous paper. 

The value in each particular case depends on the mode of variation 
of volume with temperature. Specific heat at constant volume is 

K, = H-(r-.>(^ + /*Jv).. . (30.) 

When the pressure is constant, we must have 


dP 

dY 


dY + 


dp 

dr 


= 0 , 
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and, consequently. 


dp 

dr ~ 

dY 


therefore specific heat at constant pressure is 

K, = K, + (r-K)-^I^. . . (31.) 

~dY 

This agrees with equation (16) of Professor Thomson’s paper, if ~ in his 
notation r — k. ^ 

If the body be a perfect gas, then 


_Vo/m dY\ 

~ Y^’drJ 

k : ~ -o(^ 4- !£ _ 

^ Tq\ 2 /a t t^/ 


(32.) 


The fact that the specific heats of all simple gases for unity of 
weight are inversely proportional to their specific gravities, shows that 
AM . 

— is the same for them all. 

13. Velocity of Sound in Fluids . — Let a denote the velocity of sound 
in a fluid, and d . P the total differential of the pressure. Then 



^ dr\1 
dr'dY/y 


(33.) 


If it were possible to maintain the temperature of each particle of the 
fluid invariable during the passage of sound, this velocity would be 
simply 

A-fr)- 

d.y 

But we have reason to believe that there is not time, during the 
passage of sound, for an appreciable transfer of heat from atom to atom, 
so that for each particle 
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Q + <? Q' = 0; or, K = 0 in equation (29). 

To fulfil this condition, we must have 

dr r—K dp 

(N K7 * dr 

Consequently, 
or, by equation (31), 

“ 1 ■ kJ’ 

d.^ 


(34.) 


That is to say, the action of heat increases the velocity of sound in a fluid 
beyond what it would he, if heat did not act, in the ratio of the square root of 
the specific heat at constant pressure, to the square root of the specific heat at 
constant volume. 

This is LapIace^s law of tho propagation of sound, which is here shown 
to be applicable, not only to perfect gases, but to all fluids whatsoever. 
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V.— LAWS OF THE ELASTICITY OF SOLID BODIES. 
Introdiktion. 

I. The science of the elasticity of solid bodies, considered with 
reference to its most important application, the determination of the 
strength of structures, consists of three parts : 

First The investigation of what may be specially termed the Laios of 
Elasticity ; that is to say, the mutual relations which must exist between 
the elasticities of different kinds possessed by a given solid, and between 
~the different values of those elasticities in different dircetions. 

Sccoivily, The integration of the equations of orpiilibrium and motion 
of the particles of an clastic solid. The results of this process enable us 
to determine the relative displacements of the particles from their natural 
positions in a solid body of a given material and figure, subjected to a 
given combination of forces. 

Thirdly. The application of the results derived from the first two 
branches of the theory to our experimental knowledge of the pressures and 
relative displacements to which the particles of known materials may safely 
be subjected in practice. This enables us to compute the strength of 
actual structures. 

2. Notwithstanding the great amount of attention which has been pjaid 
to the strength of materials, and the numerous and elaljorato experiments 
which have been made respecting it, few examples exist of the sound 
application of physical and mathematical principles to practice in con- 
nection with this subject. This has arisen chiefly from the fact, that the 
first and second branches of the inquiry have to a great extent been 
carried on without reference to their application to the third, and the 
third conducted without regard to the principles of the first and second. 
The results of investigation, on correct principles, into the theory of 
elasticity have been limited in their applications, with a few exceptions, 
to the laws of the propagation of vibratory movements ; and those few 
exceptions relate almost exclusively to bodies of equal elasticity in all 
directions — a class which excludes many of the most useful materials of 

* Bead before the British Association at Edinburgh, on August 1, 1850, and 
published in the Cambridge and Dublin Mathematical Journal, May, 1851. 
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construction. On the other hand, when it has been found necessary to 
adopt theoretical principles, for the purpose of reducing the results of 
experiments on the strength and elasticity of materials to a system, 
assumptions have often been made, with a view chiefly to simplicity 
in calculation, of a kind inconsistent with the real nature of elastic 
bodies. 

3. The present inquiry relates to the first part of the theory of 
elasticity — viz., the laws of the relations which must exist between the 
elasticities of different kinds possessed by a given substance, and between 
their various values in different directions. 


Section I. — Composition and Resolution of Strains and 
Molecular Pressures. 

4. At the outset of the inquiry two preliminary problems present them- 
selves : the composition and resolution of relative molecular displacements, 
and the composition and resolution of pressures such as the parts of elastic 
bodies exert upon each other. The former is a question of pure geometry ; 
the latter, of pure statics. They are usually considered simultaneously, 
on account of the analogy which exists between their solutions. This 
is not the result of the physical connection between the two classes of 
phenomena, and it would still exist although there were no such physical 
connection ; it is merely a consequence of the analogy between forces in 
statics and straight lines in geometry. 

Those two problems have been so fully investigated by MM. Cauchy, 
Lam6, and Clapeyron, as to leave notliing further to be done. The 
theorems and formulae which they have obtained are many and important. 
In the present paper I shall state those principles and results only to 
which there will bo occasion to refer in the sequel. 

5. It is desirable that some single word should be assigned to denote 
the state of the particles of a body when displaced from their natural 
relative positions. Although the word slrain is used in ordinary language 
indiscriminately to denote relative molecular displacement, and the force 
by which it is produced, yet it appears to me that it is well calculated to 
supply this want. I shall therefore use it, throughout this paper, in the 
restricted sense of relatm displacement of particles, whether consisting in 
dilatation, condensation, or distortion ; while under the term presmre I 
shall include every kind of force which acts between elastic bodies, or jbhe 
parts of an elastic body, as the cause or effect of a state of strain, whether 
that force is tensile, compressive, or distorting. 

The nature and magnitude of a simple and uniform strain are defined 
by three things : 



OF TfiB 69 

Fifd. The direction of the lines along which the particles of the body 
are displaced from their natural position. 

Secondly. The direction along which the rate of variation of the displace- 
ment from point to point is a maximum. This direction is normal to a 
series of planes of equal displacement, and may be called the strahi-normal. 

Thirdly. The amount of that rate of variation, being the differential 
coefficient of the displacement with respect to distance along the strain- 
normal. 

6. A strain may be resolved into three components, in which the 
directions of displacement shall be respectively parallel to three rectangular 
axes, while the strain-normal remains unchanged, by multiplying its 
amount by the direction-cosines of the total displacement. 

Each of these three components may itself bo resolved into three com- 
ponents, in which, the direction of displacement remaining unchanged, the 
strain-normals are respectively parallel to the three axes, by multiplying 
its amount by the direction-cosines of the original strain-normal. 

Thus every strain is reducible to nine components. 

These. nine components, however, are equivalent to but six distinct 
strains. If we consider the sti'ains as thus reduced to three rectangular 
axes, we shall find that they are of two kinds : longlfadinal, that is to say, 
k strains of linear extension or condensation, where the displacements are 
parallel to the strain-normals ; and transverse, or strains of distortion, when 
these directions are at right angles. Thus, if x, y, denote the three 
rectangular axes, and £, small molecular displacements respectively 
parallel to them, then 

d^ dr) dZ 
(Ix^ df dr: 

are longitudinal strains, which are dilatations when positive, and condeitsa- 
tions when negative. I shall denote them respectively by N^, Ng, N3 ; 
their sum, when positive, is the cubic dilatation of the particles, and when 
negative, the cubic condensation. 

Transverse strains, or distortions, are represented by the six differential 
coefficients of the displacements with respect to axes at right angles to 
them — ^viz., 

dri dZ, dZ dZ, dn 
dz^ dy^ dx^ dz^ dy^ dx 

^►Let the axis of x be perpendicular to the plane of the paper. Lqt 
ABCD be the section, by the plane yz, of a prism which in its natural 
state is square, and has its faces normal to the axes of y and z. A distor- 
tion in the plane yz, relatively to these axes, is measured by the deviation 
frctoi rectangularity of this originally square section, that deviation being 
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considered positive which makes the angles B and D acute. Now, so far 
as the positions of the particles in this prism relatively to each other are 

concerned, it is immaterial whether that devia- 
tion from rectangularity is produced by keep- 
ing the sides AD and BC parallel to their 

A original positions, and giving angular motion 

to AB and DC — a change represented by 

~ j or by keeping AB and DC parallel to 
u ^ 

Ip original positions, and giving angular 

motion to AD and BC — a change repre- 

’ sented by y ; or by combining those two oper- 

(ly 

ations: so that the total transvoise strain in the plane yzis represented 
by the sum of these two coefficients, 

dz^ dy~ 

Similar reasoning gives, for the total distortion in the plane z x, 
dz'^ dz~ " 

and in the plane x y, 


dy dx ^ 

The factor 2 is used in these expressions for the sake of convenience 
in the employment of certain formulae, to be afterwards (juoted. 

The halved-differences of the pairs of differential coefficients. 


/ dri 

dK\ 

1 (dZ 

_dK\ 1 (d^_dn\ 

\dz 

dy! 

’ 2 \dx 

dz /’ 2 \dy dx) 


represent rotations of the prism as a whole round the axes of »•, y, respec- 
tively, which have 6o connection with the positions of its particles 
relatively to each other. 

The component strains into which all others can be resolved with 
respect to a given set of axes are thus reduced to six, three longitudinal 
and three transverse. 


7. A pressure, like a strain, is defined by three things : 

1st. The direction of tlie pressure. 

2nd. The position of the surface at which the pressure is exerted. 

3rd. The amount of the pressure as expressed in units of force per 
unit of area of the surface of action. 

A pressure on a plane, in whatsoever direction it may act, may be 
resolved into three rectangular components, one normal to the plane 
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and two tangential. The normal pressure may bo compressive or tensile: 
when compressive, it is considered as positive; when tensile, negative. 

In an elastic solid which is in equUih'io^ let a cube be conceived to 
exist with its faces normal to the axes of co-ordinates, and let the pressures 
throughout its extent be uniform. This cube exerts on the matter round 
it, and is reacted on by three pairs of normal pressures, at the faces 
respectively normal to the axis of a*, y, c, whicli may be denoted l>y 
Pj, Pg, P3, the pressures at opposite faces being equal. 

Let ABCD represent the section of this cube by the ])lanc yz. On tln^ 
faces AB and CD, parallel to xz, let a pair of tangential forces act in tlie 
directions denoted by the order of the letters, tending to produce dis- 
tortion by making the angles B and D acute and A and C obtuse. Lot a 
pair of forces of similar tendency act on the faces C B and A D, parallel 
to zy. These two pairs of forces arc equal and opposite to those which 
the cube, in consequence of the transverse displacements of its particles, 
exerts on the surrounding portion of the solid. No displacement of tlie 
relative situations of a system of particles can give tlio system a tendency 
to revolve as a whole round an axis. Such a tendency must exist in tli(‘ 
cube unless the tangential forces on the faces A B, C D arc equal to thOb(‘ 
on the faces C B, A D. 

Therefore, tha tangential j^ressnre parallel to z, on a plane normal to y, /s 
equal to the tangential pressure parallel to y, on a plane normal to z \ a theorem 
first proved by Cauchy. 

The common value of those forces may be denoted l>y Q^, as they are 
both perpendicular to .r. 

Similar reasoning shows that the two pairs of tangential forces perpen- 
dicular to y have one common value, Q^- 

In like manner, those perpendicular to may be denoted by Q j. 

Thus the pressures exerted by and on the cube are reduced to six, 
three normal and three tangential. 

8. The composition of pressures applied to different planes, and their 
reduction to new axes, depends on tlie following inanciplc : — 

Conceive a small triangular pyramid, with its apex at the origin of 
rectangular co-ordinates, its sides being formed by the three co-ordinat(‘ 
planes, and its base by a plane in any given direction intersecting them. 
Let pressures in one given direction act on the three sides, and be 
balanced by a pressure in the same direction on the base. Each of the 
three sides is equal to the base multiplied by the cosine of the angle 
between the normal to the base and the normal to the side in question. 
Therefore, the total pressure on the base is equal to the sum ‘of th(‘ 
pressures on the sides, each multiplied by the cosine of the angle between 
the normal to the side in question and the normal to the base. If the 
normal to this base is one of three new axes of rectangular co-ordinates, the 



72 


LAWS OF THE ELASTKOTY OP SOLID BODIES. 


total pressure thus found may be reduced to normal and tangential pressures, 
by multiplying it by its direction-cosines with respect to the new axes. 

9. I annex, for convenience of reference, the general formulae which 
have been deduced from this principle. 

Let X, y, z, be rectangular axes of co-ordinates, and P^, Pg, P3, Qi, Q^, Qg, 
normal and tangential pressures which act as shown in the following 
table : 


Normals. 

X 

y 

z 


Planes. 

yz 

ZX 

xy 


Pressures parallel to 

X y z 

Pi Qg Q2 

Qg Pg Qi 

Q2 Qi P3 


Let Kj, Eg, K3, be the rectangular components of the total pressure at 
a plane, the direction-cosines of whose normal are aj, a.r, a^. 

Then 

Ej = cii Pi + fltgQs 

Eg = ^iQs + ®2P2 ^sQl» r. . . . (1.) 

Eg = ti^iQg + ttgQi + ^gP 3, J 


Let this normal be taken as the axis of x' in a new set of rectangular 
axes x', y', d, which make with the original axes the angles whose, cosines 
are given in the following table: — 


Original Axes. 


New Axes, 
sc' y' d 


X 

y 

z 




\ Ci^ 

62 Cg y Direction-cosines. 

63 C3J 


Let P/, P./, Pg', Qi', Qg', Q3', be the normal and tangential pressures, as 
reduced to the new axes: then 

Pi = P i^i^ + Pgfltg^ + P 3®3^ 

+ + 2Q2^3 G(i 4- 

Pg'^PiV + Pafta' + Pa&a" 

+ SQi^gSg + 2Q25361 -f 


Pg' — Pi^i^ + p2^2^ + Ps^^ 

+ SQiCgCg + SQgCgCi + SQgCiCg, 

Ql ~ Pl^l^l p2®2^2 P 3®3^3 

+ Qi(^2^8 ^ 3^2) Q2(^3^1 ^1^3) Q3(^1^2 ^2^l)? 

^ Qg = P i^i^i + P2^2^2 Ps^a^s 

+ Qi(<? 2«3 + + Q2(^S»1 + + Q3(^1«2 + 

Qg = P i®i6i + P2^2^2 Pa^s^s 

+ Qi(®2^8 ^ 3 ^ 2 ) ^ 2 (^ 3 ^! ^l^s) "** Q3(^1^2 ’t 
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By the substitution of N for P and T for Q, the fomulsd given above 
are made applicable to the reduction of stmms to new axes of co-ordinates. 

I shall not here recapitulate the many elegant and important theorems 
which MM. Cauchy and Lam6 and Clapeyron have deduced from those 
equations, as they do not relate to the branch of the theory of elasticity 
of which this paper treats. 

I may mention that in their memoir in the seventh volume of Crelle^s 
Journal j MM. Lamd and Clapeyron have used N and T to denote pressures 


and have expressed strains simply by the differential coefficients 




&c. 


Section II. — Physical Eelations between Pressures and Strains, 

so FAR AS THEY ARE INDERENDENT OF IIyROTHESES RESPECTING THE 
Molecular Constitution of Matter. 

10. In almost all investigations which liavc hitherto been made 
respecting the elasticity of bodies which have different degrees of 
elasticity in different directions, it has been tlic practice to take some 
hypothesis as to the molecular constitution of solid bodies as the basis of 
calculation from the outset of the inquiry. It appears to me, however, 
that the more philosophical course is, to ascertain, in the first place, what 
conclusions can be attained as to the laws of elasticity without the aid 
of any such hypothesis, and afterwards to impiire how for the theory 
can be simplified, and what additional results can l)o gained by introducing 
suppositions respecting the ultimate constitution of matter. 

For the present, therefore, I shall make no assumption as to the 
questions whether bodies are systems of physical points, or of atoms 
of definite bulk and figure, or are continuous, or have a constitution 
intermediate between those three; and I shall use the word particle in its 
literal sense of a small part 

11. I shall restrict the present inquiry to homogeneous bodies possessing 
a certain degree of symmetry in their molecular actions, which consists 
in this: that the actions upon any given particle of tho body of any two 
equal particles situated at equal distances from it within the sphere of 
molecular action, in opposite directions, shall be equal and opposite. 

Substances may possess higher degrees of molecular symmetry, but this 
is the lowest. 

The statement that a body is homogeneous means, when applied to 
molecular action, that the mutual action of a pair of particles, situated at 
a j^ven distance from each other in a given direction, shall be' equal to 
that of any other pair of particles equal to the first, situated at an equal 
distance from each other in a parallel direction. 

12. It is known by observation, that strains and pressures are physically 
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connected. It is also known by observation, that the pressure with which 
a strain is connected consists in a tendency of the body to recover its 
natural state, and is opposite or nearly opposite in direction to the strain ; 
thus longitudinal condensation is accompanied with positive normal, or 
nearly-normal pressure ; longitudinal dilatation, with negative normal, or 
nearly-normal pressure ; and distortion in a given plane, with tangential 
pressure in the same plane, of opposite sign. 

It is known by experiment, that when a pressure and the strain with 
which it is connected are given in direction, and when the strain does not 
exceed a certain limit, being in most cases the utmost limit to which a 
structure can be strained without danger to its permanency, the pressure 
and the strain are sensibly proportional to each other. The quantity by 
which a strain is to bo multiplied to give the corresponding pressure is a 
coefficient of elasticity^ and is expressed, like a pressure, by a certain 
number of units of force per unit of surface. 

I have said that a strain and the corresponding pressure referred to the 
same j^lanc are opposite or nearly opposite in direction ; for they are not 
of necessity exactly opposite for all directions of strain, except in sub- 
stances which are possessed of the higliest degree of molecular symmetry ; 
that is to say, wliich arc equally clastic in all directions. For those 
having lower degrees of symmetry, the following proposition is true : — 



Theorem I, In an elastic substance tvhkh is homogeneous and sijmmetrical 
with respect to molecular action, there are three directions at right angles to each 
other in which a longitudinal strain produces an exactly normal pressure on a 
plane at right angles to the direction of the strain. 

Those three directions are called Axes of Elasticity. The proposition is 
equivalent to an assertion, that the lowest degree of symmetry of molecular 

action necessarily involves symmetry with respect 
^r% to three rectangular co-ordinate planes. 

This theorem has been often demonstrated 
for systems of atoms. But it is easily seen 
that the truth of these demonstrations de- 
pends, not on the special hypotheses which 
they involve, but on the fundamental con- 
dition of symmetry. 

The following demonstration involves no 
hypothesis. 

Let a point 0 in the interior of a body 
be assumed as the origin of rectangular 
co-ordinates, the axes being considered as fixed, and the body as 
movable angularly in all directions about the origin. Space round 0 is 
divided by the co-ordinate planes into eight similar indefinitely-extended 
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rectangular three-sided pyramids. Let those pyramids bo designated as 
follows, according to the signs of the co-ordinates comprised in them. 


Signs of 

X y ::: 

-t- -4- 

-h -i- 


-f- 


Designation of 
Pyramid. 

. A 
. B 
. 

. 1 ) 

. E 
. V 
. (J 
. II 


To express tlie relati^’e situations of these pyramids, as taken in pairs, 
let the following terms be used : 

Diametrically opposite — when the pyramids toueh at the apex only; 
comprising the following pairs, 


A, G; B, H; C, E; 1), F. 

Diagonally opposite — when they touch at an edge ; comprising the pairs 


A, H ; D, E ; B, G ; C, F ; 

A, F ; B, E ; D, G ; C, H ; 

A, 0 ; B, D ; E, G ; F, 11. 


Contiguous — when they touch in a face ; comprising the pairs 


A,B; D,C; II, G; E,F; 

A,D; B,C; F, G; E,H; 

A, E; B, F; C, G; D, II. 

Each pair of contiguous pyramids forms a rectangular wedge, which 
has an opposite wedge touching it along the edge, and a contiguous wedge 
touching it at each of its two faces. 

The pairs of opposite wedges aro 

AB,GH; CD,EF; 

AD, FG; BC, EH; 

AE, CG; BF, DH. 

The pairs of contiguous wedges arc 

AB, CD; CD, GH; GH, EF; EF, AB; 

AD, BC; BC, FG; FG, EH; EH, AD; 

AE, BF; BF, CG; CG, DH; DH, AE. 



7G 


LAWS OP THE ELASTICITY OP SOLID BODIES. 


According to the condition of symmetry already stated, the portions of 
matter comprised in any pair of diametrically opposite pyramids must be 
symmetrical in their actions on a particle placed at 0, or on any pair of 
equal particles symmetrically placed with respect to 0, whatsoever may 
be the angular position of the body with respect to the axes. 

Suppose the body to receive a longitudinal strain in the direction of 
the axis of z. Let a small circular area w be conceived to exist in the 
plane of x y, with its centre at 0 ; and let this area be the base of a 
cylinder extending indefinitely in a negative direction along the axis of Zy 
and denoted by w z, Tlie pressure on the plane xy proportional and 
parallel to the resultant of the actions of the four pyramids A, B, C, D, on 
the cylinder wz, divided by the area eo. The action of each of those 
pyramids consists of a normal component parallel to z, and a tangential 
component parallel to the plane xy. In order that the total pressure may 
be normal, those tangential actions must balance each other, which can 
only be the case when tlie tangential action of the wedge AB, parallel to 
the axis of y, is equal and opposite to that of the contiguous wedge C D, 
and the tangential action of the wedge B C, parallel to the axis of x, is 
equal and opposite to that of the contiguous wedge A D. 

The pair of contiguous wedges A B, C D, touch in the plane of xz, having 
the axis of x for their common edge. If the actions of this pair of wedges 
on u)Zy when longitudinally strained along z, are unsymmetrical, this 
cannot arise from the form, position, or strain of these wedges, which are 
exactly symmetrical with respect to each layer of particles in wZy but from 
the nature of the particles occupying the wedges. Now by rotating the 
body through a right angle about the axis of x, we can bring the particles 
which formerly occupied C D into A B, and the particles which formerly 
occupied G H (which consists of two pyramids diametrically opposite, and 
therefore molecularly symmetrical to A and B) into C D. In this new 
situation of the body with resj)ect to the axes of co-ordinates, the resultant 
of the tangential actions, parallel to y, of the wedges A B and C D, on toz, 
though not necessarily equal, will be opposite in direction to the original 
resultant; and this change will have been produced, not abruptly, but 
continuously, so that the value of the resultant must, have passed through 
zero. Therefore, whatsoever may be the situation of the axis of x 
amongst the particles of the body, it is possible, by rotating the body 
about that axis, to find a position in which the tangential actions of the 
wedges AB and CD, parallel to y, on the cylinder wz, shall balance each 
other. And by^similar reasoning it may be proved, that whatsoever may 
be the situation of the axis of y amongst the particles of the body, it is 
possible, by rotating the body about that axis, to find a position" in which 
the tangential actions of the wedges B C and A D, parallel to x, on the 
cylinder w z, shall balance each other. 
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Therefore, by combining rotations about the axes of x and y, it is 
possible to find a position of the solid with respect to the axes of 
co-oi5dinates such that the tangential actions of the four pyramids A, B, 
C, D, on the cylinder arising from a longitudinal strain along shall 
be in equilibrio, and that the total pressure on x y shall bo normal. 

The direction, with respect to the solid, which fulfils this condition, is 
called an axis of elasticity. 

Let — zO + z, being now an axis of elasticity, be considered as fixed in 
the solid. 

From the manner in wliicli the two pairs of wedges AB, Cl) and BC, 
AD, are composed of the four pyramids A, B, C, D, it is clear that the 
actions of the pair of diagonally opposite py]\amids A, C, arc symmetrical, 
and also those of the diagonally opposite pyramids B, D. From this and 
the symmetry of the actions of diametrically opposite pyramids it follows, 
that the actions of the four pairs of contiguous pyramids, A, E ; 1), II ; 
B, F; C, G, are symmetrical, and also those of the two pairs of diagonally 
opposite pyramids, E, G ; F, H. This symmetry of action (subject to the 
condition of symmetry of strain) is not disturbed by rotation about the 
jtxis of z. 

Let the small circular area w be now conceived to exist in the plane ?/.r, 
and let the cylinder of which it is the base extend in a negative direction 
along the axis of and bo called the cylinder cjx. TiCt the solid receive 
a longitudinal strain along the axis of x. The action of A on wx is sym- 
metrical to that of E, and the action of D to that of 11 ; therefore, the 
tangential actions of the wedges AD, E H, parallel to .r, balance each other. 
It remains only to make the tangential actions of the wedges A E, I) IT, 
parallel to y, on wir, balance each other, which is to be done by rotation 
about the axis of 

The solid is now in such a position that x, as well as z, is an axis of 
elasticity. 

The pairs of contiguous pyramids arc now all molecularly symmetrical 
about their common faces. Therefore the pairs of contiguous wedges A B, 
EF; AE, BF, are symmetrical in their actions on a cylinder wy, when 
longitudinally strained along y. 

Therefore y also is an axis of elasticity, and the theorem is proved. 

It is not necessary to the existence of rectangular axes of elasticity that 
the body should be homogeneous (in the sense in which I have used the 
word) throughout its whole extent, but only round each point throughout 
a. space which is large as compared with the sphere of 'hpprcciable mole- 
cular action of each particle. Hence the rectangular axes of elasticity 
luay val^ in direction at diflTerent points of the same body; and some, or 
all of them, may follow the course of a system of curves, as they do in a 
rope, a piece of bent timber, or a curved bar of fibrous metal. 
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13. The axes of elasticity are evidently those which ought to be 
selected as axes of co-ordinates, for the resolution of all pressures and 
strains, in researches on the laws of elasticity. The strains and pressures 
being so resolved, wo shall have the expression - for part of 

the normal pressure on the plane yz : Aj being the coefficient of longitudinal 
elasticity for the axis of x. But this is not the whole of that pressure ; 
for it is known by observation, that the normal pressure on a given 
plane is augmented by condensation, and diminished by dilatation of 
the particles, in a direction parallel to the given plane as well as normal 
to it. The normal pressure on yz, therefore, depends not only on the 
longitudinal strain along x, but also on the longitudinal strains Ng and 
Ng along y and z. Applying similar reasoning to the other normal 
pressures, they arc found to be represented as follows : 

Po-~B3'Ni-A,N2-BiN3 y . (3.) 

The tangential pressures are represented, in terms of the distortions, in 
the following manner : 

riano. 

2/^ . . Qi=-2CiTi 

zx . . Qo= - 2 C.,T 2 

xy . . Q;==- 2 C;T 3 

These six equations are merely the representation of observed facts, 
framed with regard to the principle of axes of elasticity. 

They contain iivelve coefficients of elasticity, which may be thus 
classified : 

Aj, Ao, Ag, are the coefficients of longitudinal elasticity for the axes of 
X, 2/, z, respectively ; 

Bi, B/, are the coefficients of lateral elasticity in the plane of yz : the 
former expressing the effect of a strain along z in producing normal pres- 
sure parallel to y ; the latter, the effect of a strain along y in producing 
normal pressure parallel to z, 

B^, B./, are the coefficients of lateral elasticity in the plane of zx] and 

Bg, Bg', in the plane of xy, 

Cj, Cg, Cg, are the coefficients of transverse or tangential elasticiiyy or of 
rigidity, in the planes of yz, zx, and xy, respectively. The possession of 
this species of elasticity is the property which distinguishes solids from 
fluids, and is that upon which the strength and stability of solid itructures 
entirely depend. When a beam, or any other portion of a solid structure, 
takes a set, as it is called (or undergoes permanent alteration of figure), it 



Axis. 

Plane. 

X 

yz 

y 

zx 

z 

xy 
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is the rigidity which has been overstrained and has given way. So far as 
I am aware, however, it has not hitherto been direviUj referred to in 
researches on tlio strength of materials, except in those relative to 
torsion. 

The principal object of the present inquiry is to determine what mutual 
relations must necessarily exist amongst those twelve coefTicients of 
elasticity in eacli substance. 

14. The three coeflScients of rigidity, so far as we have as yet seen, 
represent the elasticity called into play by three kinds of distortion, 
measured respectively by the alteration of the angles of the three rectan- 
gular sections of a cube whose faces are normal to the three axes of 
elasticity. I shall now, however, prove that tlie tangential pressures pro- 
duced by equal distortions are equal, so long as the plane in which the 
distortion takes place is unchanged, and are not altered by any change of 
the direction, in that plane, of the sides of the ligure on whicli the distor- 
tion is measnftd ; that is to say — 

Theorem II. The coefficient of rhjkUhj is the same for nil dircciions of dis- 
tortion in a given plane. 

Let A B C5 D bo the section at right angles to the edges of a rhombic 
prism having any angles ; and G E and F H two 
lines normal respectively to the faces of the prism. 

Let this prism undergo a small alteration in the 
angles of its section A B C D. 

Whether we estimate the distoriion so produced 
as a transverse displacement of the particles in 
lines parallel to AB, and varying along the strain- D 
normal G E, or as a transverse displacement of 
the particles in lines parallel to A I), and vary- 
ing along the strain-normal F II, the result, so far 
as the relative transverse displacements of the par- 
ticles are concerned, will be the same. 

Also, the tangential pressures are tlie same at the pair of faces A B and 
0 D, and at the pair of faces B C and A D ; for otherwise a relative dis- 
placement among the particles of a body would produce a force tending to 
make it revolve as a whole round an axis, which is impossible. 

Therefore, the tangential forces produced by equal transverse displace- 
ments relatively to two strain-normals which make any angle with each 
other are equal, provided the displacements are in the same plane with the 
normals ; therefore the coefficient of rigidity is the same for all directions 
in a given plane. 

15. This theorem leads to another, which expresses the relations 
between the twelve coefficients of elasticity, as ffir as it is possible to 
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de^p^ine thorn independently of hypotheses respecting the constitution of 
matjbr. 

Theorem III. In each of the co-ordinate ;plancs of elasticity the coefficient of 
rigidUy is equal to one fourth part of the sum of the two coefficients of longitudinal 
elasticity for the axes which lie in that plane, diminished hj one fourth part of (he 
sum of the two coefficients of lateral elasticity in the same plane. 

For example, let the plane be that of . yz, in which the coefficient of 
rigidity is C^, those of longitudinal elasticity Ag and A3, and those of 
lateral elasticity 13^ and 

Let 2 Tj' represent a distortion in the plane yz, relative to two new 

axes y', z, in the same plane, and let the angle yyf ~ 0. Let this distortion 
be resolved, with respect to the original axes, according to equation (2). 
Then 

= 0; Ng = — 2 T/ cos Q sin 0; N3 = 2 T/ cos Q sin 0; 

2 = 2 T/ (cos2 0 ~ sin2 0); Tg = 0; T 3 = 0. 

The corresponding pressures referred to the original axes are 

Pi = ~ 2 T; (B3 - B/) cos 0 sin 0, 

P2 = — 2 T/ (— Ag + Bi) cos 0 sin 0, 

P3 = — 2 Tj' ( — Bj' + A3) cos 0 sin 0, 

Qi = — 2 Cl T/ (cos^ 0 — sin* 0), Qg = 0, Qg = 0. 

Let us now determine, according to equation (2), fr6m the above 
pressures, the tangential pressure Q/ as referred to the new axes. Then 

Qi' = ~ 2 T/ {Cl + cos2 0 sin2 0 (A^ + A 3 - Bi ~ B/ ~ 4 Ci)}. 

But by the preceding theorem we have also 

Qi' = ~2Ti'Ci, 

for all values of 0, which cannot be true unless the coefficient of 
oos^ 6 sin^ 0 in the first value of Q/ is = 0. Consequently 

Ci={(A, + A3-B,-B/)/ 

By applying similar reasoning to the planes of 
jra: and ay it is also proved that ^ ^ 

C, = l{A, + A,--B,--B'), ■ 

Cs = {(Ai + A3-B3-B30 ^ 

being the algebraical statement of the theorem enunciated. 
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Thus the number of independent coefficients of elasticity is reduced to 
ninCj of which the other three are functions ; and this is the utmost reduc- 
tion of their number which can bo made without the aid of suppositions 
as to the constitution of matter. 

The determination by experiment of nine constants for each substance 
is an undertaking almost hopeless ; it is therefore desirable to ascertain 
whether, by the introduction of some probable hypothesis, their number 
can be further reduced. 


Section III. — Eesults of the Hypothesis of Atomic Centres. 

1 6. Almost all the investigations of the laws of elasticity which have 
hitherto appeared, are founded on the hypothesis of Boscovich: that 
matter consistf of physical points or centres of force, or of atoms acting 
as if their masses were concentrated at their centres; which physical 
points or atoms occupy space, and produce the phenomena of elasticity, 
because the forces which act between them, and which depend on their 
relative distances and positions, tend to make them remain in certain 
lelative positions, and at certain distances apart. 

•Although the results of this supposition are not verified by all solid 
substances, still it seems probable that its errors are to be corrected, not 
by rejecting it, but by combining it with another, to which I shall 
afterwards refer. 

I shall now, therefore, show to what extent the laws of elasticity are 
simplified by adopting Boscovich^s supposition of atomic centres of force, 
acting on each other by attractive and repulsive forces along the lines 
joining them. It will be seen, that in consequence of the course adopted, 
of determining, in the first place, the necessary relations between the 
coefficients of * elasticity which must exist independently of all special 
hypotheses, this investigation is almost entirely freed from the algebraical 
intricacy in which it would otherwise be involved. 

17. All the consequences peculiar to this hypothesis flow from the 
following single theorem, in which the term 'perfect solid is used to denote 
a body whose elasticity is due entirely to the mutual attractions and 
repulsions of atomic centres of force. 

Theorem IV. In each of the co-ordinate planes of elasticity of a perfect 
solid, the two coefficients of lateral elasticity, and the coefficient of rigidity, are 
all equal to each other. 

Take, for example, the plane of yz. The proposition enunciated is 
equivalent to the assertion, that the tangential pressure parallel to y at 

F 



82 


LAWS OF THE ELASTICITY OF SOLID BODIES. 


the plane of xy^ produced by a given transverse strain 2 Tj = which 

consists in a displacement of the atomic centres parallel to y and varying 
with z, is equal to the normal pressure parallel to z at the same plane ary, 

d n 

produced by a longitudinal strain Ng , which consists in condensing 

or dilating the atomic centres in a direction parallel to y, provided that 
longitudinal strain is equal in amount to the transverse strain. 

The pressure on a given area of the plane xy, is the effect of the joint 
actions of the atomic centres on the negative side of that plane upon the 
atomic centres on the positive side. 

In the natural or unstrained condition of the body, this pressure is 
null, showing that those forces neutralise each other. When the body 
is strained, therefore, the pressure is the resultant of the variations of all 
those forces, arising from the displacements of the atomic centres from 
their natural relative positions.*'^* 

Let m and [x denote a pair of atomic centres, m being situated on the 
positive side of the plane ccy, and /i on the negative side. The force 
acting between m and fi is supposed to act along the line joining them, 
and to be a function of its length. When the relative displacement of 
the atoms is very small as compared with their distance, the variation of 
this force will be sensibly proportional to the variation of distance, 
multiplied by some function of the distance. It may therefore be denoted 
by . dvj where r denotes the distance {fxm). Let this line make with the 
axes the angles a, / 3 , 7. 

Let the strain to be considered, in the first place, be transverse, the 
displacements being parallel to y and varying with z, the rate of variation 
being 

_ „m 


and the force to be estimated being in the direction y. Then the dis- 
placement of m relatively to fi is 

An = 2Tjr cosy. 

The variation of their distance apart is 

8 r = cos /3 A 1) = 2 Tj r cos jS cos 7. 

The variation of the force acting between them is 

^ r . gr = 2 Tj r ^ r . cos /3 cos 7. 

* Small quantities of the second order relatively to the strains Ti, &c., are here 
nej^ted. 
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And the component of that variation parallel to y, which forms the part 
of the tangential pressure due to the action of on m, is 

cos [i <j}r , Sr = 2 r<j)r, cos - 13 cos y. . . (a.) 

Next, let the strain be longitudinal, parallel to y, and denoted by 



Then the displacement of m relatively to ju is 

A — N^ r cos /3. 

The variation of their distance apart is 

S r ~ cos /3 A = Ng r cos^ jS. 

The variation of the force acting between them is 
0 r . 8 r = N.^r 0 r cos- [3. 

And the component of that variation parallel to c;, which forms the part 
of the normal pressure on the plane xy due to the action of ju on m, is 

cos 7 0 r . S r = Ng r 0 r cos^ |3 cos y. . . (b.) 

On comparing the expressions (a) and (b) it will be seen that the 
quantities by which 2Ti and No are multiplied are identical. Therefore, 
the tangential force in the direction y on the plane xy produced by a 
distortion in tlie plane yz, and the normal force in the direction z produced 
by a longitudinal strain along are equal when the strains are equal, for 
each pair of ahmic centres. They are therefore equal for a perfect solid, 
because its elasticity is wholly due to the mutual actions of atomic centres; 
and the theorem is proved for the plane yz^ and may in the same manner 
be proved for the other co-ordinate planes of elasticity. It is expressed 
algebraically as follows : 

Plane. 

yz . * . = B/ = " 

. . . B2 = B2' = C2^ . (6.) 

• . • Bg = Bg = > 

18. The combination of these equations with the equations (5) of 
Theorem III, leads immediately to the following results : , 
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r _ 

- 6 

a = .. . 

- 6 

n + ^2 

J 

Ai = 3 (Cg + C 3 — Cl) 

A, = 3(C3 + Ci-C3) . . 
A3=3(Ci + C2-C3)> 

that is to say, 


. ( 7 .) 


. (a) 


Theorem V. In each of the three co-ordinate planes of elasticity of a perfect 
solidy the coefficient of rigidity is equal to one-sixth part of the sum of the two 
coefficients of longitudinal elasticity ; 

and consequently, * 

For each axis of elasticity of a perfect solid, the coefficient of longitudinal 
elasticity is equal to three times the sum of the two coefficients of rigidity for the 
co-ordinate planes which pass through that axis, diminished by three times the 
coefficient of rigidity for the plane normal to that axis. 

We have now arrived at the conclusion, that in a body whoso elasticity 
arises wholly from the mutual actions of atomic centres, all the coefficients 
of elasticity are functions of the three coefficients of rigidity. Eigidity 
being the distinctive property of solids, a body so constituted is properly 
termed Si perfect solid. 

When the three coefficients of rigidity are equal, the body is a perfect 
solid, equally elastic in all directions. The equations 6 and 8 become 
A = 3 C ; B = C, agreeing with the results deduced by various mathe- 
maticians from the hypothesis of Boscovich. 


Section IV. — Eesults of the Hypothesis of Molecular Vortices. 

19. The great and obvious deviations from the laws of elasticity, as 
deduced from the hypothesis of atomic centres, which many substances 
present, render some modification of it essential. 

Supposing a body to consist of a continuous fluid, diffused through 
space with perfect uniformity as to density and all other properties, such 
a body must be totally d^titute of rigidity or elasticity of figure, its parts 
having no tendency to assume one position as to direction rather than 
another. It may, indeed, possess elasticity of volume to any extent, and 
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display the phenomena of cohesion at its surface and between its parts. 
Its longitudinal and lateral elasticities will be equal in every direction ; 
and they must be equal to each other by equation (5), which becomes 

0 = A~B; 0 = 0. 

If we now suppose this fluid to be partially condensed round a system 
of centres, there will be forces acting between those centres greater than 
those between other points of the body. The body will now possess a 
certain amount of rigidity; but less, in proportion to its longitudinal and 
lateral elasticities, than the amount proper to the condition of perfect 
solidity. Its elasticity will, in fact, consist of two parts, one of which, 
arising from the mutual actions of the centres of condensation, 'will follow 
the laws of perfect solidity ; while the other will be a mere elasticity 
of volume, resisting change of bulk equally in all directions. 

In a paper on the Mechanical Action of Heat in connection with the 
Elasticity of Gases and Vapours {Trans, of the Royal Society of 
Vol. XX., Part I.), I have attempted to develop some of the consequences 
of a supposition of this kind, called the liypotliesis of molecular vortices."^* 
It assumes that each atom of matter consists of a nucleus or central 
physical point, enveloped by an elastic atmospliero, wliich is retained in 
its position by forces attractive towards the atomic centre, and which, 
in the absence of heat, would be so much comhuised round that centre 
as to produce the condition of perfect solidity in all substances; that the 
changes of condition and cfasticity due to heat arise from the centrifugal 
force of revolutions among the particles of the atmospheres, diflusing them 
to a greater distance from their centres, and thus increasing the elasticity 
which resists change of volume alone, at the expense of that which resists 
change of figure also; and that the medium which transmits light and 
radiant heat consists of the nuclei of the atoms, of small mass, but 
exerting intense forces, vibrating independently, or almost independently 
of their atmospheres; absorption being the communication of that motion 
to the atmosphere, so that it is lost by the nuclei. 

20. A body so constituted, in which the rigidity is considerable, may 
be called, in general, an imperfect solid ; and it is obvious that its various 
elasticities may be represented in the following manner : 

Theorem VI. In an Imperfect solid, according to tlie hypothesis of 
molecular vortices, each of the coefficients of longitudinal and lateral elasticity 
is equal to the same function of the coefficients of rigidity which would he Us 
value in a perfect solid, added to a coefficient of fluid elasticity which is the 
same in all directions. 

* An abstract of that paper is published in Poggendorff’s Anmkn for 1860, No IX. 
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Denoting this fourth coefficient by J, we have the following equations^ 
giving the values of the coefficients of longitudinal and lateral elasticity 
in terms of the coefficient of fluid elasticity, and of the three coefficients 
of rigidity. 

A, = 3(C, + C3-.0,) + J 

A, = 3(C3 + C,~C2) + J 
A3=3(C, + C2 -C3 ) + J 
Bj = Cj + J 

B, = Cg + J 

B 3 = C 3 + J J 

The utmost number of independent coefficients is thus increased 
to /our. 

If the coefficients of rigidity be progressively diminished without limit, 
as compared with the coefficient of fluid elasticity, the body will pass 
through every stage of the gelatinous state; and when the cfltefficients of 
rigidity vanish, its condition will be that of a perfect fluid, in which the 
longitudinal and lateral elasticities are all equal, and represented by the 
single coefficient J. 

It is to be observed, that in this condition the independent actions of 
the nuclei or physical points at the atomic centres upon each other, which 
are the means of radiation, may be very greSat; their sensible effect on 
the elasticity of the body being neutralised by other forces, exerted by 
the parts of the atmospheres. 

If two of the coefficients of rigidity are equal (as Cg = C3), the body is 
equally elastic in all directions round an axis, which in this case is that ^ 
of X ; and equations (9) become 



Ai= 6C2~3 Ci + J 
Ao = A 3 = 3 Cj -f* J 
B,= C, + J 
B2 = B3 = C2 + J 


. (£>A.) 


When the three coefficients of rigidity are all equal, the body is an 
imperfect solid equally elastic in all directions. The results of this 
condition have been investigated by Professor Stokes, M. Wertheim, and 
Mr. Clerk Maxwell. 

« 

Equations (9) in this case become 


A = 3 C + J; B = C + J. . 


. (9B,) 
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Note respecting Previous Investigations. 

(18 a.) The investigations of Poisson {Mem, de VAcad, des Sciences, 
XVIII.), of M. Cauchy {Exerciccs des Mathimatlqws, passim), and of Mr. 
Haughton {Trans. Roy. Irish Acad,^ XXL), respecting the elasticity of 
substances unequally elastic in different directions, are all founded on the 
hypothesis of atomic centres. So far as they relate to substances possessed 
of rectangular axes of elasticity, they agree in expressing the elasticity of 
such bodies by means of sit coefficients, corresponding respectively to those 
which I have denoted by 

Ai, A^, A3, ( C.„ C3. 

None of those investigations indicate any relations amongst tliese six 
coefficients. 

^ The researches of Mr. Green on tlie propagation of vibratory movement 
{Camb. Trans,, VII.) differ materially from those which preceded them, 
inasmuch as they are applicable, not merely to systems of atomic centres 
or physical points, but to solid substances constituted in any manner 
whatsoever.’^ So far as they are applicable to bodies possessed of 
axes of elasticity, they involve nine coefficients: three of longitudinal, 
three of lateral, and three of transverse elasticity. The following table 
exhibits a comparison between Mr. Green’s notation and that of this paper: 


Coefficients of Elasticity. 


In the Notation 
of 

Longitudinal. 

Lateral. 

Transverse. 

Mr. Green, . 

G H I 

P Q R 

L M N 

This Paper, 

<r 

i 

B, 

Cl C,, C3 


There is nothing, however, in the researches of Mr. Green to indicate 
any mutual relations amongst those nine coefficients; and to establish 
such relations, indeed, it appears to me that the subject must be in- 
vestigated, not dynamically, but statically. 

It may here be observed, that Mr. Green’s equations contain three 
additional coefficients, to represent the effect of a strained condition of the 
medium on the propagation of vibratory movement; but those three 

* A second x>aper by Mr. Haughton (Trans. Roy. Irish Acad., XXII.) is equally 
conapreheauve. 
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being foreign to the subject of this paper, have no expressione 
corresponding to them in its notation. 

In the equations of the propagation of light, Mr. Green effects an 
apparent reduction in the number of coefficients by introducing the 
supposition that the vibrations are of necessity wholly tangential to each 
wave-front. But this supposition is quite at variance with the nature 
of elastic solids, and is obviously intended by the author as merely an 
assumption for the purpose of facilitating calculation, and obtaining 
approximately true results, in the case of luminiferous undulations. 

Mr. M'Cullagh’s researches on the propagation of light {Trans, Roy, Irish 
Acad., XXI.) involve a similar assumption. 

The result peculiar to the investigations contained in the present 
paper is the establishment of certain mutual relations amongst the different 
elasticities of a given substance, whereby the six coefficients of Poisson 
and Cauchy are reduced to functions of three, and the nine coefficients 
of Mr. Green to functions of four ; the former representing the condition 
of a medium whose elasticity is wholly due to the mutual actions of atomic 
centres, the latter that of a substance whose condition is intermediate 
between those of a system of centres of force, and of a continuous and 
uniformly diffused fluid. 

General equations of vibratory movement, in the particular case of 
uncrystallised media, agreeing with those of Mr. Green, are given by 
Professor Stokes in his memoir on Diffraction {Camh. Trans, IX.) His two 
coefficients of elasticity have the following values in the notation of 
this paper : — 


Prof. Stokes. 


This Paper. 



g denotes the accelerating force of gravity; and D, the weight of unity 
of volume of the vibrating medium. 

a and h, in Professor Stokes’s paper, are the velocities of propagation 
of normal and tangential vibrations respectively. 

In the researches of Poisson, Navier, Cauchy, Lam6, and others, on 
the elasticity of bodies equally elastic in all directions, the coefficients 
are often expressed in terms of two quantities, denoted by k and K, in 
the following expression for a normal pressure on the plane yz : 

Pi = -X:N,--K(N, + N2 + N3); 

k represents a species of longitudinal elasticity, under the condition that 
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tha. volume remains nnchanged; and K, an elasticity resisting change of 
Vblume. Their values in the notation of this paper are as follows : — 

/^ = A- B = 2C; K = B = C + J. 

It is evidently impracticable to apply an analogous notation to bodies 
unequally elastic in different ^irections. 

M. Wertheim has recently made a most elaborate and valuable series 
of experiments on the elasticity of brass, glass, and caoutchouc, according 
to a method suggested by M. llegnault. for the purpose of detcrinining 
the laws of elasticity of uncrystallised substances (Amu de Chim, ct de 
Phys., Ser. IIL, tom. XXIII.) lie concludes that for brass and glass, and 
for caoutchouc moderately strained, the following equation is nearly if not 
exactly true, in the notation to whicli I ha\e just referred, 1 = K, which, 
in the notation of this paper, is equivalent to the following : 

J- C; B = 2C; A = ii\ 

M. Wertheim has investigated tlic consequences which must follow in 
the solution of several problems connected vitli (‘lasticity, if tliis law bo 
universally true for solid bodies. 

This supposition must be regarded as doubtful ; and it is not, indeed, 
advanced by M. AVertheim as more than a conjecture. So far as our 
pi'cscnt knowledge goes, it seems more probable that the relations between 
C and J may be infinitely vaiied. If the effort of heat is to ilimini&h C 
and increase J, there maybe some tempcTature for each substance' at which 
M. Wertheim’s C(j[uation is veiified. In tlie sequel I shall consider more 
fully tlie consequences to be deduced from M. Wertheim’s experiments ou 
this subject. 


Section V. — Coefficients of Pliability, and of Extensibility 
AND Compressibility, Longitudinal, Lateral, and Cubic. 

Emmples of their Experimental Deiermmation. 

21. Coefficients of elasticity seivc to determine pressures from the 
corresponding strains. AVe have now to consider the determination of 
strains from pressures. 

To determine a distortion from the corresponding tangential pressure, 
it is sufficient to multiply, using the negative sign, by the reciprocal of the 
proper coefficient of rigidity. This reciprocal may be called a coefficient 
of pliability. 

A similar process, however, cannot be applied to the calculation of 
longitudinal strains from normal pressures; because, as each normal 
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pressure is a function of all the three longitudinal strains, so each loDgi> 
tudinal strain is a function of all the three normal pressures. 

Let the longitudinal strains be represented, in terms of the normal 
pressures, by the following equations : 


Nj = — ^iPj + bgPg + ^ 

^2= ^3^1- »2Pf+l)'lPs ^ 

^3= fr2Pl + 


. ( 10 .) 


Then the coefficients in these equations are found, by a process of 
elimination, to have the following values in terms of the coefficients of 
elasticity. 

Let 


K = 24 (C/C 3 + C0C32 4- C32C, + 030^2 + 0^202 + C1C22 - CjS - C2» - C35) 
- 520,0263 + J{8(0203 + O3C, + 0,62) - 4(0,2 ^ C22 + O32)}. 


Then 


a, = 1{8 Ci2-9(C2- € 3)2 + 401 J} 

« 2 = ~ { 8 O 32 - 9 ( 03 - Ci )2 + 4 CoJ ; 

*3= 9(01-03)2 + 403.1} 

{ 3(03 + O 3 - Oi)Oi - O 3 O 3 + 2 ( 0.3 + C 3 - Oi) J} 

1^2 = g { 3(03 + Oi - 03)0. - O3O1 + 2(03 + Cl - 03)J] 

frs = g {3(0i + O 3 - 03)03 - O 1 O 3 + 2(0i + 0, - 03 )J} 


( 11 .) 


The above coefficients may be thus classified : 

а, , Hg, n3, are the coefficients of longitudinal extensibility and com;pressihility 
parallel respectively to the three axes of elasticity. 

б, , bg* i^re the coefficients of lateral extensibility and compnmbility for 
the three co-ordinate planes of elasticity, serving to determine the effect of 
a normal pressure on those dimensions of a body which lie at right angles 
to its direction. 

From the manner in which the coefficient J enters into the common 
denominator K, it is obvious that when the coefficients of rigidity diminish 
without limit as compared with that of fluid elasticity, the six coefficients 
of linear extensibility and compressibility increase ad infinitum. 

In a body whose three coefficients of rigidity are different, the coefficient 
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of cj^bic compressibility, that is to say, the quotient of the sum of the 
three longitudinal strains by the mean of the three normal pressures, with 
the sign changed, has no fixed value unless some arbitrary relation be 
fixed between those pressures. Let them bo supposed, then, to be all 
equal ; let their common value be P, and let the coefficient of cubic com- 
pressibility in this case be denoted by ft : then 

j)f = _ = »! + So + as - 2(lxi + h + bs) 'I 

= g {8(C2C3 + CsC, + C,a) - 4(C,2 + C/ + C„^) 1 

Hence A = J + 6(0^ + C. + C 3 ) 

196C,C.,C., , 

“ 8 (CgC^-; C 3 C 1 + CiOg) - 4(cv + a/ + j 

So that this coefficient is the sum of the three longitudinal coefficients 
of compressibility, diminished by twice the sum of the three lateral 
coefficients. It does not, like them, increase ad infinituni when the 
rigidity vanishes j its ultimate value in that case being 

1 

J’ 

the reciprocal of the coefficient of fluid elasticity, as might have been 
expected. 

If Cg^C-j, so that the body is equally clastic in all directions round the 
axis of X, equations (11) and (12) take the following forms : 


^ ( 12 .) 


K = 40^ {12C,C3 - 6Ci2 - 0/ + J(4C3 - Cl)} 

Ki = -g ( 8 Ci 2 + 4 Ci J) = j (jQ^.2 -J + J ( 40 ;r'C 1 ) 

«2 = Its = g { 8 C 32 - 9(Ci - C,)* + 4C„J} 
fri = g { 6 C 1 C, - 30^2 - C/ + J(4C2 - 2 Ci) } 

1^2 = fra = g( 2 CiC 2 + 2 Ci J) = 24070^:^11107:120^^ - 2 Ci) 

i,4(160.0,-4C,.) . i,c.C.-W-0.?:J(40,-C.) 

1 4 .on 2 
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For bodies equally elastic in all directions the coefficients of com- 
pressibility and extensibility take the following values : 




h = 3a-6h = 


2C + J 
3 

5C + 3J 




C + J 
10C2 + 6CJ 


. (12B.) 


In substances of this kind the coefficient of cubic compressibility is the 
same, whether the three normal pressures are equal or unequal, being 
equal to the sum of the three longitudinal strains divided by the mean of 
the three normal pressures with the sign changed : that is to say. 


p, + 1\ + F 


One of the most frequent errors in investigations respecting the elasti- 
city and strength of materials, and the propagation of sound, has been to 
confound the coefficients of longitudinal elasticity with the reciprocals of 
the coefficients of longitudinal compressibility. The equations of this 
section show clearly how widely these two classes of quantities may 
differ. 


The reciprocal of the longitudinal extensibility, , is what is commonly 

termed the fFeight of the modulus of elasticity, 

22. The following formula may be found useful in the determination of 
the coefficient J of fluid elasticity from experimental data. 

Let us suppose that the three coefficients of rigidity of a substance, 
Cj, Cg, C3, have been determined by experiments on torsion, and that 
some one of the coefficients of compressibility and extensibility in equa- 
tion (11), or those derived from it, has also been determined by experi- 
ment. Let the actual value of this coefficient be called f, and the value 
which it would have had, had J been = 0, f^j. Also let denote the 
value which the denominator K would have had, had J been 0, and let n 
be the factor by which J is multiplied in the numerator of C, and m, in 
the denominator. 

Then 





(13.) 


When applied to coefficients of longitudinal extensibility, this formula 
labours under the disadvantage that a comparatively slight error in the 
experimental data may cause a serious error in the determination of J. 
Let us take, for example, an uncrystallised substance, and make succes- 
sively the two following suppositions. 


J = 0, J = C: 
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it will be found that the results are respectively, 

a = ^ X 0-4, a = ^ X 0-375, 

being in the ratio of 16 ; 16 ; so thSt any uncertainty in the experiments 

is in this case increased fifteenfold in computing tho value of Hence 

it appears, that without very great precision in the experiments, tlie 
coefficient of fluid elasticity cannot be satisfactorily determined by a 
comparison of the effects of longitudinal tension with those of torsion. It 
is especially desirable that the two sets of experiments should bo made 
on the same piece of the material. 

The best data for calculations of this kind would be experiments on 
cubic compressibility, in conjunction with experiments on torsion ; for, as 
equations (12), (12A), and (12B) show, in order to determine J we have 
simply to subtract a certain symmetrical function of tho rigidities from 
the reciprocal of tho cubic compressibility. In the process of calculation, 
the errors in the experiments on rigidity arc multiplied, on an average, 
by only, while those of the experiments on compressibility sustain no 
augmentation whatsoever. 

Next after data of this kind may be^ ranked experiments on longitudinal 
extensibility, as compared with the cubic extensibility or compressibility 
of the same piece of material. Of this method, suggested by M. Kegnault, 
and carried into effect by M. Wertheim, I shall presently speak more 
fully. 

Were it possible to ascertain the velocity of sound in an unlimited 
mass of an elastic material along each of the axes of elasticity, the 
coefficients of longitudinal elasticity could be determined with great 
precision by the formula 



w^ere v is the velocity of sound, D the weight of unity of volume of tho 
substance, and g the accelerating force of gravity. But it is only practi- 
cable to determine the velocity of sound along prismatic or cylindrical rods; 
and, as I shall show in a subsequent paper, it is impossible, in the present 
state of our knowledge of the molecular condition of the superficial 
particles of solid bodies, to assign theoretically the ratio in which the 
velocity of souqd along a rod is less than its velocity in an indefinitely 
extended mass. That ratio is only known empirically in a few cases, 
having various values lying between 1 and 

23. The experiments of M. Wertheim, on longitudinal and cubic 
extensibility {Am. de Chim, et de Phys., S6r. III., Tom. XXIII.) were made 
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upon brass and ' Crystal, the results being calculated on the supposition 
that those substances are homogeneous and equally elastic in all directions. 
There can be no doubt of the correctness of this supposition with respect 
to well annealed crystal ; and with respect to brass, it is .probably very 
near the truth. 

In those experiments, a cylindrical tube of the substance to be examined 
was strained by longitudinal tension. The increase of length was observed 
directly. The increase of bulk was found by observing the depression in 
a capillary tube connected with the summit of the strained tube, of a 
column of liquid with which they were filled. Let R denote the tensile 
force reduced to unity of surface ; let L be the original length of a given 
portion of the tube, U its original volume, A L and A U the increase of 
those quantities by the tension R ; and let the axis of x be that of the 
tube. Tlien we have 





-E; P2 = 0; P, = 0: 


and consequently, for uncrystallised substances, 

1 AI. ^ 3 AU 


• ( 14 .) 


To determine the coefficients of rigidity and fluid elasticity from these 
data, wo have the following formula) : 

R 

3a-ill“„AL AU 
L “ U 

The experiments of M. Wortheim were made on three tubes^ of 
brass and five of crystal. In the following table those tubes are 
designated as M. Wertheim has numbered them. The coefiicients a and 
Jf, transcribed or calculated from his statement of the mean results of 
numerous experiments on each tube, express the fraction by which the 
material is elongated, or increased in bulk, by tension at the rate of one 
kilogramme on the square millimetre; that is to say, 1422’34 pounds 
avoirdupois on the square inch. (The common logarithm of this number 
is 3‘1 53004.) The reciprocals of those coefficients, and the coefficients of 
elasticity, as calculated by equation (14 A), are given in kilogrammes on 
the square millimetre. 


y (14A.) 



Table op Coefficients calcuuted from M. Wertheim’s Experiments on the Extensibility 

OF Brass and Crystal. 
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Tube IL of Crystal was accidentally brokeu. 
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The various degrees of elasticity of the brass tubes are ascribed by M. 
Wertheim to the relative frequency with which they were subjected to 
wire-drawing, to reduce the thickness of metal. It may be observed, that 
this operation seems to increase the rigidity more than the fluid elasticity, 
a fact which might naturally have been expected. 

The means of the three sets of results for brUss are given in the 
following table : — 




Kilogrammes on 

Lbs. Avoird. on the 

Coefficients of 


the Sq. Millim. 

Square Inch. 

Rigidity, .... 

c 

3746-3 

6327100 

Fluid Elasticity, . 

J 

4389-0 

6242700 

Longitudinal Elasticity, 

A 

15625-0 

22224000 

Lateral Elasticity, 

B 

8134-3 

11679000 

Reciprocals of Extensibilities. 




Longitudinal (or Weight of the 

11 

10054-4 


14301000 

Modulus of Elasticity), 

) a 


Cubic, 

1 

h 

10631-0 

15121000 

Coeffioients of Extensibility 

Per Kilog.' on the 

Per lb. on the Square 

and Compressibility. 

Square Millim. 

Inch. 

Longitudinal, . . a 

0-00009946 

0-0000000699 

Cubic, . . . h 

0-00009406 

0-0000000661 

Lateral, . . . h 

0-00003405 

0-0000000239 


The following result is calculated from the experiments of M. Savart 
on the torsion of brass wire {Ann. de Chim. et de Phys., August, 
1829);— 

Kilog. on the 
Square Millim. 

Coefficient of Kigidity, . . C 3682 

The difference being . . . 63*3 


Hence we see that the rigidity of wire-drawn brass, as determined 
directly by torsion, differs from that calculated from the longitudinal and 
cubic extensibilities by only (m-sututh a very dftiall discrepancy 
in experiments of this kind. 

The following table gives the means of the four sets of results, I., III., 
IV., V., for crystal : — 


Lbs. on the 
Square Inch. 

5237100 

90000 
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Kilog. on the 
Square Millim. 

Lbs. on the Square Inch. 

c . 

1518 

2159100 

J . 

1438 

2046300 

A . 

5992 

8522600 

B . 

2956 

4204400 

1 

a 

4039 

5746100 

1 

b * • 

3968 

5643800 



Per Kilog. on the 

Per Ib. on the Square 


Square Millim. 

Inch. 

a . 

0*0002476 

0 0000001740 

b . 

0*0002520 

0-0000001772 

b . . . 

0*0000818 

0-0000000575 


It is obvious that the above mean values for crystal are not to be 
relied upon as equally accurate with those for brass ; for the wide dis- 
crepancies between the results of the experiments on the five crystal tubes 
show that this substance, like every kind of glass, is subject to great 
variations in the physical properties of different specimens. 

24. So far as I am aware, there is no substance whose elasticity varies 
in different directions, for which experimental data as yet exist, adequate 
to determine the three coefficients of rigidity, and the coefficient of fluid 
elasticity. 

Supposing the three coefficients of rigidity of a substance of this kind 
to be known by experiments on torsion, the process of MM. Eegnault and 
Wertheim would readily furnish data for calculating the fluid elasticity. 

For example : let a tension E per unit of area be applied to the ends 
of a tube whose axis is one of the axes of elasticity, say that of x» Let 

be the fraction by which its volume is increased, as before. Then 


N, + N, + N3 

Pi 


®1 1*3 1*2 


= |{8Ci2 - 2C,(C, + - 6(0^ - 0/} 


Let the abovS equation be abbreviated into 


AU_ ^(C) 

EU~Ko + otJ' 


o 
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where K = Kq + wiJ, as in equation (13). Then 

The formuloe corresponding to equation (15) for tubes whoso axes are 
parallel to y and 2 ?, are easily found by permutations of the indices 1, 2, 

3. The sum of the three values of thus obtained is obviously = If. 

[It may be remarked, with reference to Sect. 17 of the preceding paper, 
that the effect of alterations of direction in the lines joining pairs of 
particles is not taken into account in the investigation of the elastic forces 
arising from^ the states of strain which are there considered. It appears 
to me that this effect, except for particular laws of force, will be of the 
same order as that which depends on the alterations of the mutual 
distances between the particles ; and that if it be taken into account, the 
demonstration of Theorem IV. fails. 

This objection occurred to me after the whole of the paper was in type, 
and I immediately suggested it to the author ; but, as ho was not con- 
vinced of the correctness of my view, he desired that the paper should bo 
published as it stands, reserving additional explanations or modifications, 
if necessary, for the next number of the journal. — ^W. T.] 


Supplementary Paper to Secjtion III., Article 17. - 

In the portion above referred to of my paper on the Elasticity of Solids, 
published in the Cambridge and Dublin Mathematical Journal for February, 
1851, the theorem is laid down, that in a given plane in an elastic solid 
consisting entirely of atoms acting on each other by attractions and 
repulsions between their centres, the coefficients of rigidity and of lateral 
elasticity are equal. 

The proof of this proposition depends on the principle that the elastic 
force in such a solid, called into play by a strain, in which the relative displace- 
ments of the atoms are very small as compared %oith their distances apa/ii, is 
sensibly the resultant of the variations of force due to the variations of distance 
only, the variations of relative direction producing no appreciable effect. This 
principle being granted, it is easily shown that the portion of that 
resultant for each pair of atoms is the same for a given amount of strain 
in a given plane, whether lateral or transverse with respect to the plane 
on which elastic pressure is estimated. 
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In the paper referred to, I assumed this principle without demonstration. 
The editor of this journal, however, has since shown me, tliat my having 
done so may be considered as causing a defect in the chain of reasoning. 
I shall now, therefore, proceed to prove it. 

Let it be possible for a solid to exist in an unstrained condition, 
consisting entirely of atomic centres of force acting on each other along 
the lines joining them, with forces which are functions of the lengths 
of these lines. Then must tlie pressure, estimated in any direction, on 
any portion of any plane in that solid be null. That pressure is tlie 
resultant, in the direction assumed, of the mutual actions of all the atoms 
whose lines of junction pass through the given portion of the given 
plane. 

Let the given portion be indefinitely small, and let it be called w, 
being situated in the arbitrarily-assumed plane 
Poijp, which divides the solid into two por- 
4iions, A and B. Let — X a> -f X be an arbi- 
trary axis along which pressure is to be esti- 
mated. The pressure exerted by the portion 
A upon the infinitesimal area cu of the portion 
B, is the resultant, reduced to the dii’cction 
— X CD + X, of all the forces exerted by the 
atoms in A on the atoms in B, in lines passing 
through cu; and the body being unstrained, 
this resultant must be null. 

Assume a new position, P'w j?', for the plane of separation, making an 
equal angle P'w + X= -fXwPon the opposite side of the axis to the 
original position. The same letters applying to the’] two portions of the 
solid, the pressure of A on the area w of B along — X w X must still 
be null. 

The two planes divide the solid into two pairs of opposite wedges. 
The action of A on B along X through w in the original position of the 
plane, may be divided into two parts, viz.- — 

The resultant of the actions of the atoms in the wedge P wp' on those 
in the opposite wedge P'co ; 

The resultant of the actions of the atoms in the wedge jp a>jp' on those 
in the wedge P P'. 

In the new position of the plane, the pressure on to is made up as 
follows: 

The resultant of the actions of the atoms in the wedge P aijp' on those 
in the wedge P'cup, which is the same as in the original position of 
the plane; 

The resultant of the actions of the atoms in the wedge P a>P' on those 
in the wedge p'wp, being identical in amount but opposite in direction to 
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that of the atoms in jp' up on those in P u P', which formed part of the 
pressure in the original position of the plane. 

Now the pressures in the two positions of the plane of separation cannot 
both be null, unless the resultant of the mutual actions of the atoms in 
each pair of opposite wedges is separately null; for we see that the action 
of a pair of wedges can be reversed in direction without affecting the 
nullity of the total resultant. Tie position of the pair of opposite 
wedges is arbitrary; so also is their angular magnitude, which may be 
indefinitely small. 

Therefore, no mere change of angular position of a pair of opposite 
elementary wedges can produce a pressure. 

Every strain in which the relative displacements of the particles are 
small as compared with their relative distances, may be reduced to 
angular displacements of pairs of opposite elementary wedges, and varia- 
tions of the mutual distances of the particles contained in them. The 
angular displacements can produce no pressure of themselves; the 
variations of distance are therefore the sole cause of that portion of the 
pressure which is of the same order of small quantities with the strain: 
being the principle to be proved. 

The combination of the angular displacements with the variations of 
distance will give rise to pressures of the second and higher orders of 
small quantities as compared with the strain; but for the small strains 
to which the present inquiry is limited, those arc inappreciable, and may 
be neglected. 


Note respecting Mr. Clerk Maxwell's Paper On the 
Equilibrium of Elastic Solids." {Trans, Boy. Soc, Min,, 
VoL. XX., Part I.) 

I HAVE already referred to the researches of Mr. Clerk Maxwell, of the 
general nature of which only I was aware at the time of the publication 
of my paper on this subject in the Camhidge and Dublin Mathematical 
Journal for February, 1851. 

Since then I have had an opportunity of reading Mr. Maxwell’s paper, 
so as to compare his notation with my own. 

Mr. Maxwell’s investigations relate to such solids only as are equally 
elastic in all directions. He expresses their elasticity by means of two 
coefficients, /x and m, having the following properties: 
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n- -l.h±Il±Is 

3 

dx^ dy~^ dz 

m — — ~ — — ^2 ~ — _ ^2 ~ 

dZ_dK' 

d'X dij dy dz ds dx 

4 

From which it is clear, that those coefficients have the following values 
in the notation of the paper “which I have published. 

— JC + J^:: reciprocal of the cubic compressibility, 

m = 2 C = twice the rigidity; 
consequently 

C =3 i m, S — fi — I nu 

Tlie particular problems solved by Mr. Clerk Maxwell arc of a very 
interesting character, especially those relative to the optical changes 
produced in transparent bodies by straining them. 


ON THE LAWS OF ELASTICITY.^ 

Section VI. — On the Application of the Method of Virtual 
Velocities to the Theory of Elasticity. 

25. Lagrange’s method of virtual velocities having been applied to the 
problems of the equilibrium and motion of clastic media by Mr. Green 
{Camb. Trans,, VII.) and by Mr. Haughton {Trans, Eoyal Irish Acad,, XXL, 
XXII.), it is my purpose in this and the following section to point out the 
mutual correspondence between the coeflScients in the formula) arrived at 
by these gentlemen, and the coefficients of elasticity which form the sub- 
ject of the previous portion of this paper, and also to show how far the 
laws of relation between the nine coefficients of elasticity of a homogene- 
ous body, which I originally proved by a method chiefly geometrical, are 
capable of being dedujj^d symbolically from equations found according to 
Lagrange’s method, 

26, The principle of virtual velocities, as applied to molecular action, it 

* Originally published in the Cambridge and Dublin Mathematical Journal, Nov., 
1852. 
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as follows : Let X, Y, Z, denote the total accelerative forces applied to 
any particle, whose mass is m, of an elastic medium, through agencies dis- 
tinct from molecular action (such as the attraction of gravitation); let 
% Vy tv, be the components of the velocity of m; let 8 a;, 8y, 8^, denote 
indefinitely small virtual variations of x,y,z; let S be the total accelera- 
tive molecular force applied to m, Ss an indefinitely small virtual variation 
of the lino along which it acts ; then the following equation 


+ S (m S 8 5 ) — 0 



Y (16.) 


(the summation 2 being extended to all the particles of the medium), 
expresses at once all the conditions of equilibrium and motion of every 
particle of the medium. 

27. In applying this principle to the theory of elastic media, both Mr. 
Green and Mr. Haughton assume the following postulates : 

First. That in calculation we may treat each particle m as if it were 
a small rectangular space, dx dy dz, filled with matter of a certain 
density p: so that for the sjrmbol 2 m we may substitute that of a triple 
integration. 

Iff pdxdydz. 


Secondly. That the virtual moment m S 8 5 of the total molecular force 
acting on any particle m, is capable of being expressed by the product 
of the small rectangular space dx dy dz into the variation, 8 V, of a 
certain function V of the relative position of m and the other particles of 
the body.* 

Equation (16) is thus transformed into the following: — 


(^Z - +///SVdxdyds =z 0 


Y ( 17 .) 


28. The term elasticity properly comprehends those molecular forces 
only whose variations are produced by, and tend to produce, variations 
in the volume and figure of bodies. There are, therefore, conceivable 
kinds of molecular force, which arc not included in the term elasticity. 
For example, let us take the forces which Mr. |p!acCullagh ascribed to 
the particles of the medium which transmits light. 


* This amounts, in fact, to the assumption that no part of the power devdoped by a 
variation of the relative positions of the particles is permanently converted into heat, 
or any other agency: in other words, that the body is perfectly elastic. 
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Let ij, ^/denote disj)lacoments of a point in the medium parallel 
respectively to jr, y, z. Then Mr. MacCiillagh supposes the molecular 
forces to be functions of 

ill 

Jz dy' (lx dz^ Jy dx^ 

which arc proportional to the rotations of an clement d x d y d z from its 
2)osition of equilibrium about the three axes respectively. TJiis amounts 
to ascribing to the particles of the medium a species of jjolarlty^ tending 
to place three orthogonal axes in each particle parallel respectively to 
the three corresponding axes in each of the other particles : the rotative', 
force acting between the corresj^onding axes in each pair of particles 
being a function of the projection of the relative angular displacement 
of the axes on the plane passing through tliern, of the position of that 
plane, and of the distance between the particles. 

A portion of a medium endowed with such molecular forces only 
would transmit oscillations ; but it Avoukl not tend to preserve any 
definite bulk or figure, nor would it resist any change of bulk or 
figure. It would be a medium or sydem, but not a hody, IMolecular 
forces of this kind, therefore, are not comprehended under the term 
elasticity ; and the limits of the present investigation exclude those forms 
of the function V which represent the laws of their action. 

29 . The inquiry being thus restricted to molecular forces dependent 
on the variations of the bulk and figure of bodies, there is to bo intro- 
duced a 

Third Postulate: That supposing the body to be divided mentally 
into small parts, which, in the undisturbed state of the body, are 
rectangular and of equal size, those parts, in the disturbed state, continue 
to be sensibly of equal bulk and similar figure, throughout a distance 
round each point at least equal to the greatest extent of appreciable 
molecular action. 

This assumption has been made in all previous investigations, except 
those respecting the dispersion of light; and it seems, indeed, to be 
perfectly consistent with the real state of tangible bodies. 

Its advantage in calculation is, that it enables us to treat the variations 
of the molecular forces acting on a given particle, as functions simply of the 
variations of bulk and figure of an originally rectangular element situated 
at that particle: se^g that the adjoining elements throughout the 
extent of appreciable molecular action continue always to undergo 
sensibly the same variations of bulk and figure as the element under 
consideration. 

Let Zq be the co-ordinates of any physical point in a homogeneous 
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body in eqtiilibrio, and whose particles are not operate! upon by any 
extraneous forces, X, Y, Z. In this condition it is evident that 

gv = o 

at every point, and that we may also make 

V = 0. 

In the disturbed condition, let ij, X, be the displacements of the 
point whose undisturbed position is (% z^), so that 

X = Xq + &c. 

Then all the variations of bulk and figure which can be undergone 
by an originally rectangular element, consistently with the third postulate, 
may be expressed by means of the following six quantities, which I have 
elsewhere called strains : 


dy~^’ dz~'^’ 

in 

dz"^ dy ’ dx"^ dz dy^ dx 

of which a, (3, 7 , are longitudinal extensions if positive, compressions if 
negative, and X, //, v, are distortions in the planes perpendicular to y, z, 
respectively. 

Hence it appears that 

V = ^ (a, 7 , X, /x> v). . . . ( 18 .) 

30. The first assumption, that we may treat the body in calculation 
as composed of rectangular elements pdxdydz^ involves the consequence 
that we may express all the molecular forces which act on each such 
element by means of pressures, normal and tangential, exerted on its 
six faces. Taking yz, xy, to denote the position of the faces of such 
an element, P to denote generally a normal pressure expressed in units 
of force per unit of area, and Q a tangential pressure similarly expressed, 
let the nine component pressures on unity of area of those faces be 
thus denoted : 

* This notation is substituted for 

Ni, N2, Na, 2 Ti, 2 Ta 2T3, 


as being more convenient. 
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Position of Face. 
X 

Pi 

zx Qj' 
xy ‘Qj 


Direction of Pressure. 

y ^ 

Qs Q2' 

P2 Qi 

Qi' P3 


By the definition of elasticity all pressures arc excluded, except those 
whose variations produce and are produced by variations of volume and 
figure of the parts of the body. Hence the pressures 


Ql ““ Ql j Q2 Q2 i Q3 Q3 i 


whose tendency is to make the element dxdy d rotate about its three 
axes respectively, without change of form, must be null ; and therefore 

Qi-Qi'; Qo-Q/i • • ( 19 *) 


Mr. Haughton correctly remarks that this often quoted theorem of 
Cauchy is not true for all conceivable media. It is not true, for instance, 
for a medium such as that which Mr. MacCullagli assumed to be the 
means of transmitting light. It is true, nevertheless, for all molecular 
pi^psures which properly fall under the definition of elasticity, if that 
bJnn be confined to the forces which preserve the figure and volume of 
pdies. 

/ Let us now express the sum of the virtual moments of the molecular 
forces acting on the element dxdy d::, in terms of the pressure>s P , , &c. ; 
bo do which, wo must multiply each pressure by the virtual variation of 
bhe effect which it tends to j)roduce in its own direction. Thus we obtain 
the following result: — 

SV = l\da + Vj[5 + J^Jy + Q,dX + (i,^jJL + Qjv. . ( 20 .) 

Hence the function V bears the following relations to the normal and 
tangential pressures at the faces of a rectangular element : 


Pi 

Qi 


dY j, _dY 
da’ 


II. Q 


V -1^'' 
dy 

.dY 


II. 0 - 

rf/x’ ^^~dvj 


Y 


( 21 .) 


31. A Fourth Postulate, generally assumed in investigations of this kind, 
is that the pressures are sensibly proportional simply to the strains with 
which they are connected. This assumption must be approximately true 
of any law of molecular action, when the pressures and strains are sufii- 
ciently small. It is known to be sensibly true for almost all bodies, so 
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long as the pressures and strains are not so great as to impair their power 
of recovering their original volume and figure. 

According to this postulate, the pressures P^, &c., are algebraic functions 
of the first order of the strains a, &c . ; and consequently V is an algebraic 
function of the second order of those strain^. The constant part of V, as 
we have already seen (Art. 29), is null. 

Following the notation adopted by Mr. Haughton, let (a) denote the 

2 

coefficient of a in V, (a^) that of — ((dy) that of — /By, &c. Then 


V = (a) a + (/3) ^ + (y) y + (X) X + (fx) + (y)v 

- « 2 - m f - (7^ j - j - (mV f 



— ()3y) /By — (ya) ya — (ajS) aj3 — (juv) fiv — (vX) v\ — (X/x) 

— (aX) aX — (ajj) afi — (av) av 
~OX)/3X-(^^)i3iu^Ov)/3i. 

— (yX)yX — (yiu)yju — (yv)yv. . . (22.) 


The six coefficients of the terms of the first order in this equation 
obviously represent the pressures, uniform throughout the whole extent of 
the body, to which it is subjected when its particles are in those positions 
from which the displacements are reckoned : that is to say, when 


5 = 0; T, = 0; 5 = 0. 


Let Pj Q &c., denote those pressures. Then 

(a) = P^^^q; (/B) = P 2 ,o? (y) = 1^3,0 1 (23 ) 

(X) = Qi.oJ (m) ~ ^-2,0^ ~ QsiO ^ 

The twenty-one coefficients of the terms of the second order are the 

coefficients of elasticity of the body, as referred to the three axes selected. 
The negative sign is prefixed to each, because it is essential to the stability 
of a body that molecular pressures should be opposite* in direction to the 
strains producing them. 

The transformation of the quantities in equation (22) for any sot of 
rectangular axes, is effected by means of equation (2) of Sect. I, Art. 9, 
by making the following substitutions : — 

for Pj, Pg, Pg, 2 Qp 2 Qg, 2 Qg, 

substitute a, j3, y, X, ju, v, 

and make similar substitutions for the accented symbols. By multiplying 
the six equations referred to together by pairs, twenly-one equations ure 
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obtained, serving to transform the squares and ’products of a, 7, X, /t, v. 
Formulae similar to those which transform the strains a, &c., and their 
half-squares and products, serve also to transform tlie respective coefficients 
of those quantities in equation (22).* 

It is shown by Mr. Haughton, that by properly *selecting the axes of 
cO'Ordinates, the number of independent coefficients of elasticity may 
always be reduced to three less than when the axes are indefinite ; and 
by Mr. Haughton and Mr. Green, that when the body has orthogonal 
axes of elasticity at each point, then, if those axes be taken as the axes 
of co-ordinates, the coefficients of elasticity are reduced to the first nine. 
The latter proposition is obvious, because if molecular action be sym- 
metrical about three orthogonal planes, and those be taken for co-ordinate 
planes, then the value of that part of the function V which is of the 
second cirder cannot be altered by a change in the rngn of either of the dis- 
tortions \y [Xj V] so that the coefficients of the last twelve terms of 
equation (22) must each be null. 

The nine coefficients of elasticity of a body in those circumstances have - 
the following values, in terms of the notation of the previous sections : 

Coefficients of Longitudinal Elasticity. 

(«2)=A,; (i3«)=A,; (/)-A,. 

Coefficients of Lateral Elasticity. 

07 ) = Bi; = f 

Coefficients of Eigidity. 

32. Def. Zel the term Perfect Fluid he used to denote the state of a 
body, which under a given uniform normal pressiire, and at a given temjyeraiurey 
ten^s to preserve, and if dishirbed to recover, a certain hulk; hut offers no 
resistance to change of figure. 

In such a body, if the element whose original bulk was dxdydz^ 
becomes of the bulk (1 + a) dxdydz ((t being a small fraction), we shall 
have 

= a + ^ + 7, 

and the function V must be of the form 

Y = . . . (25.) 

where is the uniform normal pressure when the particles are not dis- 
placed, and {(^) a coefficient of elasticity, whose value, in the notation of 
the previous sections, is : 


* See the Note at the end of this paper. 
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Coefi&cicnt of Fluid Elasticity. 

= (a^) = ((3^) = ( 7 ^) = (I3y) = (ya) = (a/3) = J. (26.) 

The normal pressure in the disturbed state, which is the same in all 
directions, is obviously 

The tangential pressures are each = 0. 


Section VII. — On the Proof of the Laws of Elasticity by the 
Method of Virtual Velocities. 

33. Having thus followed very nearly the steps of the researches of 
Mr. Haughton and Mr. Green, so as to compare their coefficients with 
those used in the previous part of this paper, I shall now investigate how 
far the method of Lagrange can bo used to establish those relations 
between the coefficients of elasticity of different kinds in homogeneous 
solid bodies, which I have elsewhere deduced from geometrical and 
physical considerations. 

The fluid elasticity considered in the last article cannot arise from the 
mutual actions of centres of force; for such actions would necessarily 
tend to preserve a certain arrangement amongst those centres, and would 
therefore resist change of figure. Fluid elasticity must arise either from 
the mutual actions of the parts of continuous matter, or from the centri- 
fugal force of molecular motions, or from both those causes combined. 

On the other hand, it is only by the mutual action of centres of force 
that resistance to change of figure and molecular arrangement can be 
explained, that property being inconceivable of a continuous body. The 
elasticity peculiar to solid bodies is, therefore, due to the mutual action* on 
centres of force. Solid bodies may nevertheless possess, in addition, a 
portion of that species of elasticity which belongs to fluids. 

The investigation is simplified by considering, in the first place, the 
elasticity of a solid body as arising from the mutual action of centres of 
force only, and afterwards adding the proper portion of fluid elasticity. 

It is known that solid bodies are capable of preserving bulk and figure, 
although their surfaces are acted upon by no sensible pressure, normal or 
tangential. We may take the positions of the particles in this condition 
as points from which to measure their displacements. Thus we cause the 
coefficients of all the terms of the first order in equation (22) to vanish. 

To investigate the properties of the coefficients of elasticity, the function 
8 V is to be expressed in a new form, — ^viz., as the sum of the virtual 
moments of the actions exerted upon each of the centres of force in the 
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particle under consideration, by the centres of force in all the other 
particles. Mr. Haughton, in his first memoir, having performed this 
process, shows by means of its results, that in a body composed entirely 
of centres of force acting along the lines joining them, the number of 
independent coefficients of elasticity for any system of orthogonal axes is 
reduced to fifteen, which, by properly selecting those axes, may be reduced, 
for bodies in general, to twelve, and for those having axes of elasticity, 
to six. 

I shall now endeavour to prove by the method of virtual velocities, 
what I have in the third section proved by other modes of reasoning, 
that in a homogeneous body constituted of centres of force only, the 
independent coefficients of elasticity are reducible to three, of which, and 
of the position of the axes, the twenty-one in efpiation (22) are functions. 

A fourth independent coefficient is to be added in solids possessing a 
portion of fluid elasticity; that is to say, in all known solids. 

34. It is known that a homogeneous solid can exist, with its particles 
in an unstrained condition, bounded by plane surfaces in any direction. 
In this condition, therefore, the total molecular action upon a particle 
situated at any bounding plane must be null. Conceive the bounding 
plane still to pass through the same particle, but to have its position 
shifted through any angle. The molecular action on the particle will still 
bo null. Now the effect of the shifting of the bounding plane is to take 
away a wedge of matter from one side of the particle, and to sul)stitute an 
equal and similarly constituted wedge, lying in a diametrically opposite 
direction. Hence, in the unstrained condition of a solid body, the action 
exercised upon any particle, by a wedge of matter bounded by any two 
planes passing through the particle, is null. 

This shows that the action of a wedge of solid matter on a particle 
situated at its edge, is not altered by varying the angular position of the 
wedge; and consequently, that the molecular actions which produce 
elasticity are not directly functions of the relative angular positions of 
the centres of force which act on each other, but merely of their distances 
apart, so that if the actions of the several equal wedges into which a body 
may be conceived to be divided, round a given particle, are different, this 
does not arise directly from the angular positions of the wedges, but from 
the different distribution of their centres of force as to distance from those 
of the particle operated upon. 

(I have proved this, in a manner slightly different in fonn, in a 
supplementary paper to Sect. III., Art. 17.) See p. 98. 

This further shows, that the mutual action of two centres of force in a 
solid must be directed along the line joining them; for otherwise it would 
tend to bring that line into some definite angular position, and would be 
a function of the direction of the line. 
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It finally results, from what has been stated, that the action of an 
indefinitely slender pyramid of a solid body upon a particle at its apex 
must be a direct attraction or repulsion along the axis of the pyramid, 
which is a function of the several distances of the centres of force in the 
pyramid from those in the particle at the apex, and which, in the 
unstrained condition of the body, must be null. 

The principles stated above have to a greater or less extent been taken 
for granted in previous investigations, but have not hitherto been demon- 
strated. They may all )e regarded as the necessary consequences of the 
following : — 

Def. Let the term Elastic Solid he used to denote the condition of a body, 
which, when acted upon hy any given system of pressures, or by none, and at a 
given temperature, tends to preserve, and if disturbed, to recover, a definite bulk 
and figure; anM such that, if while in an unstrained condition it be cut into 
parts of any figure, those parts, when separate, will tend to preserve the same 
bulk and figure as they did when they formed one body. 

Experience informs us that bodies sensibly agreeing with this definition 
exist; its consequences are, therefore, applicable to them in practice. 

35. Let r denote the distance apart of two centres of force in an 
unstrained solid, and let be proportional to their mutual action. 
Then 

dxdydz^ii) ,’2(l>r — 0 

may be taken to represent the total action of an indefinitely slender 
pyramid which subtends the element of angular space d^ to upon a particle 
at its apex dxdydz. 

In consequence of a strain, let each of the distances r become 

(1 + *) r, 

c being a very small fraction. Then the total action of the pyramid 
becomes 

dx dy dsd? irtft r) = dx dy dz^ u.i'Zr r-, 

for by the third postulate, s is uniform throughout the extent of appreci- 
able molecular action. 

The quantity which the force acting between two centres of force tends 
to vaxy, is their relative displacement along the line joining them, or e r. 
Hence the sum of the virtuid moments of the actions of all the slender 
pyramids into which the solid is conceived to be divided, that is to 
say, the total virtual moment of its molecular action upon the particle 
dxdydzjia 

SVdxdy ds = dx dy dz//eis.^(i^^'r),d^ w, 
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the double integration extending to all angular space. Consequently, we 
obtain as a new value of the function V, 

V=//ie^S(r2 0'r).d2a,. . . (28.) 

Let a, b, c be the direction-cosines of the axis of a given slender pyramid. 
Then it is easily seen that the strain e along that axis has the following value, 
in terms of the six strains as referred to the axes of co-ordinates ; 


£ == aa^ + ji + y + \ h c + jiA c a V ah, 

and, consequently, that * 

- = Ji + i- c* + y b- + y a- + — a- 1- 

+ /3 7 c“ 4" y a c? or + o j3 <i" b~ 

ft, V he v \ a, h° c \ fx ah 

+ aX«^Jc+,a/ta®c + ava^h 
+ /3\i^c + (5 fial^c+ ^ vah^ 

+ 7 X 6 c® y fi a y V ah 


If this value of | e"-^ be substituted in equation (28), and the j’esult 
compared with equation (22), it is at once obvious that the twenty -one co- 
efficients of elasticity have the following values (putting S (/‘^ r) = — It, 
which is negative that equilibrium may be stable): 


(a2) = //a^Ud^oi 
(^2) 

(X2) = (/37) =//62c2Rd2(U 
{fj}) = {y a) = ffe^ 

(v 2 ) = (a/3) = //a 2 J 2 E(f 2 u, 

(/uv) = (“X) = ff a2 6 c E ^2 to» 
(vX) = Om) =/faJ^c-Sid?w 
(\fi) = (7v) = //a6c2Ed2a. 

= //6®cEd2w 

(7X) = //b<?U(Pu, 

(7 ft) = fj c® a E ^2 w 
(oyu) = ff c a® E (i2 0 , 

(“v) = //a®J E(f2<» 
(/3v)=//aJ8E(i2a. 
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In the above equations, which agree with those ^ven by Mr. Haughton, 
the number of independent coeflScients is fifteen, 

36. Their reduction to a smaller number arises from the nature of the 
function 

E = - 2 (r2 r). 

This quantity is a function of the distances of the centres of force in a 
given indefinitely slender pyramid from those in a particle at its apex, and 
can vary with the direction-cosines a, 5, c of the ^axis of the pyramid, solely 
because those distances vary with them. Now in a homogeneous solid, 
that is, one composed of a succession of similar and regularly placed 
groups of centres of force, those distances depend upon a quantity which 
may be called the mean interval between the centres of force in a given 
direction: a quantity of such a nature that the product of its three values 
for any three orthogonal directions is a constant quantity; being the space 
occupied by a centre of force, or by a definite group of such centres. To 
have this property, the mean interval must be a quantity of this form; 

i = + ^ (30.) 

that is to say, its logarithm must be proportional to the reciprocal of the 
square of the radius of an ellipsoid, whose axes are those of molecular 
arrangement, and therefore of molecular action, and of elasticity. 

Let the axes of this ellipsoid be taken as axes of co-ordinates. Then 
2 = 0, m = 0, 71 = 0; and the above equation is reduced to 

i = + + ^ ^ (30A.) 

and because the quantity 

E = F(i) + hh^ -f ]cc% . (31.) 

does not change its sign or value by any change of the signs of the cosines 
a, c, it follows that all the coefficients in (29) containing pdd powers of 
those cosines, that is to say, all except the first six, disappear when the 
axes of molecular arrangement are taken for axes of co-ordinates. 

These six, for all known homogeneous substances, are reducible to three^ 
by the following reasoning; 

Let us assume as a Fifth Postulate, what experience shows to be sensibly 
true of all known homogeneous substances — viz., that their elasticity varies 
very little in different directions. Those substances, such as timber, whose 
elasticity in different directions varies much, are not homogeneous, but 
composed of fibres, layers, and tubes of different substances. 

If this be assumed, it follows that, in the expression (31), for the 
quantity E, the variable terms # 

g Q? + hh^ + 
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are small compared with the constant term /, and that E may be 
developed in the form 

+ + + /jr) + &c. 

If this value of R be introduced into equation (29), and if small quantities 
of the second order bo neglected, it is easily seen, on performing the inte- 
grations, that the following relations exist amongst the six coefficients 
already specified: ‘ 

. (^^) + (7^) = 6 (X^) = C(/37) 

( 7 -) + (a-) = G (fjr) = G (7 a) 

(a^)+(/3-^)=G(.^) = G(«/3) 

or, by transformation, >• . (32.) 

(a2) = 3 {(/-) + (.“-) - (r-)} 

m = 3 {(v^) + (X^) - 

if) = 3 {(X2) + (m"-) - (p^)} 

These equations reduce the number of independent coefficients of elas- 
ticity, arising from the actions of centres of force, to three. They are 
identical with the equations (7) and ( 8 ), embodied in the fifth theorem in 
Sect, III., although arrived at by a different process. 

37. Let us suppose the solid under consideration to possess a portion 
of fluid elasticity, represented by the coefficient J. Then the coefficients 
of elasticity have evidently the following relations : 

(a^) = 3 + (v^) - m + J " 

(/3*)=:3{(v^)+(X^)-(^^)} + J 
(7=) = 3{(X=)+OuO-(v=)} + J 

> . . [OO.) 

(7 a) = (f) + J 

(a/3) = (vO + J J 

which are identical with the six equations (9) comprehended under the 
sixth theorem, in Sect. IV. 

38. The laws of elasticity stated in this paper are the necessary con- 
sequences of the definitions of elasticity and of fluid and solid bodies, 
given in Arts. 28, 32, and 34, respectively, when taken in conjunction 
with fiive postulates or assumptions, \Aich, however, may be summed up 
in two — ^viz. 

H 
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First, That the variations of molecular force concerned in producing 
elasticity are sufficiently small to be represented by functions of the first 
order of the quantities on which they depend ; and, 

Secondly, That the integral calculus and the calculus of variations are 
applicable to the theory of molecular action. It is thus apparent that 
the science of elasticity is, to a great extent, one of deduction h priori. 

The functions of perceptive experience in connection with it are two- 
fold: first, by observation, to inform us of the existence of substances, 
agreeing to a greater or less degree of approximation with the definitions 
and postulates; and, secondly, by experiment, to ascertain the numerical 
value of the coefficients of elasticity of each substance. 


Note to Sections VI. and VIL of Preceding Paper. 

On the Transformation of Coefficients of Elasticity, hj the aid of a Surface 

of the Fourth Order. 

(The following note contains no original principle, and is designed 
merely to put on record, for the sake of convenient reference, a series of 
equations which will be found useful in future investigations.) 

It has been pointed out by Mr. Haughton, in his first paper, that if 
we take into consideration that part only of the elasticity of a solid 
which arises from the mutual actions of centres of force, so that the 
function V shall contain at most but fifteen unequal coefficients (viz., 
those whose values are given in equation 29), and if, with those fifteen 
coefficients, we construct a surface of the fourth order, whose equation is 
the following, 

+ 6 (\ 2 ) + (5 (^ 2 ) ^2 ^2 ^ 0 (,; 2 )^, 2 y 2 

-f 12 (aX) x^yz -f 12 (j3/x) + 12 (y i/) xyz- 

+ 4 (a 1 -) ^y + 4:(a jjl)q?z 
+ 4:(l3\)fz + 4:((3v)fx 
+ 4 (y ju) z^x + 4 (yX) z^y 

= 1 

then will U be the same function of the six quantities 
a?, y^, z\ 2yz, 2zx, 2xy, 


(A.) 
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that — 2 V is of the six strains 


/3, y, X, fXy V, 

which arc known to be transformed by the same equations with the 
above functions of the second order of .r, y, z; and consequently, the 
same equations which serve to transform the coefficients of the surface 
U = 1, into those suitable for a new set of rectangular co-ordinates, will 
also serve to transform the coefficients of elasticity in the function V. 

Now, it is obvious that if the equation 


<t> (a:. — (•«', y', •-') 

bo true for two sets of rectangular co-ordinates having the same origin, 
then must* the equation 


^\dx' dif dz)~~^\dx^ dy'^ 



. (B.) 


be true also. 

It follows that the fifteen coefficients of elasticity (a“), &c., which are 
proportional to the differential coefficients of U of the fourth order with 
respect to a?, y, z, are transformable by means of the same equations which 
serve to transform the fifteen algebraical functions of the fourth order of 
X, y, z, by which they are respectively multiplic<l in the value of U. 

The following is the investigation of those fifteen equations of the 
fourth order, as •well as of the six equations of the second order, from 
which they are formed by multiplication. 

Let the relative direction-cosines of the t^vo sets of rectangular axes be 
expressed as follows : 


Orirjhml 


Axas. 


Neio Axes. 

y 

f 

.V 

X • 

«i 

h 

'*1 

y 

tt.2 

h 



«» 

h 

^3 


> cosines. 


Let the following notation be used for functions of those cosines. (It 
is the same which is employed by Mr. Haughton.) 

Vi = ~ ^2 Ih ~ ^3 ^ 3 > 


?2 — ^2 ^2} — ^3 

7*1 zn Jj* ^2 ~ ^2 ^*3 “ ^3 
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It^ 

Zj = tfj + Jg Cg; Z2 = 63 ^ + \ h — 

5Wj — ^2 ®3 + ^3 <*25 ^2 — ®S ®1 "I" fl ®8> ^8 ~ ^1 ®2 ®2 ^ > 

«1 = «2 §3 + «8 ^25 «2 = «S ^1 + ^8»’ »S = <hh + <hth> 

then the following are the six equations of transformation of the second 
order for the surface U = 1, 

a!^ = -k- 'fa^ + lyza^a^-^- 2zxa^a^ + ixya^a^ 

(for y"^, similar equations in h, c, respectively). 

y'/ = + fp^ + 22^3 + yzl^ + zxl^ + xyl^ 

(for s' a', a similar equation in q and 9w), 

* -* 

(for x' y\ a similar equation in r and ri), . . . (C.) 

Those equations are made applicable to the transformation of strains by 
the following substitutions : 

for x^, y\ z% 2yz, 2zx, 2xy, 
substitute a, /3, 7, X, /i, v; 
and to that of pressures, by the following: 

for X?, y^> 

substitute Pg, P3, Qi, Q2» Qy 
and similar substitutions for the accented symbols. 

The following are the fifteen equations of transformation of the fourth 
order: 

= x^a-^ + + 6^2 + 6 as® y^ 

+ \2x^yza^a^a^ + \2xy^za^a^ + \2xy^a^a^a^ 

+ ^x^ya-^a,^ + ^iX^za^a^ + ^'i^za^a^ + ^y^xa.fa^ + A:^xa^ai 

+ i:t?ya^a^-, 

(for y'\ z/*, similar equations in h, c, respectively). 
y^z'~ = cc^Pi^ + y^pi + i^pi + y2a2(Z^2 + ^p^p^ + + ^p^p^ 

+ a?y^{l^ + ^PiP^ + ia?yx{pili + Zj^ + Ixy'^zip^^ + Iglj) 

+ 2xyz^(p3l3 + Z3Z2) + 2 a^yp^lg+ 2a?zp^L 
+ 2ifzp^\ + 2fxp^l^ + 2^xp^l^ + 2i?yp^\-, 

(for a/^, a similar equation in q and ni ) ; 

(for a/2 y2^ a similar equation in r and n ) ; 
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+ {a^ Ps + «3®P2 + 2 *2 Os ^i) 

+ ^x^{a^Pi + (1^2 pg + 

+ x^'ip‘{o,^y^ + + 2aja2^3) 


+ 

x^yz (a^ 

4- 

+ Srtgai 

h 

4- 

2 

a., IJ 

+ 

xy^z {a,? 1, 

4- 

4- 2a^tu 

h 

+ 

2 rto 

«3 Is) 

+ 

xyz’^ia^l^ 

4- 

2 flo 2h + 2 ^3 

h 

4- 

2 a.j 

'h h) 

1- 


^1^2 Pi) + x^z{a^ 

h 

4- 

2 

«3Pl) 

I- 

7/ z {a.? 4 

, 2 

a.j,a.^2h) + 

‘ h 

4- 

2 a. 

1 '^i ‘*2) 

4* 

z^ X h 4 

. 2 

«3«lP3) + «®yK^ 

h 

4- 

2 6^3 

a-Ps) 


(for x' y '^ z' 

; a 

similar equation in b. 

, q. Ml); 



(for X y' z'- 

a 

similar equation in Cj 


i «); 


y = 

4- 4 - 





’ 4- 

3 7/2 a.. 







4* 

3 z- 

“2 






4- 

3 a;2 7/2 

«a 






4* 

3x^yz{a^^ 

«1 

+ 2a.,a^ry) 





4* 

3 X 7 / z {a^ 

7I2 

+ 2 a^a^r^) 





4- 

Zx yz^ (a^ 

7^3 

+ 2a^a.^rg) 






+ a:^ 9/ {a^ n,^ + 2 a^ a^ + x^z {af 71^ + 2 a^ a^ r^) 

+ z (ao^ ^1 4- 2 ^2 ’2) + 2/^ ^ {^2 7^3 + 2 a^ ? 2) 

+ sSa;(a32«2 + SagCtii-g) + ^%j{a^ny + 2a2«3»'3); 

(for x'^ 5;', a similar equation in a, q, and m); 

(for ;?;', a similar equation in 6, /?, and 1 ) ; 

(for 2/'^ x', a similar equation in h, r, and 7i); 

(for 0?', a similar equation in c, 5^, and m); 

(for z'^ y\ a similar equation in c, jp, and V ) ; . (D.) 


The above equations are made applicable to the transformation of the 
coefficients of elasticity arising from the mutual actions of centres of force 
only, by the following substitutions; 


for 7/z\ 

substitute (a2), {y% (^y) (\ 2 ), (^ «) = (a (3) = (v^); 


for xy^Zy xy z^y 

substitute (o X) = (jul v), (fifJt) = (v X), (y v) = (X ju); 
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for !K®y, fz, fx, 2®®, 2®y, 

substitute (a v), (a/*), (| 3 X), (13 v), (yju), (yX); 

and similar substitutions for the accented symbols. 

Should the substance under consideration be endowed with a portion 
of fluid elasticity in addition to that which ariseahfrom the mutual action 
of centres of force, the coefficient of that fluid elasticity J must be sub- 
tracted from the coefficients into which it enters, viz. — 

(aV, 0 ^), (7^), 03 7) = (X®) + J, (7 a) = (ft") + J, (a/ 3 ) = (v®) + J, 

before effecting the transformation. 

The results of the transformation for those six coefficients, being in- 
creased by the same quantity J which was previously subtracted, will give 
their entire values for the new axes. 

If the original axefS of co-ordinates are those of elasticity, each of the 
fifteen equations of transformation is reduced to its first six^ terms, in 
which the following substitutions are to bo made for the unaccented 
symbols: 

for x*, t/, 2*, 2', a?, a? 1/, 

substitute Aj—J, Ag— J, A3— J, Bj— J=0y J=C2, Bg— J=C3. 
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VL— ON AXES OF ELASTICITY AND CRYSTALLINE FORMS.^ 


Section 1. — General Definition of Axes of Elasticity. 

As originally understood, the term axes of elasticity was applied to 
the intersections of tliree orthogonal planes at a given point of an elastic 
medium, with respect to each of which planes the molecular actions causing 
elasticity were conceived to be symmetrical. 

If the elasticity of solids arose either wholly from the mutual attractions 
and repulsions of centres of force, such attractions and repulsions being 
functions of the mutual distances of those centres, or partly from such 
nlutual actions and partly from an elasticity like that of a fluid, resisting 
change of volume only, it is easy to prove that there would be three such 
orthogonal planes of symmetry of molecular action in every homogeneous 
solid. 

But there is now no doubt that the elastic forces in solid bodies are not 
such as can be analysed into fluid elasticity and mutual attractions between 
centres simply; and though there are, as will presently be shown, 
orthogonal planes of symmetry for certain kinds of elastic forces, those 
planes are not necessarily the same* for all kinds of elastic forces in a given 
solid. 

The term “ axes of elasticity therefore, may now be taken in a more 
extended sense, to signify all directions with respect to which certain hinds of 
elastic forces are symmetrical ; or speaking algebraically, directions for which 
certain functions of the coefficients of elasticity are null or infinite. 

The theory of axes and coefficients of elasticity is specially connected 
with that branch of the calculus of forms which relates to linear trans- 
formations, and which has recently been so greatly advanced by 
the researches of Mr. Sylvester, Mr. Cayley, and Mr. Boole. In such 
applications of that calculus as occur in this paper, the nomenclature of 
Mr. Sylvester is followed ; t and by the adoption of the “ Umhral 

* Read before the Royal Society of London, on June 21, 1855. 

+ See Cambridge and Dublin Mathematical Journal^ Vol. VII. ; and PhUosophicdt 
Tramowliom^ 1853. 
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Notation^' of that author immense advantages are gained in conciseness 
and simplicity. 


Section 2. — Strains, Stresses, Potential Energy, and Coefficients 

OF Elasticity. 


In this paper, the word “ Strain ” will be used to denote the change 
of volume and figure constituting the deviation of a molecule of a solid 
from that condition which it preserves when free from the action of 
external forces; and the word ^‘Stress** will be used to denote the force, 
or combination of forces, * which such a molecule exerts in tending to 
recover its free condition, and which, for a state of equilibrium, is equal 
and opposite to the combination of external forces applied to it. 

In framing a nomenclature for quantities connected with the theory 
of elasticity, OXtxptg is adopted to denote strain, and raeng to denote stress. 

It is well known that the condition of strain at any given point in the 
interior of a molecule may be completely expressed by means of the 
following six elementary strains, in which ? are the components of the 
molecular displacement parallel to three rectangular axes, x, y, 


Elongations, 

Distortions, 


clz 

dy^ dz ^ clz ^ dx dx’^ dy 


V. 


It is also well known that the condition of stress at a given point may 
be completely expressed, relatively to the three rectangular co-ordinate 
planes, by means of six elementary stresses, viz. — 

Normal Pressures, . . .Pi, P2, P3, 

Tangential Pressures, . . . Q^, Qo, Q3; 

these quantities being estimated in units of force per unit of surface. 

Let each elementary stress be integrated with respect to the elementary 
strain which it tends directly to diminish, from the actual amount of that 
strain, to the condition of freedom; the sum of the integrals is the 
potential energy of elasticity of the molecule dxdydz, expressed in units 
of work per unit of volume ; viz. — 

U=jy,da+fF,dp+jy,dy 

+ + 1 Ji^dft + j ^Q^dv. . . ( 1 .) 

* See the Note at the end of the paper. 
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• The condition that the function U shall have the same value, in what 
order soever the variations of the different elementary strains take place, 
amounts to supposing that no transformation of energy of the kind well 
distinguished by Professor Thomson as frictional or irreversible, takes place 
during such variations ; in other words, that the substance is perfecfhj 
elastic. 

Each of the elementary stresses being sensibly a linear function of the 
six elementary strains, the potential energy of elasticity is, as Mr. Green 
first showed, a function of those strains of the second degree, having 
twenty-one constant ooefllcients, which are the coefficients of elasticity of 
the body, and mil in this paper bo called?? the Tashiomk (hefflcients ; 
that is to say, adopting Mr. Green's notation for such coefficients, — 


u = w + m ? + (7'^) ? + ~ + (m‘^) ? + (--) ’i" 


+ O7) 1^7 + (7 «) 7 « + («/j) «/3 
+ {fx v) ft V + (i; A) V X + (X/ul) Xjll 
- + (a X)aX + {(ijui) l^juL + (7 v) 7 1' 

+ (/ 3 X) ^X + (7 ju) 7 ju + (a v) « V 
+ (7^)7^ + (a fx) ajuL + (liv) ftv (2.) 


From a theorem of Mr. Sylvester it follows, that every such functioL 
as U is reducible by linear transformations to the sum of six positive 
squares, each multiplied by a coefficient. The nature and meaning of this 
reduction have been discussed by Professor William Tliomson. 

The following classification of the tasinomic coefficients will be used 
in the sequel : — 


Designation of Coefficients. 

Euthytatic, 


Orthotatic 

Plagiotatic, 


Platytatic, 

Goniotatic, 


Elasticities. 

Direct or Longitudinal, 
Lateral, . . 

Eigidities, . 
Unsymmetrical, . 


Symbols. 

(«2) m (y^) 

ifiy) (ya) {a/ 3 ) 

(X‘^) (m^) (v^) 

(fiv), &c., &c. 


The twenty-one equations of transformation by which the values of 
these coefficients, being known for any one set of orthogonal axes, are 
found for any other, are founded on the following principles. 

It is well known, that for rectangular transformations, the operations 


d d d • 
dx' dy' dz 
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are respectively covariant Tvith 

y, -y 

from which it is easily deduced, that because the displacements 

K, n, K 

are respectively covariant with 

^y Vy ~y 

therefore the elementary strains, 

yt 

A 7^ \ ^ 

the operations, 

d (I d ^ d il ^ d 
d~a' d$' d^^ "(Ta’ ^dji' "li 

and the strains 

P„ P^, P3, 2Q,, 2Q2, 2Q3, 
must be respectively covariant with the squares and products, 
x% 7 / 2 , 2yz, 2zx, 2 x7j. 


Section 3 . — Tiilipsimetric and Tasimetric Surfaces and 

Invariant>s. 

Isotropic functions of the elementary strains and stresses, which may 
be called respectively Tiilipsimetric and Tasimetric Invariants^ are easily 
deduced from the principle, that the strains may be represented by the 
coefficients of the following Thlipsimetrk Surface, 

ax^ + P'l/ + yz- + \yz + pzx + vxy . ( 3 .) 

¥ 

and the stresses by the coefficients of the Tasimetric Surface, 

V^^-lrV^f->rV^z^-\-2%yz->r2%zx-^2%xy=^\. ( 4 .) 

These surfaces, and others deduced from them, have been fully discussed 
by M. Cauchy and M. Lam4. 

The invariants in question may all be deduced from the following j^ir 
of contragredient matrices ; — 



AXES OF ELASTICmr AND CRYSTALLINE FORMS. 


123 


(5.)^ 


For Strains. 

n ^ ^ 

2 2 

- 8 - 

2^2 


a X 
997 


For Stresses. 

^1 Q 3 Q 2 

Q3 ^2 Q'l 

Q 2 Qi P 3 


> (5 A.) 


The following arc the primitive thlipsimctric invariants, from which an 
indefinite number of others may be deduced by involution, multiplication, 
addition, and subtraction : — 


a + P + y = 61 (the cubic dilatation); 

jSy + ya + aj8-i(X^ + /^^+v-) = 02^ 

a/ 3 y + jXjuv — I (aX- + ft jut!" + 71;— 0 ,^. ^ 


. (^>.) 


The potential energy U is wdiat ]\Ir. Sylvester calls a Universal 
Mixed Concomitant,” its value being 


U — i (P| a + P2 ^ “P ^3 7 “h Qi ^ + Q2 M + Q3 (^0 


Section 4. — Tasinomic Functions, Surfaces, and Umbras. 


If, in any isotropic function of the co-ordinates and the elementary 
strains, there be substituted for each square or product of elementary strains 
that tasinomic coefficient which is covariant with it, the result will be 
an isotropic function of the co-ordinates and tasinomic coefiicients, called 
a Tasinomic Function, 

The following Table of Covariants is readily deduced from the prin- 
ciples stated at the end of Sect. 2 : — 


^ Squares of 
Co- J Strains, 
variant 1 Tasinomic 
. Coefficients 



A 

(n (y% nn 4 ( v 2 ); 


^ Products 

Co- of Strains, J 
variant Tasinomic I 
^Coefficients j 


/?7, 7 a, a^, JJ.V, vA, A/x, 

(i® 7)> (7 ^ (m v), 4 (v X), 4 (A/x), 




( 8 .) 


o a ^4, a v, ^ A, ^ juL, fivy 7 X, y jul, 7 v, 

2 (a X), 2 (a /x), 2 (a v), 2 A), 2 (^ ^), 2 v), 2 (7 X), 2 (7 /u), 2 (7 v)* ^ 
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Each tasinomic function being equated to a constant, forms the 
.equation of a Tasinomic Surface; and on the geometrical properties of 
such surfaces depend many of the laws of coefficients and axes of 
elasticity. 

A convenient and expeditious mode of forming tasinomic functions 
is obtained by the aid of an Umhral Notation analogous to that intro- 
duced by Mr. Sylvester in the calculus of forms. 

Let each tasinomic coefficient be regarded as compounded of two 
Tasinomic TJmhrce^ those umbrae being expressed by the following notation : 

(«). (/ 5 ), (r), (X), ifi), iy ) ; 

then the following equation, deduced from that of the thlipsimetric 
surface (3), by substituting umbrae for elementary strains according 
to the following Table of Covariance, 

Strains, ... a, y, A, ju, v, 

Umbrae, . . . (a), (ft), (y), 2 (X;, 2 (ft), 2 (v), 

is the equation of the Tasinomic Umhral Ellipsoid, from which, by elimi- 
nation, multiplication, involution, addition, subtraction, and differentia- 
tion, various tasinomic functions may be deduced, 

(a) + (/3) + (y) + 2 (X) + 2 (|u) -f 2 (v) xy = (0) = 1. (8a.) 


Section 5. — Tasinomic Invariants and Spheres. 


Tasinomic invariants are constant isotropic functions of the tasinomic 
coefficients, which are deduced, either by substitution from thlipsimetric 
invariants, or directly from the Umhral Matrix, 


(«) 

(0 

(v) 

(^) 

(i“) 

(X) 

The following invariant is 

umbral 




(f*) 

{ X)l ... (9.) 

(y) ) 

the first order : — 

(a) + (^) + (y) = W- (9a.) 


Invariants of the second order in umbra) are real quantities of the 
first order, viz. — 

(o^ +08®) +{"/) +2 (8 y)+2 (y a)+2 (afi) = (0^)’‘ (the cubie elasiieify) 

03y)+(y«)+(?*i8)- (X®) - (v®) ^( 0 ,) 

(a*) +</8*) +(y®) +2(x*) +2Cu®)+2(v®) =(0i)®-2(0,). . (10). 
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The equation of a Tamomic Sphere is formed by multiplying a tARin < >mi'> 
invariant by 

+ f + 

or any power of that quantity, and equating the result to a constant. 


Section 6. — Of Two .Tasinomic Ellipsoids, and ■hieik Axes, 
Orthotatic and IIeterotatic. 

The equations of two ellipsoids with tasinomic coefficients are derived 
from that of the umbral ellipsoid (8a.), in one case by multipl]dng 
each term by the umbral invariant (0), and in the other by substituting 
for each umbra in the function (^i), the contravariant component of the 
Inverse to the umbral matrix (9). The results arc as follows : — 


Orthotatic Ellipsoid. 

(00 X = {(a^) + (a /3) + (y a)}y?+ + (/? y) + (y a)} f 

+ {(y*) + (y “) + (fi y) } 

+ 2{(aX) + (fiX) 4- (yX)} 2 / 3+ 2 {(a^) + {^fi) + {y/I)] z x 

+ 2{{av) + (fiv)+{yv)}xy = l. . . (11). 


IIeterotatic Ellipsoid. 

{(^y)-mx?+{iya)-(fI‘)}f+{(al3)-(vV^ 

+ 2{{iuLv)-ia'\)}yz+2{(yX)-(fifi)}zx+2{(Xfi)-(yv)}xy=l. (12.) 

The three Orthotatic Axes are three rectangular directions for which 
the following sums of plagiotatic coefficients are null : — 

(aX) +(/3X) + (yX) = 0; (a /*) + (;8 /*) + (y /*) = 0;) 

(a v) + (^ v) + (y v) = 0. ) 

It was proved by Mr. Haughton, in a paper published in the Trans- 
actions of the Iloyal Irish Acadermj, Vol. III., Part 2, that there are three 
rectangular directions having this property in a solid whose elasticity 
arises solely from the mutual actions of physical points, and which has 
but fifteen independent coefficients of elasticity. The present investi- 
gation shows that there are three such axes at each point of every solid, 
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independently of all hypothesis. The physical meaning of this result 
is expressed by the following 

Theorem as to Orthotatic Axes. 

At each point of an elastic solid there is one position in which a cubical 
molecule may he cut otit, such that a uniform dilatation or condensation of 
that molecule fy equal elongations or equal compressions of its three dimensions, 
shall produce no tangential stress on the faces of the molecule. 

The properties of the Heterotatic Axes are expressed by the following 
equations ; — 

(/*!<) — (oX) = 0; (vX) — (|8/*) = 0; (X^) — (yv) = 0; (14.) 

or by the following 

Theorem as to Heterotatic Axes, 

At each point of an elastic solid there is one position in which a cubical 
molecule may he cut out, such that if there he a distortion of that molecule 
round x (x being any one of its three axes), and an equal distortion round y 
(y being either of its other two axes), the normal stress on the faces normal 
to X arising from the distortion round x shall he equal to the tangential stress 
round z arising from the disMion round y. 

The six coefficients of the heterotatic ellipsoid may be called the 
Heterotatic Differences. For a solid whose elasticity is wholly due to the 
mutual attractions and repulsions of physical points, each of those 
differences is necessarily null; therefore, they represent a part of the 
elasticity which is necessarily irreducible to such attractions and repul- 
sions. There is reason to believe that part at least of the elasticity of 
every substance is of this kind. 

If this part of the elasticity of a solid be, as suggested in a series of 
papers in the Cambridge and Dublin Mathematical Journal, for 1851-52, 
a species of fluid elasticity, resisting change of volume only, the solid may 
be said to be heterotatically isotropic. The equations (14) will be fulfilled 
for all directions of axes, and also the following equations : — 

(/3y)-(X*) = (ya)-(^“) = (o)3)-(v*); . .. (15.) 

that is to say, the excess of the platytatic above the goniotatic coefficient 
will be the same in every plane. 

In a substance orthotatically isotropic, the equations (13) are fulfilled 
for all directions, and also the following : — 

(aJ) + (a^) + (y«)=G8*) + C8y) + (a^) = (y*) + (y«) + Oy), (16.) 
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that is to say, a unifonn compression in all directions produces a uniform 
normal stress in all directions, and no tangential stress. 

The equations (16) may be reduced to the following form : — 

(a^) ~ (/3 y) = m - (y a) = (yO (a /3). . (17.) 

In a substance which is at once orthotatically and lieterotatically isotropic, 
there may still be eleven independent quantities amongst .the tasinomic 
coefficients, viz, — 

Three Euthytatic Coefficients, (a“), (/8“), (y“), 

The Isotropic excess, . . (a“) — (jS y), 

The Isotropic excess, . . (/? y) — 

Six Plagiotatic Coefficients, (/3X), (yX), (y^)) (om)? 

Such a substance may, therefore, be far from being completely isotropic 
with respect to elasticity. 



Section 7. — Biquadratic Tasinomhj Surface; Homotatic 
Coefficients; Euthytatic Axes Defined. 

If the equation (8a.) of the umbral ellipsoid bo squared, there is 
obtained the following equation of a Diqtiadratic I'asmomc Surface, 


+ 2{(/3y) 4 - 2(X^)}/.2 + 2{(ya) 4- 2 (m‘ 0]-^^ + 2{(a^) + 

4- 4{2(/xi;) 4- (aX)};A/: + 4{2(i;X) + {^ij)]xyh -h 4{2(X/x) + {yv)]xyz^ 

+ 4(/3X)y% 4- 4(yX):y.v^ + 4(y/x)A; 4- A{aiJt)z,f? + i{av)'J?y + i{fiv)xf=\ (10) 


The fifteen coefficients of this surface (which will be called the Homo- 
tatic Coefficients) are covariant respectively with the fifteen biquadratic 
powers and products of the co-ordinates, with proper numerical factors. 

It is obvious, that when the fifteen homotatic coefficients, and the 
six heterotatic differences, are known for any set of orthogonal axes^ 
the twenty-one tasinomic coefficients are completely determined. 

Mr. Haughton, in the paper previously referred to, discovered the 
biquadratic surface for a solid constituted of centres of force. It is here 
shown to exist for all solids, independently of hypotheses. 

Those diameters of the biquadratic surface which are normal to that 
surface, are axes of maximum and minimum direct elasticity^ and have also 
this property, that a direct elongation along one of them produces, on a 
plane perpendicular to it, a normal stress, and no tangential stress; so 
that they may be called Euthytatic Axes, Though such axes sometimes 
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A3cn|;<» m^mcnx ixd cbtstauihx nous. 


ibiEitt ottibogoxtal tsytkmta, iJieir coioplete mrestigati(ai reqairas the ose 
of oH^q^ico-oidinates, and is therefore deferred till after the eighteenth 
section of this paper, which relates to such co-ordinates. 


Section 8. — Orthogonal Axes of the Biquadratic Surpack 
Metatatic Axes, Orthogonal and Diagonal. 

By rectangular linear transformations, it is always possible to make 
three of the terms with odd exponents, or three functions of such terms, 
vanish from the equation of the biquadratic surface. Thus are ascertained 
sets of orthogonal axes having special jwopcrties. 

To exemplify this, let the rectangular transformation be such as to make 
the following functions vanish : — 

[iav)-(^v)}(i^-f)mj. 

A cubical molecule having its faces normal to the axes fulfilling this 
condition has the following property : — if there k a linear elongation along 
y, and an equal linear compression along z (or rice versd), no tangential stress 
will result round x on planes normal to y and z ; and similarly of other 
pairs of axes. 

This set of axes may bo called the Oitliogonal or PriTicipal Metatatic 
Axes, and their planes, Metatatic Planes. 

Let the suffix 1 designate co-ordinates and coefficients referred to these 
axes. Let Oy, 0 ^ be any new pair of orthogonal axes in the plane 
Then since (/3 X) — (7 X) is covariant with (?/^ — it follow^s that 

{2 (/3 -1- 4 {X\ - - (/-),} • (20.) 

(where w = < 0 ?/), 

a, quantity which is = 0 for all values of lo vhicli arc multiples of 46®* 
There are of course similar equations for the other metatatic planes. 
Hence it appears that in each of the three Metatatic Planes there is a pair of 
Diagonal Metatatic Axes, bisecting the right angles formed by the Principal 
Metatatic Axes. 

Each pair of diagonal axes is metatatic for that plane only in which it 
is situated. 

Thus there are in all nine metatatic axes, three orthogonal axes, a^d 
three pairs of diagonal axes. The diagonal axes arc normal to the faces 
4 >f a regular rhombic dodecahedron. 

Let 0 y, 0 0 be a pair of rectangular axes in any plane whatsoever ; 
Oy, 0 / any other pair of rectangular axes in the same plane; and let 

<yOy = It)'; 
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th«n 

C8X)' - (yX)' = {2(fiy) + 4(X») - (/3«) - (y)} 

+ {03X)--(yX)} co8 4a>', . . (21.) 

a quantity which is null for eight values of u>', differing from each other 
by multiples of 45®. Hence, in each plane in an elastic solid, there is a 
system of two pairs of cms metatatk for that plane, and forming with each other 
eight egual cmgles of 45®. 

In equation (21), make 

= — (U 

(|3Xy-(yX)' = (|8XX-(yXX = 0; 
then from equations (20) and (21), it is easily seen that 

2(3y) + i(X^)-m-(Y‘) 

= {2 (3 y), + 4 (\\ - - (yOil . cos 4 (o. . (22.) 

The trigonometrical factor cos 4 w is + 1 for all values of w which are 
oven multiples of 45®, — 1 for all odd multiples of 45®, and = 0 for all 
odd multiples of 22^°. Hence, in every plane in an elastic solid, the 
quantity (22), which may be called the Metatatio Difference, is a maximum 
for one of the two pairs of metatatic axes, a minimum of equal amount and 
negative feign for the other, and null for the eight intermediate directions. 


Section 9.— Of Metatatic Isotropy. 

A solid is Metatatically Isotropic when, if a cubical molecule, cut out in 
any position whatsoever, undergoes simultaneously an elongation along one 
axis, and an equal and opposite linear compression along another axis, no 
tangential stress will result on the faces of that molecule. 

For such a substance, the metatatic differences must be null for all sets 
of axes, viz. : — 


2Oy) + 4(X0-O“)-(y0=:0r 
2(y«) + 40u*)-(/)-(«') = O; -• 

2(ai8) + 4(v»)- («*) -C8») = 0. . 


■ (23.) 


In a paper in the Cambridge and Dublin Mathematical Jmmai, Vol. VI., 
this theorem was alleged of all homogeneous solids, it having been, in 
fact, tacitly taken for granted, that homogeneity involves metatatic 
isotropy, as above defined. 


I 
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Section 10. — Op Orthotatio Stmmetry. 

If it be taken for granted that symmetrical action with respect to a 
certain set of axes, between the parts of a body under one kind of strain, 
involves symmetrical action with respect to the same axes under all kind^ 
df strains, then one and the same set of orthogonal axes will be at once 
orthotatic, heterotatic, metatatic, and euthytatic, and for them the whole 
twelve plagiotatic coefficients will vanish at once, and the independent 
tasinomic coefficients be reduced to the nine orthotatic coefficients 
enumerated in Sect. 2. As long as the rigidity of solid bodies was 
ascribed wholly to* mutual attractions and repulsions between centres of 
force, it is difficult lo see how, with respect to homogeneous substances, 
the above assumption could be avoided. It is probable that there exist 
substances for which it is true. Such substances may be said to be 
Orthotatkally Symmetrical. 

Orthotatic symmetry requires that the equation (19) of the biquadratic 
surface should be reducible by rectangular transformations to its first six 
terms, and that the axes so found should also be those of the heterotatic 
ellipsoid. Tlie conditions which must be fulfilled in order that a 
biquadratic function of three variables may l)e reducible by rectangular 
transformations to its first six terms, have been investigated by Mr. Boole.’^ 


Section 11. — Of Cybotatic Symmetry. 

Let a substance be conceived which is not only orthotatically symme- 
trical, but for which the three kinds of orthotatic coefficients are equal for 
the three orthotatic axes, viz. — 


(«^ = m = (y*)j (fiy) = (y«) = (a^S); (X^ = {p?) = (24.) 

Then, for such a substance the metatatic difference may bo expressed by 

2(/3y) + 4(X0-2(o^); . . . (26.) 

and if the body be not metatatically isotropic, this difference will havo 
equal maxima or minima for the three orthogonal axes, normal to the 
faces of a cube, and, conversely, equal minima or maxima for the six 
diagonal axes, normal to the faces of a regular rhombic dodecahedron.. 

Symmetry of this kind may be called Cyhoiatic, from its analogy to that 
of ciyetals of the tessular system. 

f Camhridgt and Dublin Mathematical Jaumatf Vo!. VI. 
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Section 12. — Of Pantatic Isotropy. 

When a body fulfils the conditions of cybotatic symmetry, and at the 
same time those of metatatic isotropy, it is completely isotropic witli 
respect to elasticity, or pantatically isotropic. It has but three tasinomic 
coefiicients — viz,, the euthytatic, j)latytatic, and goniotatic coefficients, 
which are equal for all sets of axes, and are connected by the following 
equation, expressing the condition of metatatic isotropy : 

(«=) = (/3y)+2(X^). . . . (26.) 

The properties of such bodies have been fully investigated by various 
authors. 


Section 13. — Of Thlipsinoimic Coefficients. 


If thq|six elementary strains, a, &c., at a given point in an elastic solid, 
bo expressed as linear functions of the six elementary stresses, P^, &c., 
these expressions will contain twenty-one coefficients of compressibility, 
extensibility, and pliability, which arc the second differential coefficients 
of the potential energy of elasticity with respect to the six elementary 
stresses ; that energy being represented as follows : — 


pf 




Pi 


Q? 


Qi 


Qi 


U = {oF) + (IF) tJ + (cT).tl+(JF).'^. + (nr) f + (n^) - J 


+ (Jc)?, P3 + (c«)P3 Pj + (aV) Pj P2+ (mn) Q, Q3 + (nl) Q3 Qj + (Im) 

+ {(a0 P,+ (&0P2+(c0 P3 }Qi 
+ { (am) Pi + (bm)'P^+ (em) P3} Q2 
+ [(«») Pi+(6»)P2+(c«)P3}Q3. . . . (27.) 

Tho twenty-ono coefficients in the above equation may be comprehended 
tmder tho general term Thlipdvmm, and classified as follows : — 


Deeignatioiis of Coefficients. Properties expressed by them. Symbols. 

’‘Euthythliptic, Longitudinal Extensibilities, (dF), (J^, (<F) 
Orthothliptic< Platythliptic, Lateral Extensibilities, . . (Jc), (ca), (ah), 

' ^GosAthlipticv Pliabilitaeii^ (f), (m% (tF), 

Pbgiofbliptit^ .... TTnsyminetrical Fliabnitie^ (m«), &c., &c. 
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Section 14 . — Or Thlipsinomic Tbansfobmations, Umbb^e, 

SUEFACES, AND InVAEUNTS. 

The equations of transfonuation of the thlipsinomic coefficients are 
easily deduced from the principle, that the operations 

d d d d d d 
dYi’ dP^’ dP^ d^ 1% 


are respectively covariant with 




P P P 

2Qi, 

2 0,2* 

2 Qs, 

and these with 




A y\ A 

2y2, 

2zx, 

2a:y. 


We may regard the thlipsinomic coefficients, like the tasinomic coeffi- 
cients, as binary compounds of the following six Umbra, 

(fl), (h), (c), (0, (m), (n), 

which being respectively substituted for 

Pi, Pg, Pg, 2 Qi, 2Q2, 2Q3, 

in the equation of the tasimetric surface (4), produce the following 
equation of the Umbral TMipsinomic Ellipsoid, 


(a) x* + (J) y* + (c) 2 ^ + (0 yz {m)zx + in) xy = 1, (28.) 


from which, by involution, multiplication, and other operations exactly 
analogous to those performed on the umbral tasinomic ellipsoid, there 
may be deduced the equations of Thlipsinomic Surfaces exactly correspond- 
ing to the tasinomic surfaces already described ; while, from the umbral 
matrix, 


(«) K«) iH' 

W) {h) nr) > . 

m i(i) (c) . 


. (29.) 


may be formed Thlipsimmie Invarianis corresponding to the tasinomic 
invariants. 

Hence it appears, that every function of the tasinomic coefficients is 
converted into a function of the thlipdnomic coefficients with analogous 
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properties, by the substitation of thlipsinomic for t<asinoimc tunbne 
according to the following table : — , 

Tasinomic Umbwe, . . (a), (fi), (y), (\), (^u), (v), 

Thlipsinomic Umbrse, . . (a), (b), (c), ^(l), J(m), J(n). 

Amongst the thlipsinomic invariants may be distinguished the Cubic 
Cmpres^iti/, which is formed by squaring the umbral invariant 
(a) + (b) + (c), and has the following value : 

(a*) + (6*) + (c*) + 2 (6c) + 2 (co) + 2 (a 6). 

Section 15. — Thlipsinomic and Tasinomic Contkagredient 

Systems. 

Let the following square matrices be formed with the tasinomic and 
thlipsinomic coefficients respectively ; — 

(“0 (ya) (aX) (o/i) (av) 

m OSy) m (^m) (/3v) 

(ya) (fiy) (y’) (yX) (y/x) (yv) 

(aX) (|3X) (yX) (XO (X/*) (vX) 

(a/i) 0/u) (y/x) Qifx) (m**) (av) 

(av) (^v) (yv) (vX) (ftv) (v*) 

(a*) (ab) (co) (al) (am) (an) 'I 

(a 6) (6^) (be) (bl) (bm) (bn) 

{cd) (Jc) (c^) {cT) (cm) (cn) 

{aT) (bt) {cl) (P) {Im) (nl) 

{am) {bm) (cm) (Zm) (m^) {mn) 

(an) {bn) (cn) {nl) {mn) {n^) J 

Then will these matrices be mutually inverse^ the two systems of 
coefficients arrayed in them, with their respective systems of functions 
mutually contragredient^ and each coefficient or function belonging to one 
system contravarmni to the corresponding coefficient or function belonging 
to the other system. 

The values of the coefficients in either of those matrices are expressed 
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m terms of those in the other matrix, in Mr. Sylvester’s nmbral notation, 
by twenty-one equations, of which the following are examples : — 



0). (y), (X), 0«). (v) 


(«)> 0)> (y)j (X), (/*), (v) 


[a ) ^ 

(/3), (y), (X). (m). (v) 


(«). (j3). (y). (X). Cu). (v) 

i 


0), (y). (X), (/*). (y) 

1 

(«)> (/3), (y), (X), (ji), (v) 



(«). (y)> (x)> (v) 


l(«). (/3). (y), (X), (m), (v) 

> 

> 


y. (32.) 


Section 16 . — Of Thlipsinomic Axes. 

If, under given conditions, any symmetrical system or function of 
the constituents of one of the above matrices be null, then under the 
same conditions will the contravariant system or function of the constituents 
of the inverse matrix be null or infinite. Therefore, Systems of Thlipsinomic 
Axes coincide with the corresponding systems of Tasinomic Axes. 


Section 17. — ^Platythliptic Coefficients are Negative. 


It may be observed, as a matter of fact, that in consequence of the 
largeness of the cuthytatic coefficients (a^), (/3^), (y^), as compared with 
the other tasinomic coefficients, the platythliptic coefficients (6 c), (ca), 
(a 6), are generally, if not always, negative. 

To illustrate this, the case of pantatic isotropy may be taken, for 
which the two matrices have the following forms : — 


(«*) Or) Oy) 0 0 0 

(/3y) (a**) (|3y) 0 0 0 

(/3v) (^y) («^) 0 0 0 

0 0 0 (\ 2 ) 0 0 

0 0 0 0 (V) 0 

0 0 0 0 0 (X**) 


(«-) (6 c) (6 c) 0 0 0 

(5 c) (a*) (6 c) 0 0 0 

(6 c) (6 c) (a^®) 0 0 0 

0 0 0 (i®) 0 0 

0 0 0 0 (?) 0 

0 0 0 0 0 (?) J 


Y (33.) 


£com which it is easily seen that the sole platythliptic coefficient has 
the following value : 


(6c) 


-(Pv) 

“(«’)* + («*) (/3y)-2(^y)*- • 


. (33A.) 


The dmominator of this fraction is always positive so long as (a^) 
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exceeds (/Sy); a condition invariably fulfilled by solid bodies, and, m 
fact, necessary to their existence. 


Section 18. — Of Oblique Co-ordinates and Contra-ordinates. 

As there are, in the relations between two systems of oblique co-ordinates, 
or between a system of oblique co-ordinates and a system of rectangular 
co-ordinates, six independent constants of transformation, it is possible, 
by referring t^e equation of the l)i(piadratic surface (19) to oblique 
co-ordinates, to make the six terms vanish which contain the cubes of the 
co-ordinates. 

The conception of tlie physical meaning of such a transformation is 
much facilitated by the employment of a system of three auxiliary 
variables, which will be designated as Confmordinates, 

The relations between co-ordinates and contraordinates are as follows : — 

Through an origin 0 let any three axes pass, right or oblique. Let K 
be any point, and let 

O K - r. 

Through R draw three planes, parallel respectively to the throe co-ordinato 
planes, and intersecting the axes respectively in the points X, Y, Z. 
Also, on OR, as a diameter, describe a sphere, intersecting the axes 
respectively in U, V, W. Then will 

OX = a*, OY = y, OZ = ,:^, 

be the co-ordinates of R, as usual, and 

0 U = w, O V = ^7, 0 W = 

its contra-ordinates, being, in fact, the projections of 0 R on the three axes. 

For rectangular axes, co-ordinates and contra-ordinates are identical. 

Co-ordinates and contra-ordinates are connected by the following 
equation : — 

zizux + vy + icz, . . . (34.) 

In the language of Mr. Sylvester, a system of co-ordinates, and the 
concomitant system of contra-ordinates, are mutually Coniragredient ; and 
the square of the radius vector is their universal mixed concomitant 

Let the cosines of the angles made by the axes with each other be 
denoted as follows: 


cosyOz=:Cj^; cos ;8f0^r mB^Oy = e^; 
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then the contra-ordinates of a given point are the following functions of 
the co-ordinates: 


U=X -I- CsJ/ -f C2» I 

V =c^x-\-y +c^z\ 

I 

w = c^x + c-^^y + z J 


. (35.) 


Also let 


1, 

Cg, Cg 






1, Cj 

= 1 

- 4 - 

- - 
C2 

— 

C3 


Cl, 1 





1 

o 1 

II 

■ ^1? 

1 - 

■ c 

fl — 

^2> 

— 

^ 2^3 _ 

- z- • 

^2 ^3 


h • 

c 


c 




1 - ci _ . 
C “ 


Cg — Cj Cg _ ^ 


C 


3 » 


then the co-ordinates are the following linear functions of the contra- 
ordinates : — 


Also, 


x=. Ji^u ^ Tc^w;’^ 

y ^ — \u + li^v — > 

. (36.) 

+ 2 c^y z + 2 c^zx + 2 c,^xy 

. (37.) 


= Ajtt* -t- + AgW* — 2 Aj vw — 2\wv, — 2k^uv. (37a) 


Differentiations with respect to the contra-ordinates are obviously 
covariant with the co-ordinates, and vice versa; that is to say, 


the operations 

are respectively ) 
covariant with J 


d 

d 

d 

d 

d 

d " 


dx' 

dy' 

dz' 

dtt’ 

dv' 

dw 

. . . (38.) 

u, 

V, 

w. 


y. 

z. 



By making substitutions according to the above law of covariance in 
the equations (34), (37), (37 a), three equivalent symbols of operation are 
obtained, which, being applied to isotropic functions of the second degree, 
produce invuiants of the first degree. 
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Section 19. — Op Molecular Displacements and Strains as 

REFERRED TO OBLIQUE AXES. 


If the displacement of a particle from its free position be resolved into 
three components parallel respectively to three oblique axes, 0 x, 

Oy,OZf those components are evidently covariant respectively with the 
co-ordinates x, y, z. 

It is now necessary to find a method of expressing the strain at any 
particle in an elastic solid by a system of six elementary strains, which 
shall be covariant respectively with the squares and doubled-products 
of these oblique co-ordinates. This condition is fulfilled by considering 
the elementary strains as being constituted by the variations of the 
components of the molecular displacement with respect to the distances 
of the strained particle from three planes passing through the origin, 
and normal respectively to the three axes; that is to say, with respect to 
iho^ontra-ordinates of the particle, as expressed in the following equations: — 


dK o dn dt 
Elongations, . ^ = ^ y = 

Quasi-Distortions, X = ^ -t- ; /* = 7 ^ H- ; 

dv dw dw du 




dn ^d^ 
du~ dv 


^ ( 39 .) 


The six elementary strains, as above defined, are obviously covariant 
with the squares and doubled-products of the co-ordinates, according to 
the following table : 


«. P, y, \ V, -1 

A A A 2x1/. ) 


. ( 40 .) 


Section 20. — Of Stresses, as referred to Oblique Axes. 

It is next required to express the stress at any particle of an elastic 
solid by means of a system of six elementary stresses, which shall be 
contragredient to the system of six elementary strains defined in the 
preceding section. This is accomplished in the following manner. 

It is known that the total stress at any point may be resolved into 
three normal stresses on the three principal planes of the tasimetric 
surface. Let the direction and sign of any one of those three principal 
stresses be represented by those of a line 0 R, and its magnitude, as 
reduced to unity of area of the plane normal to that direction, by the 
• square of that line. 

OR2 = 
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Let w, V, w be the contraordinates of E, as referred to the oblique axes 
O X> 0 Y, 0 Z. Then will the stresses on unity of area of planes nomal 
to those axes, in the direction 0 E, be represented respectively by 


ur^ vr, wr. 

Let the Elementary Stresses be defined to be, the projections on the three 
axes of co-ordinates of the total stresses on unity of area of the three pairs of 
faces of a parallelopiped, normal to the three axes respectively : then, if we 
take S to denote the summation of three terms arising from the three 
principal stresses, the clementary^stresses will be expressed as follows : — 


Normal stresses on tlie faces normal to 


y, 

Oblique stresses on the faces normal to 

y z z XX y 


In the directions 




y X 


% y 

^ V*- 


(41.) 


= Q2 = S.z(?w; Q3 = S.W2?. J 


These expressions fulfil the condition of making the elementary stresses 

Pl> P2> ^2^ Q3 

contravariant respectively to the elementary strains 


a, jS, y, X, p, V, 

so that for oblique axes, as for rectangular axes, the potential energy of 
elasticity is represented by 

U = — I (^1® + ^2/^ + PsV + QiX + + Q3 v), 


the universal concomitant; and may be expressed either by a homo- 
geneous quadratic function of the six elementary strains (as in equation 2) 
with twenty-one tasinomic coefficients, or by a homogeneous quadratic 
ftmetion of the six elementary stresses, as in equation (27), with twenly- 
one thlipsinomic coefficients, forming a system contragredient to that o£ 
the tasinomic coefficients. 
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Section 21, — Or Tasinomic and Thlipsinomic Umbile foe 
Obuque Axes. 

The tasinomic coefiScients for oblique axes may be regarded as com- 
pounded of umbrae 

H m. (y), (X), H 

contravariani respectively to the elementary strains 

«. y> 3X, IfJ-y Iv, 

and consequently covariant with the squares and products of the contra- 
ordinates 

u“, I?, vr, V w, w n, u v ; 

and the tliUpshiomic coefficients for oblique axes may be regarded as 
conipounded of umbrae 

(«)> {V), {<••), ( 0 . (" 0 . («)> 

cmtTavariant respectively to the stresses 

P P P 50 5 0 5 0 

and consequently covariani with the squares and products of the co-ordinaics 
r/:2, y\ z\ 2yz, 2r.x, 2xy. 

Section 22. — Of the Biquadratic Surface, and of Principal 
Eutiiytatic Axes. 

For oblique as well as for rectangular axes of co-ordinates, the char- 
acteristic function of the biquadratic tasinomic surface is represented 
by equation (19); and the fifteen homotatic coefficients arc covariant 
respectively with suitable multiples of the fifteen biquadratic powers and 
products of the contraordinates. 

If by linear transformations a system of three axes, oblique or rectan- 
gular, be found which reduces the characteristic function of the biquad- 
ratic surface to the canonical form, consisting of not more than nine 
terms, viz. — 

(9i)^ = (a*)#+0)y«+(y*)^ 

+ 2 {(/3y) + 2 (X*)} f:^+2{(ya) +20*®)} «®!K®+ 2 {(a^) + 2(v®)} g?f 

+ 4 { 2 0* v) + (a X) } y » + 4 { 2 (i» X) + (/3 ju)} a? 2 + 4 { 2 (X )«) 

+{yv)\xy^ = l} • • • • 02.) 
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then, for that system of axes, the following six plagiotatic coefficients 
are null, 

OX) = 0; (yX) = 0; (y/i) = 0; (a^) = 0; (av) = 0; (j3i;) = 0; (43.) 

and each of those axes is Euthytatic, according to the definition in Sect. 
7, that is to say, is a direction of maximum or minimum direct elasticity 
(absolute or relative), and also a direction in which a direct elongation 
or compression produces a simply normal stress. 

There are necessarily three euthytatic axes at least in every solid — 
viz., the three Prirwipal Euthytatic Axes, as above described, which are 
normal to the faces of a hexahedron, right or oblique, as the case may 
be; but in special cases of symmetry there are additimal or secmdary 
euthytatic axes, of which examples will now be given. 


Section 23. — Of Ehombic and Hexagonal Symmetry. 

When a solid has three oblique principal euthytatic axes making equal 
angles with each other round an axis of symmetry, and having equal 
systems of homotatic coefficients corresponding to them, viz. — 

M = = (^y) + 2(X^) = (yo) + 2(M^)::=(a/3) + 2(vO 

2 (/[X v) + (a X) = 2 (vX) + (/3/x) =: 2 (X/u) + (y v) 

it may be said to possess rhombic symmetry, because the three oblique 
axes are normal to the faces of one rhombohedron, and to the edges 
of another belonging to the same series, crystallographically speaking. 
It is evident in this case, that the axis of symmetry must be a fourth 
Etdhytaiic Axis. 

In the limiting case, when the three oblique axes make with each 
other equal angles of 120®, they lie in the same plane, normal to the 
axis of symmetry, and are normal to the faces of one hexagonal prism 
and the edges of another. 

Let 0 denote the longitudinal axis of symmetry of the prism ; 0 
any one of the three transverse axes perpendicular to 0 y^. The equation 
of a section of the biquadratic surface by the Plane of Ilexagoml Symmetry 
z^, is as follows : — 

(/3*):34+(y)i^+2{(/3y)i+2(X‘)J^^=l. . (44.) 

The equation of the same section, referred to any other pair of 
orthogonal axes 0 y, 0 2 ;, in the plane of is as follows : — 

(/y) y +(■/)■ «*+ 2{Oy) + 2(V)}2^»*+ 4{(^X)y»+(yX)«»iy*=l. (44 a.) 
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From considerations of symmetry, it is evident that the coefficient 
(i8») must be null for every direction of tlie axis 0 y, in the plane of yjS, ; 
consequently, every direction Oy in that plane, for which (jQX)=0, is 
an euthyiatic axis. 

To ascertain whether, and under what conditions, there are other 
euthytatic axes in the planes of hexagonal symmetry besides the 
longitudinal and transverse axes, it is to be considered, that for rectangular 
co-ordinates (j8\) is covariant with hence, let 

ZyiOy = w, 

then 

• [{2 (/3 y\ -t- 4 (X*), - - (yW cos 2 o, 

-(^^ + (/).] • • • ( 45 .) 


The first factor of the above expression is null for the longitudinal 
and transverse axes only. The condition of there being additional 
euthytatic axes in the plane is, that the second factor shall vanish ; 
that is to say, that 


cos 2 01 = 


2(Py)i + 4(X*)i -(pV-Mi 


and that the value of co which makes it vanish shall neither bo 0® nor 90°; 
that is to say, that the second member of the above equation (46) shall 
lie between + 1 and— 1; in which case the equation is satisfied by equal 
values of a; with opposite signs. Hence are deduced the following 
theorems, which are stated in such a form as to be applicable to planes 
of symmetry, whether hexagonal or otherwise: 

in any plane of iasinomic symmetry containing a pair of orthogonal 
euthytatic axes, the difference of the euthytatic coefficients for these axes he 
egml * to or greater than the metatatic difference, there are no additional 
euthytatic axes in that plane. 

If, on the other hand, the difference of such euthytatic coefficients he less 
than the metatatic difference, there are, in such plane of symmetry, a pair of 
additional euthytatic axes making with each other a pair of angles bisected 
by the orthogonal euthytatic axes, 

2 fti is the angle bisected by the axis 0 y^ 

In the case of hexagonal symmetry, the additional axes thus found 
are normal to the faces of one pyramidal dodecahedron and the edges of 
another. 
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Section 24. — Of Orthobhombic Symmetry. 

Let a solid have one of the three principal euthytatie axes, 0 normal 
to tho other two, Oa^, Oyjj let the last two be oblique to each other, and 
have equal sets of homotatic coefiScients, viz. — 

(a^)i = (/30a; (/3y)i+2(X^, = (yaX+20i*)i; 

2 (/I v) + (a X) = 2 (v X) + ()3 ju), . . (47.) 

then, that solid may be said to have Orthorhombic Symmetry, its principal 
euthytatie axes being normal to the faces of a right rhombic prism. 

The existence or non-existence, and the position, of a pair of additional 
euthytatie axes in the longitudinal planes of y^ is to be determined 

as in the preceding section. When such axes exist, they are normal to 
the faces of an octahedron with a rhombic base. 


Section 2S. — Op Orthogonal Symiveetry. 

If the three principal euthytatie axes be orthogonal, they are normal 
to the faces of a right rectangular or square and to the edges of a 

right rhombic or square prism. The existence or non-existence, and 
position, of a pair of additional euthytatie axes in each of the principal 
planes of such a solid, arc determined as in Sect. 23. 

If there be a pair of such additional axes in each of the three principal 
planes, they are normal to the faces of an irregular rhombic dodecahedron, 
and to the edges of a rhombic octahedron. 

If there be a pair of such additional axes in two of the three principal 
planes, those axes are normal to the faces of an octahedron with a 
rectangular (yr square base, and to tho edges of an octahedrem ivith a 
rhombic or square base. 

If there be a pair of such additional axes in one of the planes of 
orthotatic symmetry only, those axes are normal to the lateral faces of a 
right rhombic ;prism. 


Section 26. — Of Cyboid Symmetry. 

The case of Gybcrid Symmetry is that in which the homotatic coefficients 
are equal for three orthogonal axes, viz. — 

(«*) = (/3*) = (y*)> (/3 y) + 2 (X*) = (y «)+ 2 (/U*) = (o/3) + 2 (v*); 

2 ()« v) + (oX) = 2 (vX) + (^ /t) = 2 (X ju) + (y v) = 0, (48.) 
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In this case, the principal metatatic axes caincide with the principal 
euthytatic axes, which are normal to the faces of a cube; the diagonal 
metatatic axes normal to the faces of a regular rhombic dodecahedron, 
are euthytatic also; and there are, besides, four additional euthytatic 
axes sjcmmetrically situated between tlio first nine, and normal to the 
faces of a regular octahedron, making in all thirteen cuihjtatk axes. 


Section 27. — Of Monaxal Isotrofy. 

Monaxal Isotropy denotes the case in which the homotatic coefficients 
are completely isotropic round one axis only. In this case, the principal 
euthytatic axes arc, the axis of isotropy, and every direction peq)endi- 
cular to it ; and when there arc additional axes, determined as in tlur 
preceding sections, they are normal to tlie surface of a cone. 


Section 28. — Of Complete Isotropy. 

In the case of complete isotropy of the homotatic coefficients, every 
direction is a euthytatic axis. 


Section 29. — Probable Eelations between Euthytatic Axes anb 

Crystalline Forms. 

In the preceding sections it has been shown what must bo the nature 
of the relations between the fifteen homotatic coefficients, fur various 
solids, having systems of euthytatic axes nonnal to tlio faces and edges 
of the several Primitive Forms known in crystallography. 

It is probable that the normals to Planes of Cleavage are euthytatic 
axes of minimum elasticity. 

It may also be considered probable, that in some cases, especially in 
the tessular system, which corresponds to cyboid symmetry, and in the 
case of the pyramidal summits of crystals of the rhombohcdral system, 
euthytatic axes correspond to symmetrical summits of'crystallino forms. 
In the icositetrahedral crystals of leucito and analcime, and the tetra- 
contaoctahedral crystals of diamond, there arc twenty-six symmetrical 
summits, one pair corresponding to each of the thirteen axes of cyboid 
symmetry. 

The following is a synoptical table of the various possible systems of 
euthytatic axes, arranged according to their degrees and kinds of symmetry, 
and of the crystalline forms to the faces and edges of which such systems 
of axes are respectively normal. 
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Systems oy Etttrytatic Axes. , Ohystalline Forms. 

Faobs. Edges. 

I. Asymmetry. Tetabto-prismatio System. 

; 1. Three nneqnal oblique axes, . Oblique hexahedron. 


II. Symmetry about One Plane. 


Hemiprismatic System. 


2. Two unequal oblique axes, and 

one rectangular axis, . 

3. Two equal and one unequal 

oblique axis, 


Right rhomboidal prisnii 
Oblique rhombic prism, 


Oblique rhombic prism. 
Bight rhomboidal prism. 


III. Rhombic and Hexagonal Rhombohbdral System. 

Symmetry. 

4. Three equi-oblique principal \ 

axes round one axis of > Rhombohedron, . . Bhombohedron. 

symmetry, . • . . ) 

5. Three equi-oblique principal ] 

axes in one plane, normal > Hexagonal prism, . Hexagonal prism, 
to axis of symmetry, . . ) 

6. Three pairs of secondary axes Pyramidal dodecahe- Pyramidal dodecahe* 

in planes of symmetry, . dron, . . . dron. 


IV. Orthorhombic Symmetry. Prismatic and Pyramidal Systems. 


7. Two equal oblique transverse 
axes normal to one longi- 
tudinal axis, 

S. Two pairs of secondary axes in 
longitudinal planes, . 


Right rhombic prism, . 

Octahedron with rhom- 
•bic base, . 


Rectangular 'prism. 

Octahedron with rectan- 
gular base. 


V. Orthogonal Symmetry. 


9. Three orthogonal axes, not all Rectangular and square 
equal, ..... prisms, 

10. Three pairs of secondary axes Irregular rhombic dode- 
in principal planes, . . cahedron, . 


11. Two pairs of secondary axes, 

Same with 7. 
ary axes^ 


i Octahedron with square 
( or rectangular base, . 


Onepairof second- 

^ } Right rhombic prism, 

I, .... I 


Right rhombic and 
square prisms. 

Octahedron with rhom- 
bic base and rectan- 
gular prism. 

Octahedron with square 
or rhombic base. 

Rectangular prism. 


VI. CyboId Symmetry. 


Tessular System. 


12. Three equal orthogonal axes, . 

13. Six diagonal axes, . 

14. Four symmetric^d intermediate 

axea^ 


Cube. 

Regular rhombic dode- 
cahedron, • » • 

Regular octahedron, • 


Cube and regular octahe- 
dron. 

Rhombic dodecahedron* 
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15. On,e axis of iaotropy, .• • Isotropic laminte. 

m Innumerable transverse aaces, • Istro{tte fibres. 
1 %^ Imupmerable equi^obli^ue axeSi Conical cleavage. 

VUL COMHMS XSOTBOPY. 

18 . Innumerable aaraa of isotropy,. Amorj^m. 


SmmK 30.~Mutual Independence op the Euthytatio and 
Heterotaxic Axes, and of the Homotatic and Hetbrotatic 

COEPFICI^JNTS. 

Tbe fifteen homotatic coefficients of the biquadratic surface, on which 
.the euthytatic axes depend, and the six heterotatic differences, coefficients 
of the heterotatic ellipsoid, constitute twenty-one independent quantities; 
so that the euthytatic axes may possess any kind or degree of symmetry 
or asymmetry, and the heterotatic axes any other kind or degree, in 
the same solid. 

Hence, if it bo true that crystalline form depends on the arrangement 
of euthytatic axes, it follows that two substances may bo exactly alike 
in crystalline form, and yet differ materially in the laws of their elasticity, 
owing to differences in their respective heterotatic coefficients. 

It may bo observed, however, that this complete independence of those 
£wo systems of axes and coefficients is mathematical only, and that their 
physical dependence or independence is a question for experiment. 


Section 31. — On Real and Alleged Differences between the Laws 
OF THE Elasticity of Solids, and those of the Luminiferous 
Force. 

For every conceivable system of tasinomic coefficients in a solid, the 
of polarisation of a wave of distortion is that which includes the 
direction of the molecular vibration and the direction of its propagation, 
being, in fact, the plane of distortion. 

On the other hand, it appears to be impossible to avoid concluding, 
from the laws of the diffraction of polarised light, as discovered by 
Professor Stokes, and from those of the more minute phenomena of the 
^flexion of light, as investigated theoretically by M. Cauchy and 
experimentally by M. Jamin, that in plane-polarised light the plane of 
polarisation is perpendicular to the direction of vibration, or rather (to 
avoid hypothetical language) to the direaHon of some physical phenomenon 

K 
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whose laws of communication are to a certain extent analogous to those 
of a vibratory movement. 

This constitutes an essential difference between the laws of the elastic 
forces in a solid, and those of the luminiferous force. 

In order to frame, in connection with the wave theory of light, a 
mechanical hypothesis which should take that difference into account, 
it has been proposed to consider the elastkity of the luminiferous medium 
to be the same in all substances, and for all directions, or Pcmtatkally 
Isotropic ; and to ascribe the various retardations of light to variations in 
the inertia of the mass moved in luminiferous waves, in different substances, 
and for different directions of motion 

Another essential difference between the laws of solid elasticity and 
those of the luminiferous force is, that under no conceivable system of 
tasinomic coefficients in a homogeneous solid, would the plane of distortion 
in a wave be rotated continuously round the direction of propagation. 

Much has been written, both recently and in former times, concerning 
an alleged difficulty in the theories of waves, both of sound and of light, 
arising from the physical impossibility of the actual divergence of waves 
from, or their convergence to, a mathematical point. This impossibility 
must be admitted; but the supposed difficulty to which it gives rise in 
the theories of waves is completely overcome in Mr. Stokes* paper On 
the Dynamical Theory of Diffraction,**! iu which that author proves, that 
waves spreading from a focal space, or origin of disturbance, of finite 
magnitude, and of any figure, sensibly agree in all respects with waves 
spreading from an imaginary focal point, so soon as they have attained a 
cUstance from the focal space which is large as compared with the 
dimensions of that space; so that the equations of the propagation of 
waves spreading from imaginary focal points may be applied, without 
sensible error, to all those cases of actual waves to which it is usual to 
apply them. 

The physical impossibility of focal points applies to light independently 
of all hypotheses; for at such points the intensity would be infinite. 
It appears to be worthy of consideration, whether this impossibility may 
not be connected with the appearance of spurious disks of fixed stars 
in the foci of telescopes. 


Section 32 . — On the Action op Crystals on Light. 

If we set aside those actions on light to which there is nothing analogous 
in the phenomena of the elasticity of homogeneous solids, the laws of 

* Philosophical Magamne^ June, 1861, December, 1863, 
t Cambridge TransaetioTiSf Yoh IX., Part 1. 
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the refractive action of a crystal on light are in general of a more sym- 
metrical kind, or de^nd on fewer quantities than those of its elasticity. 

Thus, the elasticity of a homogeneous solid depends on twenty-one 
quantities; its crystalline form, on fifteen (the homotatic coefiicients), 
while its refractive action on homogeneous light in most cases is expres- 
sible by means of the magnitudes and directions of the orthogonal axes 
of Fresners wave-surface, making in all six quantities. Crystals which 
possess only rhombic or hexagonal s}nnmetry in their euthytatic axes, are 
usually monaxally isotropic in their action on light ; while crystals which 
possess only cyboid symmetry in their euthytatic axes, are completely 
isotropic in their action on light. 

From these remarks, however, there are exceptions, as in the case of 
the extraordinary optical properties discovered by Sir DaAid Brewster 
in analcime, which, in its refraction as well as in its form, is cybo’idally 
symmetrical without being isotropic. 


Note referred to at page 120, On Sylvestrian Umbr®. 

Without attempting to enter into the abstract theory of the umbral 
method, it may hero bo useful to explain the particular case of its appli- 
cation which is employed in this paper. 

Let U be a quantity having an absolute value, constant or variable, 
(such, for example, as any physical magnitude), and . . . &c. 

a set of quantities, m in number, such that 0 is of them a homogeneous 
rational function of the nth degree. There are an indefinite number of 
possible sets of m quantities satisfying this condition; and the quantities 
of each set are related to those of each other set by m eciuations of the 
first degree, called equations of linear transformation. Let 

* * * 

be two such sets. 

Let • • • denote the coefiScient of . . . in the 

development of 

(« + » + . . .)” 

and let 

U = S{C,i. . . . . . . VV • • •} 

= • • • ^a,b, * • • ^ 2 *^ 2 * • * 

The two sets of coefficients A,, are connected by Bnear equations 
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of transformation, the investigation of whieh is mudh facilitated by the 
following process. 

Let two sots, each of m symbols, jSp &c. . . . ^ • &c., 

be assnmed such that 

+ • • • = 02^2 + 132 ^ 2 + • • • 

and that, consequently, 

• • •} 

=(a2^2+A^2+ • • O^=2{0^,^, . . . . . .}. 

Then, if the m equations of transformation between the two sets of 
symbols a^, 02» 182 • • • formed, and if from 

them be deduced the equations between the two sets of products a^^/Si 
. . . , and , &c., and if in the latter system of 

equations, there he substituted for each product a®/S^ ... the 

corresponding coefficient ^ , the result will be the system of 

equations sought. Also, if any function of the products o® / 3 ^ . . . 

be invariant (i e., a function whose value, like that of the original function 
U, is not altered by the transformation), the corresponding function of the 
coefficients A will be invariant. 

The symbols a, j8, &c., with reference to their relation to the coefficients 
A, are called umbrcs ; that is, factors of symbols, whose equations of transform 
mation are similar to those of the coefficients A. In the umhral notation, 
umbrae are usually distinguished from symbols denoting actual quantities 
by being enclosed in brackets thus; 

(o), (/ 3 ), &c. . . . 

aad each coefficient A is represented by enclosing in brackets that product 
of umbrae with which it is covariant; thus : 

K.V. • • • • • •). 

The umbral notation is applied to abbreviate the expression of deter- 
minants in a manner of which the following are examples : — 


(a*) 

(a|8) 

(ay) 

&c. 

(«|S) 

m 

Oy) 

&c. 

(ay) 


(y*) 

&C. 

&c. 

&c. 

&c. 

&c. 


a, y, &c. 

a, y, &C. 


denotes 




AXES OF ELASncmr AND CRYOTAIXINi: FOSMS., 


149 


a, y, S, &C. 
/3, y, S, &c. 


denotes 


(a^) 

(iSy) 

(/3a) 

&C. 

(«y) 

(y) 

(yS) 

&c. 

(aS) 

(yS) 

(S*) 

&c. 

&c. 

&c. 

&C. 

&c. 
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VIL— ON THE VIBRATIONS OP PLANE-POLARISED LIGHT.' 

1. The important question, whether the direction of vibration in plane- 
polarised light is normal or parallel to the plane of polarisation, is 
equivalent to this : — ^whether the velocity of propagation of a rectilinear 
transverse vibratory movement in the medium which transmits light in 
crystallised bodies is a function of the direction of vibration only, or of the 
position oftheplam^ which inclvdes the direction of vibration and the direction 
of transmission. 

The former of these views was adopted by Fresnel, as being necessary 
to explain the phenomena of polarisation by reflexion; and in Mr. Green’s 
investigation of the laws of these phenomena, in which the conclusions 
of Fresnel are shown to agree either exactly or approximately with the 
consequences of strictly mechanical principles, the same supposition is 
adopted. 

But if we follow the generally received theory, that the different 
velocities of differently polarised rays in crystalline bodies are due solely 
to the different degrees of elasticity possessed by the vibrating medium 
in different directions, Fresnel’s supposition must be abandoned, and the 
opposite one adopted. For if there is any proposition more certain than 
others respecting the laws of elasticity, it is this : — that the transverse 
elasticity of a medium, or the elasticity which resists distortion of the 
particles, depends upon the position of the plane of distortion, being the 
same for all directions of distortion in a given plane. This law is impli- 
citly involved in the researches of Poisson, of M. Cauchy, of Mr. Green, 
and others on elasticity; and in a memoir read to the British Association 
at Edinburgh, in 1860, and published in the Cambridge and Dublin 
Mathematical Journal for February, 1851, I have shown that it is true 
independently of all hypotheses respecting the constitution of matter, 
being a necessary consequence of the conception of an elastic medium. 
Now a wave of plane-polarised light is a wave of distortion : the plane 
of distortion is the plane which includes the direction of transmission and 
the direction of vibration: the elasticity called into play depends on the 
position of this plane; therefore, if the velocity of propagation depends 
upon elasticity alone, the plane of distortion must be the plane of polaris- 
ation; and if a normal be drawn to that plane, the velocity of propagation 

* Read before the Royal Society of Edinburgh, on December 2, 1850^ and published 
in the Philosophical Magazim, June, 1861. 
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will be a function of the position of that normal, and not, as supposed 
by Fresnel, of the direction of vibration itself. 

2. Up to a very recent period, no experimental data existed adequate 
to determine which of those suppositions is supported by facts ; for the 
phenomena of double refraction are consistent with either ; and the theory 
of polarisation by reflexion is not regarded as sufficiently certain to afford 
the means of deciding this question. At length, however, the experimentxm 
<mds has been made by Professor Stokes, and the result is conclusive in 
favour of the supposition of Fresnel. 

In his paper on Diffraction {Cambridge Transactions^ Vol. IX., Part 1), 
Professor Stokes has shown, that on any conceivable theory of the 
propagation of undulations of light, vibrations normal to tlie plane of 
diffraction must be transmitted round the edge of an opaque body with less 
diminution of intensity than vibrations in that plane. Therefore, when 
light, of which the vibrations arc oblique to the plane of diffraction, is so 
transmitted, the plane of vibration will be more nearly perpendicular to the 
plane of diffraction in the diffracted ray than in the incident ray. He 
has found by experiment, that when light of which the plane of polarisa- 
tion is oblique to the plane of diffraction is transmitted round the edge 
of an opaque body, the plane of polarisation is more nearly parallel to the 
plane of diffraction in the diffracted than in the incident ray. The 
necessary conclusion is, that the direction of vibration in plane-polarised 
light is normal to the plane of polarisation; in other words, that the velocity 
of light in crystallised media depends on the direction of vibration^ as con- 
jectured by Fresnel. 

This result of experiment is at variance with the necessary consequences 
of the supposition, that the velocity of light depends on elasticity alone; 
therefore, that supposition is inadequate to explain the phenomena of 
polarised light. 

3. Having considered what modifications must be introduced into our 
hypothetical conceptions of the nature of the medium which transmits 
light, to make them adequate to explain the facts which have thus been 
established, I now offer the following suggestions. 

In a paper read to the Eoyal Society of Edinburgh, and published in 
their Transactions^ VoL XX., Part 1, 1 proposed, as a foundation for the 
theory of heat, and of the elasticity of gases and vapours, an hypothesis 
called that of molecular vortices; and in a subsequent paper, already 
referred to, I deduced from the same hypothesis some principles relative 
to the elasticity of solids. I shall now show that FresneFs conjecture 
as to the direction of vibration in plane-polarised light is a natural 
consequence of that hypothesis. 

The fundamental suppositions of the hypothesis of molecular vortices 
are the following: — 



list M xight. 

Mtd. TbB,i ftfcnii of matter consists of a nndota or central physical 
point enveloped by an elastic atmosphere, which is retained round it hy 
attoMJtion; so that the elasticity of bodies is made up of two parts — one 
arising from the diffused portion of the atmospheres, and resisting change 
of volume only; the other arising from the mutual actions of nuclei, 
and of the portions of atmosphere condensed round theip, and resisting 
not only change of volume, but also change of figure. 

, Secondly. That the changes of elasticity due to heat arise from the 
centrifugal force of revolutions or oscillations among the particles of the 
atomic atmospheres, dijffusing them to a greater distance from their nuclei, 
and thus increasing the elasticity which resists change of volume only, at 
the expense of that which resists change of figure also. 

Thirdly. That the medium which transmits light and radiant h^t 
consists of the nvdei of the atoms vibrating independently, or almost 
independently, of their atmospheres; absorption being the transference of 
motion from the nuclei to the atmospheres, and emission its transference 
from the atmospheres to the nuclei 

This last supposition is peculiar to my own researches, the first two 
having more or less resemblance to ideas previously entertained by others. 

If an indefinitely extended vibrating medium, equally elastic in all 
directions, consists of a system of atomic nuclei, tending to preserve a 
certain configuration in consequence of their mutual attractions and 
repulsions, it is well known that such a medium is capable of transmitting 
two sorts of vibrations only, longitudinal and transverse, the latter alone 
being supposed to bo concerned in the phenomena of light. It is also 
well known, that the square of the velocity of propagation of transverse 
vibrations is directly proportional to a quantity called the transverse 
elasticity of the medium, arising from the mutual actions of the nuclei, 
and inversely proportional to its density — ^that is, to the sum of the massea 
of all the nuclei contained in unity of volume. To account for the 
immense velocity of light, the masses of the atomic nuclei must be sup- 
posed to be very small as compared with the mutual forces exerted by 
them. 

In stating the third supposition of the hypothesis, the nuclei are said 
to vibrate independently, or almost independerdlyy of their atmospheres ; 
for the absolute independence of their vibrations is probably an ideal case, 
not realised in nature, though approached very nearly in the celestial 
space, where the atomic atmospheres must be inconceivably rarefied. 

As a pendulum is known to be accompanied in its oscillations by n 
portion of the air in which it swings, so the nuclei probably in all cases 
carry along with them in their vibrations a small portion of their atmoEh 
^beres, which acts as a food, inmeasing the vibrating mass without increas- 
ing in the same proportion the elasticity, and consequently retarding 
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the Telocity ctf tramadsdoxL 13ie emountof this load must depend on 
the density of the atomic atmosphere; and, accordingly, we find that, 
generally speaking, the most dense substances are those in which the 
Telocity of light is least 

Now, if wo assume, what is extremely probable, that in crystallised 
media the atomic atmospheres are not similarly difFused in all directions 
round their nuclei, but are more dense in certain directions than in others, 
we must at once conclude that in such media the velocity of propagatipn 
of vibratory movement depends on tlie direction of vibration ; for upon that 
direction depends the load of atmosphere which each nucleus carries along 
with it. 

4. Having thus shown that the conjecture of Fresnel, which has been 
confirmed by the experiments of Professor Stokes, is a natural consequence 
of the hypothesis of molecular vortices, I shall now prove that that 
hypothesis leads to those mathematical laws of the transmission of light 
in crystalline media which Fresnel discovered. 

Considering it desirable in this paper to avoid lengthened algebraical 
analysis, I shaU with that view state, in the first place, certain known 
geometrical properties of the ellipsoid, to which it will be necessary for 
me to refer. 

I. If a curved surface bo described about a centre, such that the sum 
of the reciprocals of the squares of any three orthogonal diameters is a 
constant quantity, that surface, if no diameter is infinite, is an ellipsoid. 

II. Every function of direction round a centre, whoso variation from a 
given amount varies as the reciprocal of the square of the diameter of 
an ellipsoid described about that centre, is itself proportional to the 
reciprocal of the square of the diameter of another ellipsoid described 
about the same centre with the first, and having the directions of its axes 
tho same. 

III. It follows from the last proposition, that if there be a function of 
direction round a centre which is proportional to the reciprocal of tho 
square of the diameter of an ellipsoid of small excentricities, so that the 
range of variation of the function is small as compared with its amount, 
then any function of that function, whose range of variation is small also, 
may be represented approximately by the reciprocal of the square of the 
diameter of another ellipsoid, having its centre and the directions of its 
axes the same with those of the first. 

The square of the velocity of propagation of transverse vibrations is 
proportional to the transverse elasticity of the medium divided by the 
mean density; that is, by the sum of all the vibrating masses in unity 
of voluma That sum is the sum of the masses of the nuclei, added to 
tlm masses of atmosphere with which they are loaded. The atmospheric 
load of each tmcleus depends on, or is a function of, the density of the 
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atmosphere adjoining the nucleus along the line in which the latter 
vibrates. The mode of distribution of the atmospheres depends on the 
attraction of the nuclei upon them, and therefore on the mode of arrange- 
ment of the nuclei. The mode of arrangement of the nuclei, when it 
is symmetrical and uniform, may be expressed by means of their mean 
intervals. 

The mean interval of the nuclei is a function of direction, of such a 
ij|iture that its three values for any three orthogonal directions being 
multiplied together give a constant result — ^viz., the space occupied (not 
filled) by one nucleus, or the quotient of a given space by the number of 
nuclei contained in it. Hence the sum of the values of the logarithm 
of the mean interval for any three orthogonal directions is a constant 
quantity; and that logarithm, therefore, is proportional to the reciprocal 
of the square of the diameter of an ellipsoid, whose three axes may be 
called the axes of atomic distrihution. Therefore, the mean interval, the 
atmospheric load of the nuclei, and the square of the velocity of propa- 
gation, for a given direction of transverse vibration, are all functions of 
the reciprocal of the square of the diameter of an ellipsoid, and have 
maxima and minima corresponding to its three axes, which are those of 
atomic distribution. 

Now, in all knoAvn crystalline media, the range of variation of these 
quantities for different directions is very small compared with their 
amount. Therefore, each of them may be approximately represented by 
the reciprocal of the square of the diameter of an ellipsoid whose axes are 
parallel to those of atomic distribution. 

If, then, the directions of vibration in a given crystal which correspond 
to the greatest and least velocities of transmission are known, let these 
directions (which are at right angles to each other), and a third direction 
at right angles to them both, be taken for the axes of an ellipsoid, the 
lengths of those axes being inversely proportional to the corresponding 
velocities of transmission. Then will the velocity of transmission of any 
transverse vibratory movement be sensibly proportional to the reciprocal 
of a diameter of that ellipsoid, drawn parallel to the direction of vibration. 
And if a plane be drawn through the centre of the ellipsoid parallel to a 
series of plane-waves, the two axes of the elliptic section so made will 
represent, in magnitude, the reciprocals of the greatest and least normal 
velocities of transmission of waves parallel to that plane, and, in direction, 
the corresponding directions of vibration. 

This agrees exactly with the construction given by Fresnel, on which 
his entire theory of double refraction is founded. 

The degree of symmetry and uniformity of arrangement of the atoms 
which is necessary in order that the mean interval may have a definite 
value; and that three axes of distribution may exist, is the same which 
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is necessary to the existence of rectangular axes of elasticity in a solid 
body. It must extend round each point, throughout a space which is 
large as compared with the sphere of appreciable molecular action. 

The experiments of Sir David Brewster and of Fresnel on the action 
of compressed glass on polarised light, show that rays polarised in a plane 
normal to the direction of compression — that is to say, vibrations parallel 
to that direction — are accelerated. This indicates that the atmospheric 
load on each vibrating nucleus in that direction is diminished, probably 
by the displacement of a portion of the atmosphere out of that line. 

6. Though I have assumed, in the course of this investigation, that the 
luminiferous medium is equally elastic in all directions, I by no means 
intend to assert that it is necessarily so in all substances ; but merely 
that, in most known crystalline media, an atmospheric load on the vibrating 
nuclei is the predominant cause of variation in the velocity of transmission 
with the direction of transverse vibration. 

It is remarkable that Fresnel, in his theory of the intensity of reflected 
and refracted light, speaks of the particles of the luminiferous medium as 
being more or less loaded in substances of greater or less refractive power. 
He did not, however, apply this idea to double refraction, although he 
adopted a theory, which, as we have seen, results from it. 

The principles laid down in this paper are not compatible with the 
prevalent idea of a luminiferous ether enveloping ponderable particles. 
The fundamental idea from which they spring is the converse: that the 
luminiferous medium is a system of atomic nuclei or centres of force, whose 
office it is to give form to matter ; while the atmospheres by which they 
are surrounded give, of themselves, merely extension. 
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Vm.--GENEEAL VIEW OF AN OSCILLATORY THEORY OP 

LIGHT.^ 

Section I — ^Dipfioxjlties op the Present Hypothesis. 

Notwithstanding the perfection to which the geometrical part of the 
undulatoiy theory of light has been brought, it is admitted that great 
difficulty exists in framing, to serve as a basis for the theory, a physical 
hypothesis which shall at once be consistent with itself and with the 
known properties of matter. 

The present paper is a summary of the results of an attempt to diminish 
that difficulty. All the conclusions stated have been deduced by means 
of strict mathematical analysis ; and although it is impossible to read the 
investigations before the British Association in detail, their results can 
easily be verified by every mathematician who . is familiar with the 
undulatory theory in its present form. 

It may be considered as established, that if we assume the supposition 
that plane-polarised light (out of the varieties of which all other light can 
be compounded) consists in the wave-like transmission of a state of 
motion, the nature and magnitude of which are functions of the direction 
and length of a line transverse to the direction of propagation, we can 
deduce from this supposition, with the aid of experimental data, and of 
certain auxiliaiy hypotheses, the laws of the phenomena of the inter- 
ference of light, of its propagation in crystalline and uncrystalline 
substances, of diffraction, of single and double refraction, of dispersion by 
refraction, and of partial and total reflexion. 

It has hitherto been always assumed, that the kind of motion which 
constitutes light is a vibration from side to side, transmitted from particle 
to particle of the luminiferous medium, by means of forces acting between 
the particles. In order to account for the transmission of such transverse 
vibrations, the luminiferous medium has been supposed to possess a kind 
of elasticity which resists distortion of its parts, like that of an elastic 
solid; and in order to account for the non-appearance in ordinary cases of 
effects which can be ascribed to longitudinal vibrations, it has been found 

* Bead before the British Association at Hull, September 10, 1853, and published 
in the Philosophical Magazine, December, 1853. 
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neeessary to suppose further, that this medium resists compression with an 
elasticity immensely greater than that with which it resists distortion; 
the latter species of elasticity being, nevertheless, sufficiently great to 
transmit one of the most powerful kinds of physical energy through 
interstellar space, with a speed in comparison with which that of tie 
swiftest planets of our system in their orbits is appreciable, but no 
more. 

It seems impossible^ to reconcile these suppositions with the fact, tliat 
the luminiferous medium in interstellar space offers no sensible resistance 
to the motions of the heavenly bodies. 

A step towards the solution of this difficulty was made by Mr. 
MacCullagln The equations which he used to express the laws of the 
propagation of light, when interpreted physically, denote the condition 
of a medium whose molecules tend to range themselves in straight lines, 
and when disturbed, to return to those lines with a force dei^ending on the 
curvature of the lines into which they liavo been moved. But oven this, 
hypothesis requires the assumption that the elasticity of the luminiferous 
medium to resist compression is immensely greater than the elasticity 
which transmits transverse vibrations. 

The difficulty just referred to arises from a comparison of the hypo- 
thesis of transverse vibrations with the observed phenomena of the world. 

' Another difficulty arises within the hypothesis itself. Fresnel originally 
assumed, that in crystalline media, where the velocity of light varies with 
the position of the plane of polarisation, the direction of vibration is 
perpendicular to that plane. This is equivalent to the supposition, that 
the velocity with wliich a state of rectilinear transverse vibration is 
transmitted through such a medium, is a function simply of the direction 
in which the particles vibrate. From this hypothesis he deduced the 
form of that wave-surface which expresses completely the law of the 
propagation of plane-polarised light through crystalline media, and ho 
obtained also a near approximation to the laws of the intensity of plane- 
polarised light reflected from singly refracting substances. 

But it was afterwards demonstrated, that the elastic forces which 
propagate a transverse movement in any medium must necessarily be 
functions, not merely of the direction of the movement, but jointly of this 
direction and the direction of propagation ; that is to say, of the position 
of the plane containing these two directions. Consequently, if the various 
Telocities of variously polarised light in a doubly refracting medium, arise 
from variations of elasticity in different directions, the direction of vibra- 
tion is in the plane of polarisation, contrary to the hypothesis of Fresnel. 
Fresnel’s wave-surface, and his approximate formulas for the intensity of 
reflected lights are deducible from this supposition as readily as from his 
original i^othesis; and Mr. MacCuUagh obtained from it formulae for the 
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intensity of light reflected from doubly refracting substances, agreeing 
closely with the experiments of Sir David Brewster. 

On the other hand, the formulas of M. Cauchy, and those of Mr. Green, 
as modified by Mr. Haughton,* expressing the effects of reflexion on the 
intensity and phase of polarised light, all of - which are founded on the 
supposition that the direction of vibration is perpendicular to the plane of 
polarisation, have been shown to be capable, by the introduction of proper 
constants, of giving results agreeing closely with those of the important 
experiments of M. Jamin {Annales de Chimie et de Physique, 3rd Series, 
Voi. XXIX., 1850); and it is difficult, if not impossible, to see how 
such formulae could have been deduced from the opposite supposition. 

But the true crucial experiment on this subject has been furnished by 
the researches of Professor Stokes on the Diffraction of Polarised Light 
{Camb. Trans,, Yo\, IX.). Whatsoever may be the nature of the motion 
that constitutes light, if it can be expressed by a function of the direction 
and length of a line perpendicular to the direction of propagation (which 
may be called a transversal), it is certain that this motion will be more 
abundantly communicated round the edge of an obstacle, when its trans- 
versal is parallel than when it is perpendicular to that edge ; so that the 
effect of diffraction is, to bring every oblique transversal into a position 
more nearly parallel to the diffracting edge. But it has been shown by 
the experiments of Professor Stokes, that the effect of diffraction upon 
every ray of light polarised in a plane oblique to the diffracting edge, is to 
bring the plane of polarisation into a position more nearly perpendicular to 
the diffracting edge. Therefore, the transversal of a ray of plane-polarised 
light (which, if light consists in linear vibratory movement, is the direction 
of vibration) is perpendicular to the plane of polarisation. 

Hence it follows, that, in a crystalline medium, the velocity of light 
depends simply on the direction of the transversal characteristic of the 
movement propagated, and not on the direction of propagation. 

This conclusion is opposed to the laws of the propagation of transverse 
vibrations through a crystalline elastic solid, or through any medium in 
which the velocity of propagation depends on elasticity varying in different 
directions. Therefore, the velocity of light depends on something not 
analogous to the variations of elasticity in such a medium. 

To solve this difficulty, the author of this paper some time since 
suggested the hypothesis, that the luminiferous medium consists of particles 
forming the nuclei of atmospheres of ordinary matter ; that it transmits 
transverse vibrations by means of an elasticity which is the same in all 
substances and in all directions; and that the variations in the velocity of 
the transmission of vibrations arise from variations in the atmospheric load, 
which the luminiferous particles carry along with them in their vibrations, 
*PhUo8op7iical Magazine, August, 1853. 
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and which is a function of the nature of the substance, and, in a crystalline 
body, of the direction of vibration. 

But although this hypothesis removes the inconsistency just pointed 
out as existing within the theory itself, it leaves undiminished the 
difficulty of conceiving a medium pervading all space, and possessed of an 
elasticity of figure, at once so strong as to transmit the powerful energy 
of light with its enormous velocity, and so feeble as to exorcise no direct 
appreciable effect on the motions of visible bodies. 


Section II. — Statement of the Proposed Hypothesis of 
Oscillations. 

The hypothesis now to bo proposed as a gi’oundwork for the undulatory 
theory of light, consists mainly in conceiving that the luminiferous 
medium is constituted of detached atoms or nuclei distributed throughout 
all space, and endowed with a peculiar species of polarity, in virtue of 
which three orthogonal axes in each atom tend to place themselves 
parallel respectively to the corresponding axes in every other atom ; and 
that plane-polarised light consists in a small oscillatory movement of each 
atom round an axis transverse to the direction of propagation. 

Such a movement would be transmitted through such a medium with 
a velocity proportional, directly, to the square root of the total rotative 
force exercised by the luminiferous atoms in a given small space, upon 
those in a given adjacent small space lying in the direction of propagation, 
in consequence of a given amount of relative angular displacement round 
the axis of oscillation 3 and inversely, to the square root of the sum of 
the moments of inertia round the axes of oscillation of the atoms contained 
in a given space, loaded with such portions of molecular atmospheres 
surrounding them as they may carry along with them in their oscilla- 
tions. 

Then, denoting by 

hy the velocity, in a given direction of plane-waves, of oscillation round 
transverse axes parallel to a given line; 

C, a coefficient of polarity or rotative force for the given directions of 
propagation and of axes ; 

M, a coefficient of moment of inertia for the given direction of axes; 
the above principle may be represented by this equation, 



The coefficient of polarity in question is proper only to an axis of 

♦ 
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traQflverse to the direction of propegatioa To account for the 
stability of direction of the axes of the atoms, and also for the non-appear- 
ance, in , ordinary cases, of phenomena capable of being ascribed to 
i oscillations round axes parallel to the direction of propagation, it is 
necessary to suppose the corresponding coefficient for the latter species of 
oscillations to be much greater than the coefficient for transverse axes of ^ 
oscillation. 

It is evident, that how powerful soever the polarity may be which is 
here ascribed to the atoms of the luminiferous medium, it is a kind of 
force which must be absolutely destitute of direct influence on resistance 
to change of volume or change of figure in the parts of that medium, or of 
any body of which that medium may form part ; and that, consequently, 
the difficulty, which in the hypothesis of vibrations arises from the 
necessity of ascribing to the luminiferous medium properties like those of 
an elastic solid, has no existence in the hypothesis of oscillations now 
proposed. 

The luminiferous atoms may now be supposed to be diffused throughout 
all space, and, as molecular nuclei, tliroughout all bodies ; the distribution 
and motion of their centres being regulated by forces wholly independent 
of that species of polarity which is the means of transmitting a state of 
oscillation round those centres. 


Section III. — Of the Diffraction of Plane-polarised Light, and the 

Eelation op Axes of Oscillation to Planes of Polarisation.^ 

In the diffraction of an oscillatory movement round transverse axes past 
the edge of an obstacle, a law holds good exactly analogous to that 
demonstrated by Professor Stokes for a transverse vibratory movement, 
substituting only the axis of oscillation for the direction of vibration — that 
is to say : 

The direction of the axes of oscillation in the dijfracted wave is the projection 
of that of the euxes of oscillation in the incident wave on a plane tangent to the 
front of the diffracted wave. 

Consequently, oscillations in the incident wave, round axes oblique to 
the diffracting edge, give rise to oscillations in the diffracted wave round 
axes m(yre nearly parallel to the diffracting edge. 

But the experiments of Professor Stokes have proved, that Eght 
polarised in a plane oblique to the diffracting edge, becomes, after 
diffraction, polarised in a plane more nearly perpendicular to the diffracting 
edge. 

Therefore, the axes of oscillation in plane-polarised light are perpendicular 
ta the plane of polarisation. 
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V Therefore, the velocity of transznissioii oscillations round transverse 
axes, through the luminiferous medium in a ciystalline body, is a function 
simply of the direction of the axes of oscillation. 

Now, if the variations of the velocity of transmission arose from 
variations of the coeflScient of transverse polarity (denoted by C), they 
would depend on the direction of propagation as well as upon that of the 
axes of oscillation, so that the plane of polarisation would be that which 
contains these two directions. Since the velocity of transmission depends 
on the direction of the axes of oscillation only, it follows that its variations 
in a given crystalline medium arise wholly from variations of the moment 
of inertia of the luminiferous atoms, together with their loads of extraneous 
matter. 

Consequently, the coefficient of polarity, C, for transverse axes of oscilla- 
tion is the same for all directions in a given substance. 

To account for the known laws of the intensity and phase of reflected 
and refracted light consistently with the hypothesis of oscillations, it is 
necessary to suppose, also, that this coefficient is the same for all substances; 
so that the variations of the velocities of light, and indices of refraction for 
different media, depend solely on those of the moments of inertia of the 
loaded luminiferous atoms. 

There is reason to anticipate, that, upon further investigation, it will 
appear that this condition is necessary to the stability of the luminiferous 
atoms. 


Section IV. — Of the Wave-surface in Crystalline Bodies. 

Let the axes of co-ordinates be those of molecular symmetry in a 
crystalline medium. 

Let Mj, Mg, M3, be coefficients proportional to the moments of inertia of 
the luminiferous atoms with their loads of extraneous matter, round axes 
parallel to a;, y, respectively. 

Let r be a radius vector of the diverging wave-surface in the direction 

(«» A y)- 

. Then the equation of that surface for polar co-ordinates is, 

cos®o-f (Mg-I-Mi) cos®/8-l-(Mi-f M2)cos®y} 
+^{M2 Mj cos* o-fMg cos*^ Mj cos* y} = 0 ; 
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sml for rectangnlar co-ordinates, 

i (x* + 3^ + 2*) • (Mj Mg -I- Ms Ml ^ -I- Ml Mg «*) 


-i {(MgH-M3)a^-KMg-i-Mi)2^-f (Mi-fMg)a^} =1. 

The above equations are exactly those of Fresners wave-surface, with 
the following semi-axes: — 


Directions. 

Semi-axes. 



1 

fc 

"A 

VMg’ V 

Mg’ 


/c 

fC 


VMg’ a/ 

M/ 






'Mg’ 


the squares of the semi-axes of the wave-surface along each axis of 
co-ordinates being inversely proportional to the moments of inertia of the 
loaded luminiferous atoms in a given space round the other two axes of 
co-ordinates. 

The plane of polarisation at each point of the wave-surface is perpen- 
dicular to the direction of greatest declivity. 

The equation of the index-surface, whose radius in any direction is 
inversely proportional to the normal velocity of the wave, is formed from 
that of the wave-surface by substituting respectively. 


for 


C, 

1 

C’ 


1 1 1 


M/ 

Mg’ 

M 

Ml, 

Mg, 

M. 


These equations are obtained on tlie supposition that the coefficient of 
polarity for axes of oscillation parallel to the direction of propagation, 
(which we may call A), is either very large, or very small, compared with 
that for transverse axes. By treating the ratio of these quantities as 
finite, there is obtained an equation of the sixth order, representing a 
wave-surface of three sheets, differing somewhat from that .of the propaga- 
tion of vibrations in an elastic crystalline solid ; inasmuch as the former 
has always three circular sections, while the latter has none, unless it is 

A 

symmetrical all round one axis at least. By increasing the ratio ^ 
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without limit, this equation is made to approximate indefinitely to the 
product of the equation of FresneFs wave-surface by the following — 

which represents a very large ellips<^dal wave of oscillations round axes 
parallel to the direction of propagation. 


Section V. — Qf Reflexion and Refraction. 

According to the proposed hypotliesis of oscillations, the laws of the 
phase and intensity of light reflected and refracted at the bounding 
surface of two transparent substances, arc to be determined by conditions 
analogous to those employed in the hyjxdliesis of vibrations by M. Cauchy 
and Mr. Green, They are the consequences of the principle, that if wo 
have two sets of formula' expressing the nature am I magnitude of the 
oscillations in the two substances respectively, then cither of those 
formulae, being applied to a particle at the bounding surface, ought to give 
the same results. 

According to this pi'inciple, the folloAving six quantities for a particle 
at the bounding surface must be the same at every instant, when computed 
by either of the two sets of formuhe : — 

The three angular displacements round the three axes of co- 
ordinates, 

The three rotative forces round the same three axes. 

There is, generally speaking, a change of phase when liglit undergoes 
refraction or reflexion. It is known that we may express this change 
of pliase by subdividing each reflected or refracted disturbance into two, 
of suitable intensities and signs; one synchronous in pliase with the 
corresponding incident disturbance, and the other retarded by a quarter 
of an undulation. There are thus twelve (][uantities to bo found — viz., the 
amplitudes of the six components of the reflected disturbance, and tliose 
. of the six components of the refracted disturbance. To determine these 
quantities there are twelve conditions — viz., the equality at every instant, 
according to the formulse for either medium, of the total angular displace- 
ments, and of the total rotative forces, round each of the three axes of 
co-ordinates, for the set of waves composed of the incident wave and those 

synchronous with it, and for the set of waves retarded by one quarter ^ 
jam undulation. 



164 


AN OSCILLATORY THEORY QF LIGHT. 

The results of these conditions have been investigated in detail for 
singly refracting substances. 

The indices of refraction of such substances are proportional to the 
square roots of the moments of inertia of the loaded luminiferous atoms 
in a given space. Thus, if the coefficients M', M" are proportional to 
these moments in two given substances respectively, then the index of 
refraction of the second substance relatively to the first is . 


M = 



In the case of light incident on a plane surface between two such 
media, the axes of co-ordinates may be assumed respectively perpendicular 
to the reflecting surface, perpendicular to the plane of reflexion, and along 
the intersection of those two planes ; and oscillations round axes normal 
and parallel to the plane of reflexion may be considered separately. 

When the axes of oscillation are normal to the plane of reflexion — ^that 
is to say, when the light is polarised in that plane — the formulae for the 
intensities of the reflected and refracted light agree exactly with those of 
Fresnel. When the reflexion takes place in the rarer medium, the 
reflected light is retarded by half an undulation; when in the denser, 
there is no change of phase, unless the reflexion is total, when there is a 
certain acceleration of phase depending on the angle of incidence. In the 
last case, the disturbance in the second medium is an evanescent wave^ 
analogous to those introduced into the vibratory theory by M. Cauchy and 
Mr. Green — that is to say, a wave in which the amplitude of oscilla- 
tion diminishes in proportion to an exponential function of the distance 
from the bounding surface (called by M. Cauchy the modulus), and which 
travels along that surface with a velocity less than the velocity of an 
ordinary wave ; the square of the negative exponent of the modulus being 
proportional to the difference of the squares of those velocities, divided by 
the square of the velocity of an ordinary wave. 

This is an evanescent wave of oscillation round transverse axes. 

How large soever the coefficient of polarity for oscillations round 
longitudinal axes may be, an evanescent Tvave of such oscillations may 
travel along the bounding surface of a medium with any velocity, however 
slow, provided the negative exponent of the modulus is made large enough. 
Consequently, in framing the formulae to represent oscillations round axes 
parallel to the plane of incidence, we must introduce in each medium two 
such evanescent waves of suitable exponents and indeterminate amplitudes ; 
one travelling along the surface with the incident wave, and the other a 
quarter of an undulation behind it. The maximum amplitudes of oscilla- 
tion in these evanescent waves constitute four unknown quantities; the 
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amplitudes in the t jo ordinary reflected waves, and the two ordinary 
refracted waves, differing by one quarter of an undulation, constitute four 
more unknown quantities, making eight in all: four conditions having 
been fulfilled by the waves polarised in the plane of incidence, there 
remain to be fulfilled eight conditions — viz., the identity, as calculated 
by the formulas for the first and second substance respectively, of the 
foUowing eight functions at the boimili^g surface ; the angular displace- 
ment, and the rotative forces, round each of the two axes in the plane 
of incidence, for the incident wave, and the set of waves synchronous 
with it, and for the set of waves retarded by one quarter of an undula- 
tion. These conditions are sufficient to determine the unknown quantities, 
and to complete the solution of the problem. 

The following is a general statement of the results of the solution when 
the second medium is the denser. They agree with the results of the 
experiments of M. Jamin, and are, in every respect, analogous to those 
deduced from the hypothesis of vibrations by M. Cauchy, Mr. Green, and 
Mr. Haughton. 

Light polarised in a plane perpendicular to the plane of incidence, suffers 
by reflexion at a perpendicular incidence no alteration of phase. 

At a grazing incidence (or when the angle of incidence differs insensibly 
from 90®), the phase, like that of light polarised in the plane of incidence, 
is retarded by half an undulation. 

The variation of phase with the angle of incidence is, in fact, con- 
tinuous; but it is, generally speaking, not appreciable by observation, 
except in the immediate neighbourhood of an angle, called by M. Jamin 
the principal incidence, where the retardation of phase is a quarter of an 
undulation. 

This angle differs by a very small amount, appreciable only in certain 
substances, from the polarising angle, at which the intensity of light 
polarised in a plane at right angles to the plane of incidence is a 
min i miim. 

The “ law of Brewster,*’ that tlie tangent of the polarising angle is equal 
to the index of refraction, is, theoretically, only approximately true ; but 
the error is quite inappreciable. 

When the second medium is the less dense, the phase of the reflected 
light is half an undulation in advance of its value when the second medium 
is the denser. 

In either case, light polarised in planes perpendicular to the plane of 
incidence is less retarded — that is to say, is accelerated in phase — as 
compared with light polarised in that plane, according to the following 
table : — " 
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Perpendicular incidence, . 
Principal incidence, . 
Grazing incidence, . 


Angle of 
Incidence. 

o 

0 


. 90 


Relatiye 

^Acceleration. 

^ undulation. 
J undulation. 
0 


In the case of total reflexion, light polarised in planes perpendicular to 
the plane of incidence, has its phase more accelerated than light polarised 
in that plane, by an amount to which the formulae of Fresnel give a close 
approximation. 

The proposed hypothesis has not yet been applied to reflexion from 
doubly refracting crystals ; but there can be little doubt that it will be 
found to represent the phenomena correctly. 


Section VI. — Of Circular and Elliptic Polarisation. 

Light polarised in a plane oblique to the angle of incidence is, generally 
speaking, elliptically polarised after reflexion, the plane-polarised com- 
ponents of the disturbance being in different phases. 

According to the hypothesis of oscillations, circularly and elliptically 
polarised light, being compounded of oscillations in different phases round 
two transverse axes, consist in a sort of nutation of the longitudinal axis 
of each luminiferous atom. The direction ' of this nutation, and the form 
of the circle or ellipse described by the ends of the longitudinal axes, serve 
to define the character of the light. The ellipse of nutation has its axes 
in the same proportion with, but perpendicular in position to, those of the 
elliptic orbit supposed to be described by each atom according to the 
h3rpothesis of vibrations. 

The molecular mechanism by which certain media transmit right and 
left-handed circularly or elliptically polarised light with different velocities, 
is still problematical, according to either hypothesis. The laws of the 
phenomena, however, may be represented by means of the assumption^ 
that in the substances in question the extraneous load on the luminiferous 
atoms is a function of the direction of nutation. 


Section VII. — Of Dispersion. 

If we assume the extent of sensible direct action of ihe polarity of the 
luminiferous atoms to be appreciable, as compared with the length of a 
wave, the velocity of propagation (precisely as with the vibratory 
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hypothesis) is found to consist of a constant quantity, diminished by the 
sum of a series in terms of the reciprocal of the square of the length of a 
wave. 

It may be doubted, however, whether this supposition is of itself 
adequate to explain the phenomena of dispersion, and whether it may not 
be necessary to assume, also, that the load upon the luminiferous atoms is 
a function of the time of oscillation, as well as of the nature of the 
substance and the position of the axes of oscillation. 

In conclusion, it may be affirmed, that, as a matliematical system, the 
proposed theory of oscillations round axes represents the laws of all the 
phenomena which have hitherto been reduced to theoretical principles, as 
well, at least, as the existing tlieory of vibrations ; while, as a physical 
hypothesis, it is free from the principal objections to which the hypothesis 
of vibrations is liable. 
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IX:~ON THE VELOCITY OF SOUND IN LIQUID AND SOLID 
BODIES OP LIMITED DI|AENSIONS, ESPECIALLY 
ALONG PEISMATIC MASSES OF LIQUID. 

Introductory Eemarks. 

1. The velocity of sound in elastic substances of different kinds, solids 
liquid, and gaseous, has been made the subject of numerous and careful 
experiments, most of which are well known. The object of this investi- 
gation is to determine to what extent our present knowledge of the 
condition and properties of elastic bodies, and of the laws of elasticity, 
enables us to use those experiments as data for calculating the elasticity 
of the materials ; and, also, to point out circumstances which, so far as I 
am aware, have been insufficiently attended to, if not altogether overlooked, 
in previous theoretical researches, and which must limit our power of 
drawing definite conclusions from those experiments, until our knowledge 
of molecular forces shall bo in a more advanced state. 

2. If it were possible for us to ascertain by experiment the velocities 
of transmission of vibratory movements along the axes of elasticity of an 
indefinitely extended mass of any substance, wo could at once calculate 
the coefficients of elasticity of that material ; for in such a mass we can 
assign the direction of vibratory movement corresponding to each given 
direction of transmission, and consequently the nature of the molecular 
forces which are called into play, and -whose intensity is indicated by the 
velocity of transmission. In an uncrystallised medium, for instance, the 
direction of vibration must cither be exactly longitudinal or exactly 
transverse with respect to the direction of transmission, so that we can 
calculate from the velocity of transmission the longitudinal or the transverse 
elasticity, as the case may be. In a crystalline medium having rectangular 
axes of elasticity, the directions of vibration, though not always exactly 
longitudinal or transverse, unless the direction of transmission coincides 
with an axis, have still certain definite positions. 

3. It is only in air and water, however, that such experiments are 
possible. For other substances, the best experiments which it is prac- 
ticable for us to make, are those upon the transmission of nearly longi- 
tudinal vibrations along prismatic or cylindrical bodies. Were we able 

* Bead before the British Association at Ipswich, July 3, 1851, and published in the 
CaimJbridge and Dublin MathematkeU Journal^ Nov., 1851. 
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to ensure that the vibrations of those prisms and cylinders should be 
exactly longitudinal, we might compute from their velocity of transmission,, 
as from that of such vibrations in an unlimited mass, the true longitudinal 
elasticity. This we can do for gaseous substances, as M. Wertheim haa 
proved {Ann. de Chim. et de Phys., S6r. III., tom. xxiii.), by making the 
orgampipes in which they vibrate of proper construction. 

In liquid and solid columns, on the other hand, it is impossible to * 
prevent a certain amount of lateral vibration of the particles, the effect 
of which is to diminish the velocity of transmission in a ratio depending 
on circumstances in the molecular condition of the superficial particles,, 
which are yet almost entirely unknown. 

4. It has, indeed, been sometimes supposed, that the coefficient of 
elasticity, as calculated from the vibrations of a solid rod, is that called 
the weight of the modulus of elasticity — that is to say, the reciprocal of the 
fraction by which the length of a rod is increased by a tension applied 
to its ends of unity of weight upon unity of area; that coefficient being 
less than the true coefficient of longitudinal elasticity, because the lateral 
collapsing of the particles enables them to yield more in a longitudinal 
direction to a given force, than if their displacements were wholly 
longitudinal. 

This conjecture, however, is inconsistent with the mechanics of vibratory 
movement; and, accordingly, experiment has shown that the elasticity 
corresponding to the velocity of sound in a rod agrees neither with the 
modulus of elasticity, nor with the true longitudinal elasticity; although 
it is, in some cases, nearly equal to the former of those quantities, and in 
others to the latter. 

5. In liquids, it has been shown by the experiments of M. Wertheim 
{Ann. de Chim. et de Phys., S^r. III., tom. xxiii.), that the velocity of sound 
in a mass contained in a trough, and set in motion through an organ-pipe,, 
bears to that in an unlimited mass the ratio of ^2 to 3. This has led 
him to form the conjecture, that liquids possess a momentary rigidity 
for very small molecular displacements as great in comparison with their 
other elastic forces as that of solids. This conjecture, paradoxical as it 
may seem, would indeed be necessary to account for the facts, if the 
supposition I have already mentioned were true, that the velocity of 
sound in a rod depends upon the modulus of elasticity. I shall show, 
however, in the sequel, that if we suppose that at the free surface of 
every mass of liquid, an atmosphere of its own vapour is retained by 
molecular attraction under certain conditions of equilibrium, the ratio 
^ 2 : ^3 between the velocities of sound in a prism and an unlimited 
mass, is a consequence of the equations of motion in all cases in which 
the liquid has any rigidity whatsoever, even although so small as to be 
insensible by any means of observation; so that the supposition of a 



m LIQUID AND SOLID BODIES. 

xigidify for small displacements equal to that of solids becomes unnecte- 

sary. 

6. With respect to solids, all that theory is yet adequate to show us 

« that the velocity of sound along a rod must be less than in an unlimited 
ass, a conclusion in accordance with experiment. The precise ratio 
depends on properties of the superficial particles yet unknown. 


Oeneral Equations of Vibratory Movement in Homogeneous 

Bodies. 


7. Having now stated generally the objects of this paper, I shall 
proceed, in the first place, to the mathematical investigation of the integrals 
of the general differential equations of vibratory movement in homo- 
geneous bodies; because, although those equations have already been 
integrated by many mathematicians, it will be necessary in this paper to 
introduce functions into the integrals which have hitherto been almost 
totally neglected in such researches; having been applied only to the 
theory of waves rolling by the influence of gravity, to that of total 
reflexion, by Mr. Green (Camh. Tram,, Vol. VL), and by Professor Stokes 
to represent the gradual extinction of sound by its conversion into 
heat. 

8. Let g represent the accelerating force of gravity ; 

D the weight of unity of volume of a homogeneous substance, having 
orthogonal axes of elasticity whose directions are the same throughout 
its extent ; 

Aj, Ag, Ag, the coefl&cients of longitudinal elasticity for the axes of x, 
y, z, respectively : 

Bj, Bg, Bg, the coefficients of lateral elasticity ; and 

Cp Cg, Cg, those of rigidity for the planes of yz, zx, xy, respectively ; 

5, ij, the displacements of a particle parallel to x, y, z, respectively. 

Then, it is well known that the differential equations of small vibratory 
movements are the following, when small quantities of the second order 
mre neglected : 


0 =(- 


D 

+ Ai 


g df 








+ (Bg + Cg) +(82 + 02)*^^ 


dx dy 


dz dx 


0 ; 


(--• 

\ a 


dt- 


a + Cg 




df 




)■ ■ (I) 
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+ (Bi + C03?|; + (B. + C.);‘*’' 


' dy dz ' ^ ^ dx dy 

n-/ » ^ ^ ^ A. n •^'\y 

~ ( g' ^^di/ ^^dzV ^ 

of which the integrals are 


( 1 .) 


^ = 2{Lj . < + ax + + y ,c; + k)} ' 

ri — ' 2 {Lc^<p(^t.t + ax + fiy + ys + k)} >■ . 

K = ^{L^<l>{i^£.t + ax + / 3 y + yz + k)}. ^ 


( 2 .) 


The form of the function ^ being arbitrary, subject to a restriction 
to be afterwards referred to, and S extending to any number of terms, 
the coefficients of whieh fulfil the following eonditions. Let 


0,1 = Aia2 + C.,yS-^ + C,y-= " 
co,= C,a^ + A^f^^^ + G,^ 
o,^ = C2 a^ d“ Cj 13 ^ d* A|i y“ 
Pi = (Bi + Ci)/3y 

Pi ~ (®2 + C!2) y « 

Ps — (®8 + ^3) “ 


(a.) 


Then the following equations must be satisfied by the coefficients of 
each set of terms in equation (2) ; 


0 = Li (wi — E) + Lg Pa + Lj p.^ " 

0 = Li Pa + Lj (<i>2 ~ I') + I's >■ ■ 

0 = L1P2 + L2P1 + L3 (Wg — E). ^ 


• ( 3 .) 


By elimination we transform those equations as follows : let 


G = wj + W2 + W3, 

H = WgWg + WjWi + Wi<i»2 — Pi — pi — pi, 


^ (b.) 


K _ Wj 0,2 Wj + 2pjp2pg — a>ipi — W2P2® — ^Spi- J 
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Then for each set of values of a, jS, y, E has three values which are 
the roots of the cubic equation, 

0 = E3-GE2 + HE~K; . . . (4.) 

so that has six values, three positive and three negative, of equal 
arithmetical amount. 

The absolute values of L^, L^, L3, are arbitrary, but their mutual ratios 
are fixed by the following equations : 

^1 { (^1 P^i P^s “ ^2 { (^2 P2 ““ Pz Pv 

:=iL3{(c.)3-E)p3-piP2}; 

consequently, they have in general three sets of ratios for each set of 
values of a, jS, y, corresponding to the three values of E. 

9. The condition that the motions of the particles of the body must be 
small oscillatiom restricts the variations of the displacements ij, C within 
certain limits. Now, as the time t increases ad infinitum^ this can be 
fulfilled only when each of those quantities is either a periodical circular 
function of or a function developable into a sum or definite integral 
of such functions. We may, therefore, make each of the functions 0 a 
trigonometrical function of t This being the case, those functions must 
be either trigonometrical or exponential with respect to Xy y, and Zy or 
compounded of both, being trigonometrical so far as a, ^8, y, are real, 
and exponential so far as they are imaginary. 

If we suppose each of these coefficients to consist of a real and an 
imaginary part, then each of their functions which enters into the equations 
of condition, will also consist of a real and an imaginary part. Each of 
the equations of condition thus becomes divided into two, which must be 
separately satisfied. 

Thus we arrive at the following results : 

For the symbol 0 { }, put e2«*V-l { } ; so as to make &c., trigono- 
metrical with respect to /. Let X be a line of such a length that 

-f i2 + = 1, 

a = i 1), 

y = ^(+c- c'a/- = 



and let 
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also, let 

I/j ~ I + ^ ^2 — w* + JM ~ If Ijj = w + n — 1 j 

so that the displacements become 


£■ _ 


S{(Z + lV-l)e^ 


■* {a'a:+6'y+c's± V -1(V«. t-ax-hy-cz)} 


( 7 ) 


HI = '2, {terms in m, m'}, Z = 2. {terms in n, n'}. 

Let the quantities in the equations of condition bo thus represented ; 


P'i>/- 1. ; Pi = ?i ± '/iV- ; 

G = fl±i 5 V-i; H = &± 6 V-i; K = li±hV-i- 


The equations of notation now become 

= Aj (a 2 _ a' 2 ) + C 3 (62 _ i' 2 ) + 0^(02 _ c' 2 ) 

p, = C3 (a2 - a'2) + A3(62 - 6'2) + C,(c2 - c'2) 

^>3 = C3 (a2 _ «'2) + 0,(62 _ 6'2) + A3 (c* - c'2) 

9l = (B^ + C,){bc-b'c') 

q^ = {B^ + a^{ca-c'a') 

q3 = (^3 + C,){ab-a’b') 

pI — 2 (A, a a' + C 3 6 6 ' + C 2 c o') 

p^ = 2 (C 3 a a' + A 26 6 ' + C, c o') 

j» 3 ' = 2 (Og a a' + C, 6 6 ' + A 3 C c') 

y,' = (B, + C,)( 6 c' + 6 'c) 

3'2' = (®2 + C2)(c“' + c'») 

y 3 =(B 3 + C 3 )(a 6 ' + a' 6 ) 

*D „ , , 

— = E as before, or £ = ' 

9 D 

0 =Pi +P2 +P3. 0' =Pi' +P2 +P8 

& =P2Ps +P 8 P 1 +PiPi - - •Iz 

-P 2 P& -PzP{ -PiPi + 9x^ + 92^ + 9&^ 

=P2Pz +P 2 PZ +PzP{+PzPi + Pi. Pz +P 1 P 2 

-^9i9i-^929z-^9z9z 

k =PiPiPz + 2 ?i q^qz -Pi -P29 z^ -P z9i 


Kc) 
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-PlP2Ps-PlP2P»-Pl'P2Ps '] 

“ ^ (?i 92 9i92 9s + 9i 92 ft) 

+Pi9i'^+P2 92'^ + Ps ft'^ + 2 (Pi' gi 9/ +P2 92 92 +Ps 9s 9s) 
K'=KKK + ^9i92 9s-Pi9i^-P2 92^-Px9s'^ 

-P1P2P3 -P1P2P3 -P1P2P3 
- 2 (ft'ft ft + ft ft'ft + ft ft ftO 
+Pi 9 i+P 2 92^ +Kft* + 2 ft ft' + ^>2 ft ft' +P39s ft')- 

Also, let 

= {Pi - E) ft - Pi9i' - ft ft + ft'ft' 

I 2 = (/'2 - E) ft - i^/ft' - ft ft + ft'ft' 

l8 = (Ps - E) ft - Kft' - ft ft + ft'ft' 

«i' = (i’i - E) 9i + Pi'ft - ft ft' - ft''?3 

*2 = (^^2 - E) ft' + P2 92 - ft ft' - ft'ft 

Is' = (Ps - E) ft' + Kft - ft ft' - ft'ft J 

Then the equations of condition relative to the coefficients become the 
following : — 

0 = E3-gE2+feE-h, . . . (8.) 

0 = 3'E2-^'E + k', .... (9.) 

+ l'x{= mti + m'x^- nXz + w'ts' ' 

, ' - . . (10.) 

lx{- I'Xx = mx^- m'x^ nXz - «'%. J 

The three original equations of condition are transformed into the 
following six, to which (8), (9), (10) are equivalent : — 



0 = l{py — W) + I'pI + 5 'g + m!<i^ + w ft + n'ft' 

0 = i'(ft - E) - lp{ + 7»'ft - mft' + w'ft - nq.l 

0 = Z gj + J!q{ + m {p.^ -- IS) + m'p^ + w + w'g/ 

0 = I'q^ - 1 93 + «i'(2^2 - E) - mp^ + w'g^ - nq^ 

0 = lq^ + I'q^ + wjgi + m'q^ + »(y3 - E) + n'p^ 


■>v 

. (lOA.) 


0 = Vq^ - Iq^ + m'q^ — mq{ + n\p^ ~ E) - J 


To give an intelligible result, the terms of the series in equation (7) 
must be taken in pairs, with the imaginary exponents in each pair of 
equal arithmetical value and opposite signs/ 
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S = S I e ^ I Z. cos -^(v « A-^ax — ly — cz) 

, . 2 TT . , y \ ) *1 h 

+ Z .sin— (^€.Z — aa; — — c<:) IJ 

jj = S {terms in m, m'}, ^ = S {terms in ??, ?i'} 


The above equations (11), together with the equations of condition (8), 
(9), (10), or their equivalent (lOA), and the equations of notation (c), 
contain the complete representation of the laws of small molecular 
oscillations in a homogeneous body of any dimensions and figure ; it being 
understood that in the symbol of summation 2) are included as many 
definite integrations as the problem may require with respect to inde- 
pendent variables of which the coefficients X, /^£fa,h,c,a\h\c\lym,nfl',m\ 7 i'y 
are functions. 

As there are fourteen coefficients, connected by seven equations — viz., 
a^+h^ + c^=:l, and the six equations of condition, the gi^eatest number of 
independent#variables is limited to seven ; therefore, in the most general 
case, the symbol {...} in equations (11) may be replaced by 


% 0,, e,, 00 , 07 ) { • • tie,, iie,, (i 2.) 


0p &c., being variables of which the coefficients are functions, and F an 
arbitrary function.^ 

10. Let us consider the physical meaning of a single set of terms of 
the sums in equations (11), containing but one set of values of the 
coefficients. It represents a system of plane waves, the wave surfaces, 
or planes of equal phase, in wliich are normal to the line whoso direction- 
cosines are a, 6, c. X is the length of a wave measured along that line. 


t’—ax^ hy—‘Cz) + ihn~'^ 

A i 

— (^6. Z — ao; — Jf/ — c,^) + tan ''^ > 
A ^ ^ 

. Z — — c^) + tan"’^ ^ 


are the 
2 )hases of 
vibration 
for 


■< V, 

C 


*To make the functions in equations (11) satisfy the conditions of equilibrium, 
instead of those of oscillation, it is only necessary to make i =0, and to substitute 
h = 0,fe' = 0, for equations (8) and (9). Some additional functions, however, are necessary 
in order to complete the values of & n, t 
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ts/t ^ normal velocity of prop^ation, ^ is the periodic 

'time of an oscillation of a particle 




and the corresponding expressions in m and n are the semi^amplitudes of 
vibration parallel to Xj y, s', respectively ; a', 6', c\ are proportional to the 
direction-cosines of a normal to a series of planes of equal amplitude of 
vibration. 

The trajectory of each particle affected by a single series of plane 
waves is in general an ellipse, the position and magnitude of which are 


found as follows. 


Let <j)Q denote the value of 


27r 

X 




which makes the total displacement j^{l^ + a maximum or 

minimum. It is easily seen that 


where 


tan^ = -^-± +*-), , . . (13.) 

~ It + mm! + nn' 


The values of calculated from by equations (11), are the 

co-ordinates of the extremities of the axes of the elliptic trajectory, referred 
to the natural position of the particle as origin. 

The processes of summation and definite integration denote the repre- 
sentation of an arbitrary manner of oscillation by the combination of a 
definite or indefinite number of systems of plane waves. 


Case of an Indefinitely Extended Medium. 

11. Let the medium, in the first place, be supposed to be indefinitely 
extended in all directions. This case having been thoroughly investigated 
by MM. Poisson, Cauchy, Green, MacCullagh, Haughton, Stokes, and 
others, I shall give merely an outline of the general results. The condition 
that the motion shall consist of small oscillations, here makes it necessary 
that the exponential factor in the displacements should in all cases be 
equal to unity, and therefore that 


a' = 0 ; J' = 0 ; e — 0; 
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and} conseqiiently, each of the accented symbols in eqwtiona (c) ss 0. 
Equation (9) vanishes, and the normal velocity of propagation for each 
set of direction-cosines a, 6, c, has, generally speaking, three values, corre- 
sponding to the three values of E, roots of equation (8). Equations (10) 
become 

Z : m : 71 : : r : m' : : : - : ~ , . . (14.) 

^1 ^2 ^3 

consequently, the phases of ty, 2^, arc simultaneous; so that a/ (P- fZ'^), 

are proportional to the direction-cosines of a 
rectilinear vibratory movement of the semi-amplitude ^(P+Z'®+m^-f m'* 
which cosines have in general three sets of values corresponding 
to the three values of E. It is easily shown that those tlireo directions 
are at right angles to each other. The number of coefficients being in 
this case reduced to eleven, connected by six equations — viz., J®+c^= 1, 

equation (8), and the proportional equation (14), which is equivalent to 
four, the greatest number of definite integrations in the operation (12) 
is restricted to five. 

Thus it appears that the velocity of transmission of vibratory movement 
through an indefinitely extended mass, has a set of definite values, not 
exceeding three, for each position of plane waves. When the direction 
of propagation coincides with an axis of elasticity, wo find those values 
to be : 


(15.) 


For 

vibrations 

parallel 

to 

Velocity of propagation along 

X . . 


V(%0 


y • • 

V(¥) 

V(¥) 


z . , 


m\ 



When the substance is equally elastic in all directions, we have simply, 
Velocities of propagation in any direction for longitudinal vibrations 
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For transverse vibrations, in any direction perpendicular to that of 
propagation, 

V®- 

Hence, experiments on the velocity of sound in an indefinitely extended 
mass, or one so large as to be practically such, afford the means of directly 
calculating the coefficients of elasticity. 


General Case of a Body of Limited Dimensions. 


12. It is not so, however, in a body of limited dimensions; for the 
coefficients a', h\ c\ in the exponents of the exponential factors, are no 
longer necessarily null, but have values which must depend on the mole- 
cular condition of the external surface of the body, and on the forces 
applied to it. The velocity of propagation is no longer a function of the 
direction-cosines a, J, c, alone, but also of the coefficients a\ b\ c'. It 
has in general but one value, corresponding to the common root of the 
equations (8) and (9). By substituting successively the two roots of 
equation (9) — ^vLz., 



for E in equation (8), the latter is converted into two alternative equations 
between the six quantities a, 6, c, a\ h\ c', showing the relations they must 
have in order that equations (8) and (9) may have a common root. 
In the only particular problems, however, of which I shall here give the 
solutions, those relations are obvious without going through that process, 
for they belong to a class of cases in which the three quantities g', J', 6'> 
have a common factor; which being made = 0, the necessary conditions are 
fulfilled. 

It is obvious that in all cases the effect of the coefficients a\ b\ c\ is 
to diminish the velocity of propagation. 

13. The following are the values of the three components of the velocity 
of a particle : 




^{a'x + b'y + c'z) 

o ^ 


—lam~{^tJ—ax—by—cz) 
+ I' cos ^ (^£ . / — — Jy — ca) j- ^ 


^=2 {tenns ^ = 2 {terms in », «'}. 

di dt 


Wl6.) 
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The strains, or coefficients of relative molecnlor displacement, are as 
follovrs : 


Along 


dx 




27r ^(a'«+&'2/+c'2) 


Longitudinal Straim, 

(la' — I'a) cos J—ax--bij^cz) 

+ (la + I'a) sin “ . t—ax^ hy^cz) j- ^ 


dn 


= S {terms in (m h' — m &), (mb + m' b ') } 


dZ 


j^ = 2{terms in (nc—n'c), (nc+7ic)} 


. (17.) 


Ia the 
plane 

yr. 


zx 


xy 


Distortions 


“-(a'a;+6'2/+c's) 


Tz^dy'^^Lx'' 

I (mc'—m'c +nb' — n'b) cos c.:) 

+ (mc +m'c'+nb +7ib') sin —(^c. t’-ax—hy—cz) j- Jj 

~“+^=2 (terms in (na'--n'a +lc' — l'c), 

r/\\ 


h (17A.) 


(na +7i'a +lc+rc)} 
[Ib'^^l'b +ma' —m'a) 
(lb +l'b'+ma +m'a')] 


“+^=2{terms in (Ib'^-l'b +ma' —m'a), 


The pressures on the co-ordinate planes, arising from those strains 
(using the notation of my paper on the Laws of Elasticity, Cambridge and 
Dublin Malhematical Journal, February, 1851), are the following : — 


On 


Normal, 
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r2ir ^{a;3>+h'y-^de) C / 

= - 2| ^ I -Va) 


\ 2 TT 

+ B 3 (m 6 ' — m'h) + B 2 (mc' — n'c)j . cos — (/^/e* t — ax — hy — cz) 

+ {kSa + Ta') + 

sin ~(,^£. i — aa: — 6y — cs) j- J . . (18.) 

« 

The other normal pressures are found by substituting symbols accord- 
ing to the following table : — 


Plane. 


Pressure. 

Coefficients. 

yz 

• • 

. p, . . 

. A„ 

®2> 

zo: 


1*2 • • 

• B3, 

A B 

xy 


. P, . . 

. B., 




Tangential Pressures. 


Plane of 





Distortion Along 

On the plane 




'y 

xy\ 

ZX) 

Qi — 

<^g)l 


zx j 

1 

1 X 

xy) 

Q2=- 


^ ( 18 A.) 

xy j 

1 X 

ly 

zx\ 

yz) 

Q3 ~ — 

(dK dri\ 
dx) ^ 



Case of an Uncrystallised Medium. 


14. I shall now take the particular case of an uncrystallised medium, 
in which the coefficients of olasficity are the same for all axes, and may 
be represented thus : — 


rigidity = 0 ; fluid elasticity =: J j 
longitudinal elasticity A = 3 C + J, 

lateral elasticity B = 04-J = A — 2 C. 
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The position of the axes being in this case arHtrary, I shall take the 
direction of propagation as the axis of a;, so as to make 

a = 1, J = 0, c = 0. 


To fulfil the condition that equations (8) and (9) shall have common 
roots, we must make 



being in this case a common factor of g', fjf, fe'. 
The equations of notation (c) now become 


= A- C(6'2 + c'2) 

^J2 = -Ai'2 + C(l -c'2) 

^ 3 =r- Ac'-^ + C(l - h'-) 

?i = -(A-C)&V; = <?3 = 0 

Pi'= 0; p-2 = 0; Ps = 0 

q'= 0- q'= (A - cy; .j'= (A - C)//; 

g =(A+2C)(l-i»'2-0 

= (2 A C + C2)(l - P - cT 
ft =AC2(1 
g' =0; i'= 0 ; k '=0 
fl = CPi l^)?! + ffa S's » 1^2 “ 1^3 ~ 

ti =0; - E)22'- 23 I3 (pj- £>23'- ^ 


Hence it appears, that for an uncrystallised medium, equation (8) has 
three roots, viz., — 

one root . . E A(1 — 6'^ — c'^), 

two equal roots, each E = C (1 — 6'^ — c^). 



So that the velocity of propagation is less than that in an unlimited mass, 
in the ratio ^(1 — 6'^ _ ^'2) ; i. Equation (9) disappears. 

Equations (10) become 


= m'X2 == n%' 

— = mta' = nX^ 

7 , , 7, 111 

I \ m :n :: — I : m : n — 

n ^2 r 3 > 


• ( 20 .) 
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Equations (lOA) become 

0 = Z (pi — E) + + »'?/ 

0 = Z'Oi — E) — mg^' — »?/ 

0 = 1%' + m(jJi-E)+nqi 
0 = — lq^' + m:{Pi-E)+n’qi 

0 = Z'j/ + + m(P5 - E) 

0 = -lq^' + m'qi + - E) ^ 

16. It may be shown that the vibrations corresponding to the roots 0 
( 1 — .j' 2 — cannot take place in a body of which the surface is free, 
unless b' = 0 , c' = 0 , in which case they are reduced to ordinary transverse 
vibrations. (See Appendix^ No, IL) 


Nearly-longitudinal Vibrations in an Uncrystallised Medium. 

16. For the present, therefore, I shall confine the investigation to 
the root 

corresponding to the velocity of propagation 

= VI d’<* • • W 

The vibrations to which this root is applicable may be called marly-longi- 
ttidinal; because in them the longitudinal component predominates, and 
their velocity of transmission is a function of the longitudinal elasticity A. 
This value being substituted for E in the expressions for r^, &c., gives 


n' = c'l'. I ■ ' 


m = 
m 


Which values being substituted in equations (11), (16), (17), (18), give 
the following results : — 

For brevity’s sake, let 

# = 2 I (Z' cos 0 -■ Z sin ^) I . 


also, let 
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Then Uie displacements are : 


S = 2 (I cos tp + r sin p)} = 

i{ — ^ {b' Q' cos <f> — I sin ^)} = 

^ = 2 {e' (V cos 0 — Z sin 0)} = ^ 


- (23.) 


The velocities of the particles arc : 

= 2 I Q' cos 0 — Z sin 0) j- 

^ = _ cos + i>)} 

^ = - 2 1 ^ ^6 . c'e’^ (Z cos 0 + Z' sin 0) I 

The longitudinal strains : 

~ = — 2 1 ^ (r cos 0 — Z sin 0) j- 

= 2 { e'*' (Z' cos 0 - Z sin 0) } 

^ = 2 1 ^ c'2 e'^ (Z' cos 0 - Z sin 0) | 

The total change of volume : 


The distortions : 


( 25 .) 



jS* VELOCITY OF BOUND IN LIQUID AND SOLID BODIES. 
The pressures due to the displacements are as follows : 


Normal Pressures. 


Pi = 2^^6'»'{A(l-5'2_c'2) + 2 C( 6 ' 2 +c' 2 )}(r cos^-Z sin 
Pg = ^1^^ e* {A(l — c'2) — 2 C(1 — c'^)}Q' cos tj»—l sin 
Pg = 2[^’!^6’^{A(l-6'2-c'2)-2C(l-y2)}(rcos0-Zsin 



The tangential pressures Q^, Q 2 , Q 3 , are found by multiplying the 
ilistortions by — C. 

Let E^, Eg, Eg, be the three components of the pressure exerted by 
the particles of the body, in consequence of the molecular displacements, 
at any part of its external surface, the normal to which makes with the 
axes the angles «, j 8 , y. Then 


Ej = Pj cos a + Qg cos ^ + Qg cos y 
Eg = Q3 cos a + Pg cos j8 + Qi cos y ^ 
Eg = Qg cos a + Qi cos j8 + Pg cos 7 ^ 


. (27.) 


Should there be any surface along which the particles are constrained 
to slide, it is obvious that at that surface the following condition must 
be fulfilled : 

0 = 5 cos a + ri cos + 5 cos 7 ; 
or if =/(jc, y) be the equation of the surface, 

_ u d' Zf d <4'-i ^ 

»=«*+’> j/-'- 


y ( 28 ) 


Were we acquainted with the laws which determine the superficial 
pressures in vibrating bodies, equations (27) would enable us to determine 
the values which b' and c' must have, in virtue of those laws, during the 
transmission of sound in a limited mass of an uncrystallised material, 
and thence the ratio V(1 — : 1, in which the velocity of sound in 

.such a body is less than in an unlimited mass of the same materiaL 
Those laws, however, are as yet a matter of conjecture only. 


Transmission of a Definite Musical Tone. 

17. When the body transmits one or more definite musical tones (which 
is the case in all experiments capable of yielding useful results), the 
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velocity of propagation must be the same for all the elementary vibrations 
into which the motion may be resolved: that is to say, 1 — 5'*— must 
have the same value in all the terms of the sums 2. This affords the 
means of simplifying the equations. Let 

5'2 ^ = A2 • b' = Ii cos 6; c' = h sin 6 ; 

*■ 

h being the same for all the terms in the sums 2. Then the velocity of 
propagation is 


and this factor may be removed outside the sign of summation. 

2 ^ 

When but one musical tone is transmitted, the factor also may be 

removed outside that sign, and for 2 { } may bo substituted a definite 
integration, 


F Q being arbitrary. 
We have also 


2/F0 { . . .}de, 


2* 




1i(y cos ^ + s sin fi) 


. (30.) 


in which -y’ A, y, and are independent of 0, and may be treated as 

A 

constants in the definite integration. 

Introducing these modifications into equations (23), &c., we find 


$ = A cos 0 - Z sin il,)^/e^Fede 

J TT 


Displacements. 

£ = (Z cos 0 +Z' sin 0) 2y'(?>^ F 0 rZ 0 

ri = (Z' cos 0 — Z sin 0) . 2^ cos 0 F 0 (Z 0 

^ = (Z' cos 0 — Z sin A . 2y* sin 0 F 0 (Z 0 


y m 


Velocities of the Particles, 

^ = coa4,-lBmil,)'2/e'^Fed9 

^ ^ ^ e. (Z cos ^ + Z' sin A. Sy cos 6e'^ F0d6 
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^ __ 

dt ~ \ 


^"’^«.(/cos^ + /'sin^)A.S/8in6e'^r0d0 '] 


Longitudinal Strains. 


d^ 


= - ^(r cos 0 - Z sin 0) ■^/e'^YBdQ 


dx X 


^ = ^(r cos 0 - /sm^)A^Vcos’’0e'^F0(Z0 
4? = ^rrcosA-Zsin A)A^2/sin“ee'^Ffl<ift 


Cvhk Dilatation. 


^ + ^ + 1^= -^(rco3^-/sm^)(l -h’^'2./d*¥ede. 

ux dy dz A 


Bxsimlims, 

~ 5 + ^ ^ (Z' cos ^ — Z sin A® 2/cos 0 sin 6 F 6 ^ 0 

cos A + r sin A) A2 /sin 0 e'^ F ed 0 
dx dz X ^ ^ ^ 

^ ^ ^ cos 0 + Z' sin 0) ASy'cos Qe^YOd 0. 

dy dx A 

Which, being multiplied by — C, give the tangential pressures 
Qi> Q 2 > Qs’ co-ordinate planes. 


Normal Pressures on the Co-ordinate Planes^ due to the 
Displacements. 

P = ^ Q' cos ^ Z sin if) {A (1 - A*) + 2 CA*} 2/e'^F 0 J 0 
A 

p2 = ■^(rcos^-/sin^)[{A(l -A“)- 2 0} 'S/e'^VBdB 


+ 2CA*2/sin*0e'^'F0rf0] 


P 3 = ^(rco8^-Zsin^)[{A(l -V)-2C}'Zfe'^'PBdB 

+ 2CA*S/coB*0e’^F0rf0]. J 
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Let Eg, R5, be the components of the pressure exerted by the body, 
in consequence of the molecular displacements, at a point of its surface 
normal to the direction (a, |8, 7). Also, let 

cos = sin a cos 
cos y = sin a sin 

so as to make x the axis of polar co-ordinates, and xy tlio plane from which 
longitudes ^ are measured. Then, 

Ej = Y [coso(rcos^ Zsin^) { A(1 - It?) + 2 C A'} l/e^FOdO 

- 2 sin a (Z cos ^ + Z' sin 0) C A :S /cos (0 - F 0 ^Z 0 ] 

Eg = — 2 cos a (Z cos 6 + r sill C A S/cos Oe^F OdO 

A 

+ sin a (Z' cos ^ — Z sin { cos ^ ^A (1 — Jr) — 2 F 0 (Z 0 

-f 2CA2Vsm0sin(0 - x)^'^F0rf0}] 

E3 = — 2 cos a (Z cos ([t + t sin (f) Ch '^/ sin 0 F 0 rZ 0 

+ 8ina(rcos^-?sin0) {sinx(A(l -A^) - 2 

— 2 C A^S/cos 0 sin (0 — -x) ® ®}] 

Let P' represent the normal pressure at the given point of the surface 
due to molecular displacements : then 

P' = Rj cos o + sin a (Rg cos x + ^3 x) 

= Pj cos^ o + ^2 ® X + ^3 X 

+ 2 Qj sin^ a cos x sin x + 2 Qg cos a sin a sin x 
+ 2 Q3 cos a sin a cos x 

= Y [(^" ^os 0 — Z sin { ^A (1 — A*) 

+ 2 C (A* cos» a - sin*a) ) S/c'^' F 0 e 

+ 2 C A» sin* a 2 / sin* (0 - x) e’^ F 0 0 } 

— 4 (Zcos^ 4 * Z'sin 0 )CAcosasina 2 /cos (0 •-^x)e^F OdB 
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Propagation of Sound by Nearly-longitudinal Vibrations along 
A Horizontal Prism of Liquid contained in a Eectangular 
Trough, investigated according to a Peculiar Hypothesis. 

18. I shall now suppose the vibrating body to be a rectangular 
horizontal prism of liquid contained in a trough of some substance so 
dense, hard, and smooth, that the jiarticles at the sides and bottom of the 
trough are constrained to slide along those surfaces, and that the vertical 
ends of the trough arc capable of perfectly reflecting a wave of sound 
travelling horizontally; so that the propagation of that wave may take 
place as if in a trough of indefinite length ; and I shall investigate the 
velocity of such a wave according to a peculiar hypothetical view of the 
molecular condition of the upper surface of the liquid. 

The axis of x being the horizontal axis of the trough, and parallel to 
the direction of propagation, let that of y be transverse, and that of z 
vertical. Let the middle of the bottom of the trough be the origin of 
co-ordinates, being its breadth, and the depth of liquid in it. 

The conditions to be fulfilled at the bottom are, when 


Let 


^ = 0, o = *1 TT, and x = 4 


2«' 


2/sin6e‘^r0d0 = 2/sin6e^ = O 

at the sides, when 

2 / = ± yp o = J TT, and X = 0 or TT. 

Let 

which conditions are fulfilled by making 

cos 0 = 0, sin 0 = ± 1, 

and putting for 2/ F 0 0 a summation of two terms in which the signs 
of the exponent are respectively positive and negative. 

Thus we obtain 




2 = (/ COS ^ + V sin \e ^ + g 

i, = 0 


Z = (I' cos 0 — Z sin (p)h\e ^ ^ e ^ 


2 2 
■hz 


) 


y ( 33 .) 
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IliB trajectory of each particle is an ellipse in a vertical longitudinal 
plane ; the motion being direct in the upper part of the ellipse, because 

the sign of ~ is the same with that of The axes are vertical and 

horizontal respectively, and have the following values : — 


Horizontal axis = 2 + O 




Vertical axis 


= 2^{P + P).h. 




so that the motion is analogous to that of waves propagated by gravitation, 
being entirely horizontal at the bottom of the trough, and elliptical else- 
where, the ellipse being larger and less eccentric as the height above the 
bottom increases. The ratio of the axes, however, instead of approaching 
equality as the depth of the trough increases (which is the case with waves 
of gravitation), approaches 1 : k 

19. To determine this ratio, upon which the velocity of sound along 
such mass of liquid must depend, I shall assume the following hypo- 
thetical principles respecting the state of the particles at the upper surface : 

First, That (as laid down in a previous paper, Cambridge and Dublin 
Mathematical Journal, February, 1851) the elasticity of bodies is due 
partly to the mutual actions of atomic centres producing elasticity both 
of volume and figure, and partly to a mere fluid elasticity resisting change 
of volume only, and exerted by atmospheres surrounding those centres ; 
and that the efiect of the mutual actions of the atomic centres in producing 
pressure is very small in liquids, and absolutely inappreciable in gases 
and vapours. 

Secondly, That every liquid maintains at its surface, by molecular 
attraction, an atmosphere of its own vapour, under these conditions — 
that the total pressures of the liquid and vapour, and also their fluid 
pressures, shall be equal at the bounding surface. (From this hypothesis 
I have already deduced the form of an approximate equation between the 
pressure and temperature of vapour at saturation.) The total pressure 
of the vapour on the liquid is sensibly equal to its fluid pressure ; the 
total pressure of the liquid on the vapour consists of its fluid pressure, 
and a pressure due to atomic centres ; the latter quantity must, therefore, 
be null. 

Thirdly, That the pressure of the vapour follows that of the liquid 
throughout its variations during the propagation of sound; so that the 
portion of the pressure of the liquid on the vapour, due to atomic 
centres, must continue null throughout those variations. 

Let (0 be the mutual pressure of the liquid and its vapour in a state 
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of restjthen oi+P' is their momentary mutual pressure during the passage 
of a wave of sound horizontally along the trough. The portion of K 
depending on the coeflScient of rigidity C being made = 0, we shall 
obtain an equation from which the value of h may be deduced. 

Making the proper substitutions in equation (3 2 A), viz. — 


2 IT , 


cos a = 0, sin a = 1, cos = 0, sin ^ ^ = ± A;s 

cos 0 = 0, sin 0 = ± 1, P 0 = 1, z — &c., 


we find 

( 2 «r \ 


The part of this depending on mere fluid elasticity, in which the liquid 
is followed by the vapour, is 


\dx dz) 

: (t) 4 - cos ^ — Z sin 0) . J (1 — A2)(c 





which, being subtracted, there remains for the part depending on atomic 
centres. 


2 TT 


0 = (Z' cos ^ — Z sin C (1 — 3 hP) 


Q 


jhZi 

^ +e 



Consequently, 


1 - 3 A2 0, or h - . 


(33.) 


is the equation of condition sought, arising from the state of the free 
surface; and this equation is independent of the amount of rigidity of 
the liquid, requiring only that it shall be something^ however small, while 
that of the vapour is null. 

It follows from this equation, that the velocity of propagation of sound 
along a trough of liquid of the density D, and longitudinal elasticity A, is 

or less than the velocity in an unlimited mass in the ratio of ^2 to ^3. 

20. This is precisely the result arrived at by M. Wertheim from a 
comparison of his numerous experiments on the propagation of sound in 
vrater at various temperatures, from 15° to 60° Centigrade, in solutions of 
various salts, in alcohol, turpentine, and ether {Ann. de Chim., S6r. m., 
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tom. xxiii.), with those of M. Qrassi on the compressibility of tho 
same substances {Compter Rendus^ XIX., p. 153), and with the experiments 
of MM. Colladon and Sturm on the velocity of sound in an expanse of 
water. 

M. Wertheim having given this comparison in detail, I shall quote one 
example only. 

The velocity of sound in an unlimited mass of water, at the temperature 
of 16® Centigrade, as ascertained by MM. Colladon and Sturm, was 1435 
metres per second. 

That of sound in water contained in a trough, tho vibrations of which 
were regulated by an organ-pipe, was found by M. Wertheim, at 15^^ 
Centigrade, to be 1173*4 metres per second. 

The ratio of the squares of those quantities is 0*6686 : 1, differing 
from f by 0*0009 only. 


Remarks on the Propagation op Sound along Solid Rods. 

21. I refrain from giving, in tho body of this paper, detailed investigations 
of particular problems respecting the propagation of sound along a solid 
prism or cylinder; for, in the present state of our knowledge of the 
condition of the superficial particles of such bodies, the conclusions would 
be almost entirely speculative and conjectural. 

I may mention briefly, however, the following general results. If 
we adopt for solids tho same hypothesis as for liquids, then the ratio of 
the velocity of sound in a rod of an uncrystallised material to that in an 
unlimited mass has the following values : 

For a rectangular prismatic rod, the lateral vibrations of the particles 
of which are confined to planes parallel to one pair of faces of the prism, 
but are perfectly free in other respects, the ratio is >^2 :^3, being tho 
same as for a liquid. 

For a cylindrical rod, the surface being perfectly free, the ratio has 
various values, from approaching the less value as the diameter 

of the rod diminishes, and the greater as it increases ad infinitum, {See 
Appendix^ No. L) 

22. These conditions, however, cannot be realised in practice; and 
the lateral vibrations being more or less confined by the means used 
in fixing the rods, we find that the ratio generally exceeds : >^3, 
and sometimes approaches equality. 

The following table illustrates this fact, I have selected, in the first 
place, the experiments of M. Wertheim on tubes of crystal (Ann. de Chim., 
IIL, tom. xxiii), because in them the coefiScients of elasticity and 
the velocities of sound were ascertained by experiments on the same 
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pieees of the mterial^ To these 1 have added a calcoktioii^ fo^ 
op a comparison of the experiments of M. Wertheim on the elasticity of 
Ibirass, with those of M. Savart on the velocity of sound in it, as being 
the only other data of the kind now existing from which a satisfactory 
conclusion can be drawn. 

The coefficients of longitudinal elasticity, calculated by myself from 
M. Wertheim's experiments, are extracted from my paper on elasticity 
in the Cambridge and Dublin Mathematical Journal for February, 1851. 


The quantities 


9 


for crystal are given as calculated by M. Wertheim. 


For brass I have used the following data : 

^ € = velocity of sound in brass rods ; mean of many experiments by 
M. Savart = 3560 metres per second. 

D = density, in kilogrammes per cubic ra^tre, 8395. 


TABLE. 


Crystal. 

Longitudinal 

Elasticity 

A 

Kilogrammes per 

g 

Kilogrammes 
per square 

Batio 

square millimetre. 

millimetre. 

1 - A* 

Tube No. 1, 

. . 5514*2 

5354-0 

0-970, 

„ „ ni., 

. . 5611*0 

6476-7 

0-976, 

„ „ IV., 

. . 6183*1 

5597-3 

0-905, 

V 

. . 6659*9 

5489-8 

0-824, 

Brass, 

. . 15625 

10847 

0-694. 


Concluding Remarks. 

23. The chief positive results arrived at in this paper may be summed 
up as follows: — 

(i.) In liquid and solid bodies of limited dimensions, the freedom of 
lateral motion possessed by the particles causes vibrations to be propagated 
less rapidly than in an unlimited mass. 

(il) The symbolical expressions for vibrations in limited bodies are 
distinguished by containing exponential functions of the co-ordinates as 
factors; and the retardation referred to depends on the coefficients of 
the co-ordinates in the exponents of those functions, which coefficients 
depend on the molecular condition of the body’s surface — condition yet 
imperfectly understood. 

(ill.) If we adopt the hypothetical principle, thM at the free mrface of a 
vibrating mass of liquid the normal pressure depending on the actions of alomk 
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€efUm is always null, then we deduce from theory that the ratio of the 
velocity of sound along a mass of liquid contained in a rectangular trough 
to that in an unlimited mass is ^2 : ^3, that ratio being independent 
of the specific rigidity of the liquid — a conclusion agreeing with our 
present experimental knowledge. 

24. I do not put forward the hypothetical part of these researches 
as more than a probable conjecture; nor should I be justified in so doing 
in the present state of our knowledge of molecular forces. I think, 
however, that these investigations are sufficient to prove that wo arc 
not warranted in concluding from M. Wertheim^s experiments (as he is 
disposed to do) that liquids possess a momentary rigidity as great as 
that of solids, seeing that any amount of rigidity, howsoever small, will 
account for the phenomena if wo adopt certain suppositions as to mole- 
cular forces; and to show that our knowledge of those forces is not yet 
sufficiently advanced to enable us to use experiments on sound as a means 
of determining the coefiicients of elasticity of solids. 


Appendix. — ^No. I. 


Propagation op Sound by Neakly-Longitudinal Vibrations along 
A Cylindrical Uncrystallised Kod. 

Let the vibrating body be cylindrical round the axis of x, and let the 
vibrations of all particles in a given circle round that axis be assumed 
to be equal and simultaneous. Let r represent the distance of any particle 

from the axis of x, and the angle y r. 

Then 

= . . . ( 35 .) 

To make the results of the definite integrations 2 f'F 6d0 independent 
of the angle Xi we must have F 0 = constant, and the limits of integra- 
tion 0 and 2 tt. 

The following are the 4^ite integrals which enter into the fiohitioii of 
this problem* 



194 VELOCITY OF SOUND IN LIQUID AND SOLID BODIES. 


Let 


27r, , 

hr — k, 

A 

2 


=2n-Q + s{22»^r(w+ 1))2}] 

e'-^? = f’cos e 0 

(Ik J 0 


de 


~^’r-2|22»-i.r(w).r(»+ 1) I 

e"= f-f = r'cos2 e d d 

dk^ Jo 

“ ’T 22»*i r(» + i)r(M + 2) / J ’ j 


t36.) 


tlic values of n comprehending all integers from 1 inclusive. 

Those scries have the following properties : 

(i.) The term (n) of 0 = term (?i — 1) X " therefore, this series 

always becomes convergent at the term for which ?? > J k, 

Ic^ 

(ii.) Term (n) of 0' = term (tj — 1) X therefore, this 

series becomes convergent when n> I k\ 

(III.) Term («) of 0" = term (« - 1) x 

w 1^ 

therefore, it begins to converge when r?—* — j -- - > 

(IV.) 0'=ifc(0-0"). 

(v.) Term {n) of &'=z term {n) of 0 X ^ ; a ratio which is \ for 

the first term (ti = 0), and approaches equality as n increases ; therefore, 

0" 

when i ^ is an inappreciably small fraction, = J sensibly. 

0 

0" 

And the larger ^ is, the more nearly is — =1. 

0 
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The following taWe of a few numerical results illustrates this : — 


F 

4 

0 

2<r 

0" 

-li 

0" 

0 

0 

1 0000 

0-5000 

0-5000 

i 

1-2661 

0-7010 

0-5537 


1-3622 

0-7741 

0-5683 


1-5661 

1 

0-9302 

0-5490 

1 

2-279C 

1-4843 

0-6511 

2 

4-2523 

3-0550 

0-7160 

3 

7-1590 1 

5-1238 

0-7576 

4 

11-3019 j 

9-3C20 

0-8284 


The displacements in this case are as follows 

$ - (/ cos ip + t sin 0 "" 

}/ — {I' cos ip — I sin O' cos ^ 
t ~ (/' cos — / sin (p)hO' sin ^ 


■ (37.) 


whence it appears that the two transverse displacements rj and Z compose 
a radial displacement, 

p = {I' cos ^ — Z sin (J))h(y. . . (37 A.) 

Therefore, the trajectory of each particle is an ellipse, in a plane passing 
through the axis of the cylinder; and the axes of the ellipse are longi- 
tudinal and radial, and have the following values: 

Longitudinal axis, = ^ 

I . (38.) 

Radial axis, . = 2 -f P ) . 4 O' j 

If we now adopt the same hypotheses with respect to the outer surface 
of the cylinder that have been used in the problem respecting liquids, wo 
shall have for the mutual pressure of the solid and its atmosphere of vapour 


«+ F= w + cos ^ - Z sin {(A - 2 0)(1 - *2)0, - 2 0 A® 0,"}, 
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0/ being the values of those integrals corresponding to the radius of 
the cylinder. 

The portion of this pressure depending on mere fluid elasticity is 

“ - ID =“+ T ^ • ®.- 

which, being subtracted, leaves 

0 = ^(1' C03 <p~l sin ^)C {01 - A2(01 + 2 0/')} ; 
therefore, according to the hypothesis adopted, 

h^- L^:. . . . (39.) 

and the velocity of sound along the cylinder is 

= = ■ (40.) 

Now, the limits of the ratios in the above formulse are the following : 


Limits of — . — ^ == 

A 

, . . 0 . 

• 

Oi 

” 0/' • ■ 

2 

• 1, 

t, h , • • 

. . . Vi . 

• VJ, 

,, va-A")- . 

• • Vi • 

• VI- 


That is to say, if the hypothesis already explained with reference to 
liquids is applicable to a solid cylinder of an uncrystallised material, 
the velocity of sound along such a cylinder, when its surface is perfectly 
free, will be less than that in an unlimited mass in some ratio between 
and 
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Appendix. — No. II. 


General Equations of Nearly-Transverse Vibrations. 

The two equal roots of equation (8) in uncrystalliscd bodies, viz. 

E = C(1 - 

correspond to what may bo called nearhj-transvcrse vibrations, propagated 
with the velocity 

• • ( 41 .) 

Equations (20) in this case give no result; but equations (20A) are 
reducible to the following two : 

I = ---71'c' . . 

I' z=: mb' + 71 c' . , . 

the ratios m : n and m' ; n' arc arbitrary. 

Equations (11), (16), (17), (18), become the following: 

Displacements. 

^ 2 {— (m' V + v! c') cos + (m V + n c) sin ^ }] 

Tj = 2 (m cos 0 + m' sin (f)] 

^ zz: 2 (w cos ^ sin (f)} 



Velocities of the Particles, 

^ = 2 V c . {(w' 6' + n' c') sin ^ + (w J' + w c') cos 

^ ^ ^ >s/ « • ^ sin ^ + w' cos 0) 

^ = 2 V ^ sin <p + n' cos ^) j- 


}. ( 43 .) 


dx 


Longitudinal Strains. 

= — + n(/) cos ^ + (m'6' + n' o') sin J 
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~ = 2 {n d cos 0 + n' c' sin i^) | 


Cubic Dilatatiou. 

^ u. n 

dx dy dr. ~ 


Dist&rtiom. 


dz'^dy~ 

e^ { (m c' + n h') cos ^ o' + n' If) sin ^ 

^ + ^ = 2 
dx~^ d z 

.?Z (1 ^ c'f + U c') cos 0 


+ (n{l + + mb' c'^ sin 0}^ 

dj ^r? _ y 
dy'^dx 

/ - (^rri' (1 + J'2) + 7^' b' c') cos 0 

- 

+ (1 + i'^) + nb' c'^ sin 

Which, being multiplied by — C, give the tangential pressures 
Qij Q2> Qa* 

Nm^mal Pressures on the Co-on'dinate Planes due to the 
Displacements, 

Pi = 2C.2|_ 

{(m b' + n c) cos ^ + (m' b' + n' c') sin 0} J 


Pg = — 2 C . {»» b' cos ^ + m'b' sin 

Pj = — 2 C . [n d cos <j> + %' d sin J 


Pj + Pg + P3 = 0. 


y ( 43 .) 


The iprmal pressure due to the displacements at any point of the 
surface lira prism or cylinder described round x is 
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p' n — 2 C . 2 X + ” ®“* X + (”* ® ^ ) 


in x) ' 


cos X sin xj cos <p 


+ (m' V cos* X + c" X + ^ X x) sin ^ (44.) 

If this pressure is to be null at all points of the surface, we must have 
&'=0, <^=0, and, consequently, Z=0, Z'=0; and the motion is restricted 
to common exactly-transverse vibrations, for which 

E^CandV^^Vri/)- 


Nearly-transverse vibrations, therefore, cannot be transmitted along a 
cylindrical or prismatic uncrystallised body whoso surface is absolutely 
free. 
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PAPERS RELATING TO ENERGY AND ITS TRANSFORMATIONS, 
THERMODYNAMICS, MECHANICAL ACTION OF ^ 
HEAT IN THE STEAM ENGINE, &c. 


X._ON THE EECONCENTRATION OF THE MECHANICAL 
ENERGY OF THE UNIVERSE * 

The following remarks have been suggested by a paper by Professor 
William Thomson! of Glasgow, on the tendency which exists in nature to 
the dissipation or indefinite diffusion of mechanical energy originally 
collected in stores of power. 

The experimental evidence is every day accumulating, of a law which 
has long been conjectured to exist, — that all the different kinds of physical 
energy in the universe are mutually convertible; that the total amount 
of physical energy, whether in the form of visible motion and mechanical 
power, or of heat, light, magnetism, electricity, or chemical agency, or in 
other forms not yet understood, is .unchangeable ; the transformations of 
its different portions from one of those forms of power into another, and 
their transference from one portion of matter to another, constituting the 
phenomena which are the objects of experimental physics. 

Professor William Thomson has pointed out the fact, that there exists 
(at least in the present state of the known world), a predominating 
tendency to the conversion of all the other forms of physical energy into 
heat, and to the uniform diffusion of all heat throughout all matter. The 
form in which we generally find energy originally collected, is that of a 
store of chemical power, consisting of uncombined elements. The com- 
bination of these elements produces energy in the form known by the 
name of electric currents, part only of which can be employed in analysing 

* Head before the British Association at Belfast, on September 2, 1852, and published 
in the Philosophical Magazine for November, 1852^ 
t Noif^ Sir William Thomson. 
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eompounds, and thus reconyeried into a store of cKemical poorer; the 
remainder is necessarily converted into heat : a part only of this heat can 
’ be employed in analysing compounds, or in reproducing electric currents. If 
the remainder of the heat be employed in expanding an elastic substance, 
it may be entirely converted into visible motion, or into a store of visible 
mechanical power (by raising weights, for example), provided the elastic 
substance^ is en^ed to expand until its temperature falls to the point 
which corresponds to absolute privation of heat ; but unless this condition 
^ be fulfilled, a certain proportion only of the heat, depending upon the 
range of temperature through which the elastic body works, can bo con- 
verted, the rest remaining in the state of heat. On the other hand, all 
visible motion is of necessity ultimately converted entirely into heat by 
the agency of friction. There is thus, in the present state of the known 
world, a tendency towards the conversion of all physical energy into tho 
solo form of heat. 

Heat, moreover, tends to diffuse itself uniformly by conduction and 
radiation, until all matter shall have acquired tho same temperature. 

There is, consequently. Professor Thomson concludes, so far as wo 
understand tho present condition of tho universe, a tendency towards a 
state in which all physical energy will be in tho state of heat, and that 
heat so diffused that all matter will be at the same temperature ; so that 
there will bo an end of all physical phenomena. 

Vast as this speculation may seem, it appears to bo soundly based on 
experimental data, and to represent truly tho present condition of the 
universe, so far as we know it. 

My object now is to point out how it is conceivable that, at somo 
indefinitely distant period, an opposite condition of tho world may take 
place, ill which the energy which is now being diffused may be rccon- 
centrated into foci, and stores of chemical power again produced from tho 
inert compounds which are now being continually formed. 

There must exist between tho atmospheres of the heavenly bodies a 
material medium capable of transmitting light and heat ; and it may be 
regarded as almost certain that this interstellar medium is perfectly 
transparent and diathermanous ; that is to say, that it is incapable of 
converting heat, or light (which is a species of heat), from the radiant into 
the fixed or conductible form. 

If this be the case, the interstellar medium must be incapable of 
acquiring any temperature whatsoever; and all heat which arrives in the 
conductible form at the limits of the atmosphere of a star or planet, will 
there be totally converted, partly into ordinary motion, by the expansion 
of the atmosphere, and partly into the radiant form. The ordinary 
motion will again be converted into heat, so that radiant heat is the 
ultimate form to which all physical energy tends ; and in this form it is, 
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in the present condition of the world, diffusing itself from the heavenly 
bodies through the interstellar medium. 

Let it now be supposed, that, in all directions round the visible world, 
the interstellar medium has bounds beyond which there is empty 
space. 

If this conjecture be true, then on reaching those bounds the radiant 
heat of the world will be totally reflected, and will uliitnately be recon- 
centrated into foci. At each of these foci the intensity of heat may be 
expected to be such, that should a star (being at that period an extinct 
mass of inert compounds) in the course of its motions arrive at that part 
of space, it will be vaporised and resolved into its elements; a store of 
chemical power being thus reproduced at the expense of a corresponding 
amount of radiant heat. 

Thus it appears, that although, from what we can see of the known 
world, its condition seems to tend continually towards the equable dif- 
fusion, in the form of radiant heat, of all physical energy, the extinction 
of the stars, and the cessation of all phenomena; yet the world, as now 
created, may possibly be provided within itself with the means of recon- 
centrating its physical energies, and renewing its activity and life. 

For aught we know, these opposite processes may go on together; and 
some of the luminous objects which we see in distant regions of space may 
be, not stars, but foci in the interstellar ether. 
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XI.— ON THE GENERAL LAW OF THE TRANSFORMATION 

OF ENERGY. 

Actual, or Sensible Energy, is a measurable, transmissible, and trans- 
formable condition, whose presence causes a substance to tend to change 
its state in one or more respects. By the occurrence of such changes, 
actual energy disappears, and is replaced by 

Potential or Latent Energy; which is measured by the product of a 
change of state into the resistance against which that change is made. 

(The vis viva of matter in motion, thermomctric heat, radiant heat, light, 
chemical action, and electric currents, are forms of actual energy; amongst 
those of potential energy are the mechanical powers of gravitation, 
elasticity, chemical affinity, statical electricity, and magnetism). 

The law of the Conservation of Energy is already known — viz., that the 
sum of all the energies of the universe, actual and potential, is unchange- 
able. 

The object of the present paper is to investigate the law according to 
which all transformations of energy^ between the actual and potential forms, 
take place. 

Let V be the magnitude of a measurable state of a substance; 

U, the species of potential energy which is developed when the state V 
increases; 

P, the common magnitude of the tendency of the state V to increase, 
and of the equal and opposite resistance against which it increases ; so 
that—— 

and P = . . . (A.) 

Let Q be the quantity which the substance possesses, of a species of 
actual energy whose presence produces a tendency of the state V to 
increase. 

It is required to find how much energy is transformed from the actual 
form Q to the potential form U, during the increment c? V; that is to say, 
the magnitude of the portion pf d U, the potential energy developed, which 
is due to the disappearance of an equivalent portion of actual energy of 
the species Q. 

The development of this portion of potential energy is the immediate 

* Read before the Philosophical Society of Glasgow, on January 5, 1853, and 
published in the Proceedings of that Society, Vol. III., No. V. 
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effect of the presence in the substance of the total quantity Q of actual 
energy. 

Let this quantity bo conceived fo be divided into indefinitely small 
equal parts d Q. As those parts are not only equal, bet altogether alike 
in nature and similarly circumstanced, their effects must be equal ; there- 
fore, the effect of the total energy Q must be equal simply to the .effect of 

one of its small parts d Q, multiplied by the ratio 

But the effect of the indefinitely small part d Q in causing development 
of potential energy of the species U, during the increment of state d V, is 
represented by — 




whence it follows, that the effect of the presence of the total actual energy 
Q, in causing transformation of energy from the actual form Q to the 
potential form U, is expressed by the following formula : — 

Q.^S.^zv, .... (1.) 


which is the solution required, and is the symbolical expression of the 
General Law of the Transformation of Energy : — 

The effect of the whole actual energy present in a substance, in causing 
transformation of energy, is the sum of the effects of all its parts. 

The difference between this quantity and the potential energy developed, 
viz : — 



dY, 


represents a portion of potential energy, due to causes different from the 


actual energy Q. 


This difference is null, w^hen the resistance 



dJJ\ 

dYJ 


against which the state V increases, is simply proportional to the total 
actual energy Q. 

It is next proposed to find the quantity of actual energy of the form Q, 
which must be transmitted to the substance from without, in order that 
its total actual energy may receive the increment d Q, and its state V at 
the same time the increment d V. 

This quantity is composed of three parts — ^viz., actual energy, which 
preserves its form, dQ; actual energy which transforms itself to some 
unkribwn form, in consequence of the resistance w^hich is offered to the 
increase of the total actual energy, LdQ; actual energy, already deter- 
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niiiied, which transforms itself into potential energy of the form U, 
p 

Q • Jq • ^ V; the sum of these parts being — 

d.Q=(l+L)dQ + Q.^?.dV, . . (2.) 

in which nothing remains to be determined except the function L. 

If we subtract from the above formula the total potential energy 
developed during the increment d V, viz : — 

P.dV, 

we obtain the algebraical sum of the energies, actual and potential, received 
and developed by the substance during the changes cfQ, dV; which is 
thus expressed : — 

d'P = d.Q-d.U = (l +L)(fQ + l)p.(fV. (B.) 


This quantity must be the exact dilTercntial of a function of Q and V; 
for otherwise it would be possible, by varying the order of the increments 
d Q, d V, to change the sum of the energies of the universe. 

It follows that — 

and, consequently, that 

L=/'(Q) + Q./^,/.PdV, 

where /' (Q) is a function of Q and constants, the first derivative of /' (Q). 
"Vl^e find at length the following equation — 

<i'P=<f.Q-d.U = (l +/(Q) + Q.^j’pdv)dQ + (QA_i) 

= (f.{Q+/(Q) + (Q~-l)/Pdv} . (3.) 


which represents the algebraical sum of the energy, actual and potential, 
received and developed by a substance, when the total actual energy of 
the species Q, and the state V, receive respectively the increments J Q, c? V. 

It is to be observed, that in the last equation, the symbol /P . d V 
denotes a pa/rtial integral^ taken in treating the particular value of Q, to 
which it corresponds as a constant quantity; while cf.U represexA the 
real magnitude of the potential energy developed. 
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The application of the general law of the transformation of energy may 
be extended to any number of kinds of energy, actual and potential, by 
means of the following equation : 

d.>? = 2d.Q-2<Z.U. 

= s |(l+/(Q) + Q-2^/P''v)«} +2 {(2Q/Q-l)piv} 
= <i|2:Q + S/(Q) + S(S.Q^-l)/P'iv| . (4.) 

This equation is the complete expression of the general law of the 
transformation of energy of all possible kinds, known and unknown. It 
affords the means, so soon as the necessary experimental data have been 
obtained, of analysing every development of potential energy, and referring 
its several portions to the species of actual energy from which they have 
been produced. 

Amongst the consequences of this law, the author deduces that which 
may be called the general principle of the maximum effect of engines. 

An engine consists essentially in a substance whose changes of state, 
and of actual energy, between given limits, are so regulated as to produce 
a permanent transformation of energy. 

Let be the given superior limit of actual energy ; Qg, the inferior 
limit. 

To produce the maximum permanent transformation of energy fiom 
the actual to the potential form, the substance must undergo a cycle of 
four operations, viz • — 


First Operation. 

The substance, preserving the constant quantity of actual energy, 
passes from the state to the state Vj,, receiving from without the 
following quantity of actual energy, which is converted into potential 
energy: — 

«■ = «>■/«/ v7-"- 

Second Operation. 

The substance passes from the superior limit of actual energy Qj, to 
the iiflbrior limit Qj. Let Yg be the value of the state Y at the end of 
this operation. 
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Third OpstA-noN. 

The substance, preserving the constant quantity Qj of actual energy, 
passes from the st^ to the state V., transmitting to external sub- 
stances the following quantity of actual energy, produced by the disap- 
pearance of potential energy: — 

Fourth Operation. 

The substance is brought back to its original actual energy Q^, and 
state V^, thus completing the cycle of operations. 

In order that the second and fourth operations may bo performed 
without expenditure of energy, the following condition must bo fulfilled: — 

4/ v7 <! V (t.r Q = Q,) = /;•].,/ V (W Q = QJ. 

This being the case, the total expenditure of energy during a cycle of 
operations will be Hj, being the quantity converted from the actual to 
the potential form during the first operation; the energy lost will bo H2, 
the quantity reconverted to the actual form, ami transmitted to external 
substances, during the third operation ; and the quantity of energy per- 
manently transformed from the actual to the potential form, that is to 
say, the work done by the engine, will be — 

Hi-n2-(Qi-Q,)^'|j/Y;PcZV(forQ = Q,) . (G.) 

The ratio of this work to tho total expenditure of energy is 

~ ^2 _ Q2 ~~~ Q2 ^7 j 

Hi Qi 

This principle is applicable to all possible engines, known and unknown. 

In the sequel of the paper, the author gives some examples of the 
application of the general principles of the transformation of energy to 
the theory of heat, and to that of electro-magnetism ; and deduces from 
them, as particular cases, several laws already known through specific 
researches. 

The details of the application of these principles to the theory of 



208 . OSNEBAL LAW OF THE TBANSFOBHATION OF ENEBOT. 

heat are contained, in the sixth section of a memoir read before the Royal 
Society of Edinbjurgh, On the Mechanical Action of Heat.” 

The actual energy produced by an electric pile in unity of time is 
expressed by — 

Q = Mm, 

where M is the electro-motive force, and u, the strength of the current. 
The actual energy of an electric circuit is expressed by — 

Rm2, 

where R is the resistance of the circuit. This energy is immediately and 
totally transformed into sensible heat. 

Tlie proportion of the actual energy produced in the pile, which is 
transformed into mechanical work by an electro-dynamic machine, is 
represented by — 

Qi — Qa _ M — Rm 

M • 

The strength of the current is known to be found by means of the 
equation — 

M-N 

R 

where N is the negative or inverse electro-motive force of the apparatus 
by means of which electricity is transformed into mechanical work. 
Hence, 

Qi ~ M’ 

The above particular forms of the general equation agree with formulse 
already deduced from special researches by Mr. Joule and Professor 
William Thomson. 
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XIL— OUTLINES OF THE SCIENCE OP ENEEGETICS;’^ 

Section L — What constitutes a Physical Theory. 

An essential distinction exists between two stages in the process of 
advancing our knowledge of the laws of physical phenomena; the first 
stage consists in observing the relations of phenomena, whether of such 
as occur in the ordinary course of nature, or of such as are artificially 
produced in experimental investigations, and in expressing the relations 
so observed by propositions called formal laws. The second stage consists 
in reducing the formal laws of an entire class of phenomena to the 
form of a science ; that is to say, in discovering the most simple system 
of principles, from which all the formal laws of the class of phenomena 
can be deduced as consequences. 

Such a system of principles, with its consequences methodically 
deduced, constitutes the riiYSioAL theory of a class of phenomena. 

A physical theory, like an abstract science, consists of definitions and 
axioms as first principles, and of propositions, their consequences ; but 
with these differences: — First, That in an abstract science, a definition 
assigns a name to a class of notions derived originally from observation, 
but not necessarily corresponding to any existing objects of real pheno- 
mena ; and an axiom states a mutual relation amongst such notions, or 
the names denoting them; while in a physical science, a definition states 
properties common to a class of existing objects, or real phenomena ; and 
a physical axiom states a general law as to the relations of phenomena. 
And, secondly, That in an abstract science, the propositions first discov- 
ered are the most simple ; whilst in a physical theory, the propositions 
first discovered are in general numerous and complex, being formal laws, 
the immediate results of observation and experiment, from which the 
definitions and axioms are subsequently arrived at by a process of reason- 
ing differing from that whereby one proposition is deduced from another 
in an abstract science, partly in being more complex and difficult, 
and partly in being, to a certain extent, tentative — ^that is to say, 
involving the trial of conjectural principles, and their acceptance or 
rejection, according as their consequences are found to agree or disagree 
with the formal laws deduced immediately from observation and experi- 
ment. 

* Head before the Philosophical Society of Glasgow on May 2, 1855, and published 
in the Proeeedinge of that Society, Vol. III., No. VI. ^ 

O 
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Section II. — The Abstkactive Method of forming a Physical 
Theory distinguished from the Hypothetical Method. 

Two methods of framing a physical theory may be distinguished^ 
characterised chiefly by the manner in which classes of phenomena are 
defined. They may be termed, respectively, the ABSTRACTIVE and the 
hypothetical methods. 

According to the ABSTRACTIVE method, a class of objects or phenomena 
is defined by describing, or otherwise making to be understood, and 
assigning a name or symbol to, that assemblage of properties which is 
common to all the objects or phenomena composing the class, as perceived 
by the senses, without introducing anything hypothetical 

According to the hypothetical method, a class of objects or pheno- 
mena is defined, according to a conjectural conception of their nature, as 
being constituted, in a manner not apparent to the senses, by a modifica- 
tion of some other class of objects or phenomena whose laws are already 
known. Should the consequences of such a hypothetical definition be 
found to be in accordance with the results of observation and experiment, 
it serves as the means of deducing the laws of one class of objects or 
phenomena from those of another. 

The conjectural conceptions involved in the hypothetical method may 
be distinguished into two classes, according as they are adopted as a pro- 
bable representation of a state of things which may really exist, though 
imperceptible to the senses, or merely as a convenient means of expressing 
the laws of phenomena ; two kinds of hypotheses, of which the former 
may be called objective, and tlie latter subjective. As examples of objec- 
tive hypotheses may be taken, that of vibrations or oscillations in the 
theory of light, and that of atoms in chemistry ; as an example of a 
subjective hypothesis, that of magnetic fluids. 


Section HI. — The Science of Mechanics considered as an 
Illustration of the Abstractive Method. 

The principles of the science of mecianics, the only example yet exist- 
ing of a complete physical theory, are altogether formed from the data of 
experience by the al)stractive method. The class of objects to which the 
science of mechanics relates — viz., material bodies — are defined by 
means of tliose sensible properties which they all possess — ^viz., the pro- 
perty of occupying space, and that of resisting change of motion. The 
two classes of phenomena to which the science of mechanics relates are 
fistinguished by two words, motion and force — mtion being a word 
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denoting that which is common to the fall of heavy hodi^, the flow of 
streams, the tides, the winds, the vibrations of sonorous bodies, the 
revolutions of the stars, and, generally, to all phenomena involving change 
of the portions of space occupied by bodies ; and force^ a word denoting 
that which is common to the mutual attractions and repulsions of bodies, 
distant or near, and of the parts of bodies, the mutual pressure or stress 
of bodies in contact, and of the parts of bodies, the muscular exertions 
of animals, and, generally, to all phenomena tending to produce or to 
prevent motion. 

The laws of the composition and resolution of motions, and of the 
composition and resolution of forces, are expressed by propositions which 
are the consequences of the definitions of motion and force respectively. 
The laws of the relations between motion and force are the consequences 
of certain axioms, being the most simple and general expressions for all 
that has been ascertained by experience respecting those relations. 


Section IV.— Mechanical Hypotheses in Various Branches 

OP Physics. 

The fact that the theory of motions and motive forces is the only 
complete physical theory, has naturally led to the adoption of rnechanical 
hypotheses in the theories of other branches of physics ; that is to say, 
hypothetical definitions, in which classes of phenomena are defined con- 
jecturally as being constituted by somo kind of motion or motive force 
not obvious to the senses (called molecular motion or force), as when light 
and radiant heat are defined as consisting in molecular vibrations, thermo- 
metric heat in molecular vortices, and the rigidity of solids in molecular 
attractions and repulsions. 

The hypothetical motions and forces are sometimes ascribed to hypo- 
thetical bodies, such as the luminiferous ether; sometimes to hypothetical 
parts, whereof tangible bodies are conjecturally defined to consist, such as 
atoms, atomic nuclei with elastic atmospheres, and the like. 

A mechanical hypothesis is held to have fulfilled its object, when, by 
applying the known axioms of mechanics to the hypothetical motions and 
forces, results are obtained agreeing with the observed laws of the classes 
of phenomena under consideration; and when, by the aid of such a hypo- 
thesis, phenomena previously unobserved are predicted, and laws antici- 
pated, it attains a high degree of probability. 

A mechanical hypothesis is the better the more extensive the range 
of phenomena whose laws it serves to deduce from the axioms of 
mechanics ; and the perfection of such a hypothesis would be^ if it could, 
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by means of one connected system of suppositions, be made to form a 
basis for all branches of molecular physici^ 


Section V. — ^Advantages and Disadvantages of Hypothetical 

Theories. 

It is well known that certain hypothetical theories, such as the wave 
theory of light, have proved extremely useful, by reducing the laws of a 
various and complicated class of phenomena to a few simple principles, 
and by anticipating laws afterwards verified by observation. 

Such are the results to be expected from well-framed hypotheses in 
every branch of physics, when used with judgment, and especially with 
that caution which arises from the consideration, that even those hypo- 
theses whose consequences are most fully confirmed by experiment never 
can, by any amount of evidence, attain that degree of certainty which 
belongs to observed facts. 

Of mechanical hjTpotlieses in particular, it is to be observed, that their 
tendency is to combine all branches of physics into one system, by making 
the axioms of mechanics the first principles of the laws of all phenomena — 
an object for the attainment of which an earnest wish was expressed by 
Newton.’*^ 

In the mechanical theories of elasticity, light, heat, and electricity, 
considerable progress has been made towards that end. 

The neglect of the caution already referred to, however, has caused 
some hypotheses to assume, in the minds of the public generally, as well 
as in those of many scientific men, that authority which belongs to facts 
alone ; and a tendency has, consequently, often evinced itself to explain 
away, or set aside, facts inconsistent with these hypotheses, which facts, 
rightly appreciated, would have formed the basis of true theories. Thus, 
the fact of the production of heat by friction, the basis of the true theory 
of heat, was long neglected, because inconsistent with the hypothesis of 
caloric ; and the fact of the production of cold by electric currents, at 
certain metallic junctions, the key (as Professor William Thomson recently 
showed) to the true theory of the phenomena of thermo-electricity, was, 
from inconsistency with prevalent assumptions respecting the so-called 
“ electric fluid,” by some regarded as a thing to be explained away, and 
by others as a delusion. 

Such are the evils which arise from the misuse of hypotheses. 

* IJtiiiain oaBtera naiorss phaenomena ex principiis mechanicis eodem argomentaudi 
genere derivare liceret.— (PA*7. NaL Prin, Math,; Free/,) 
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Section VI. — Advantages op an Extension of the Abstractive 
Method of framing Theories. 

Bdlkdes the perfecting of mechanical hypotheses, another and an entirely 
distinct method presents itself for combining the physical sciences into 
one system; and that is, by an extension of the Abstractive Process 
in framing theories. 

The abstractive method has already been partially applied, and with 
success, to special branches of molecular physics, such as heat, electricity, 
and magnetism. We arc now to consider in what maimer it is to be 
applied to physics generally, considered as one science. 

Instead of supposing the various classes of physical phenomena to bo 
constituted, in an occult way, of modifications of motion and force, let 
us distinguish the properties wliicli those classes possess in common with 
each other, and so define more extensive classes denoted by suitable 
terms. For axioms, to express the laws of those more extensive classes 
of phenomena, let us /ramo propositions comprehending as particular 
cases the laws of the particular classes of phenomena comprehended 
under the more extensive classes. So shall we arrive at a body of 
principles, applicable to physical phenomena in general, and which, being 
framed by induction from facts alone, will bo free from the uncertainty 
which must always attach, even to those mechanical hypotheses whose 
consequences are most fully confirmed by experiment. 

This extension of the abstractive process is not proposed in order to 
supersede the hypothetical method of theorising; for in almost every 
branch of molecular physics it may be held, that a hypothetical theory is 
necessary, as a preliminary step, to reduce the expression of the phenomena 
to simplicity and order, before it is possible to make any progress in 
framing an abstractive theory. 


Section VIL — Nature of the Science of Energetics. 

Energy, or the capacity to effect changes, is the common characteristic 
of the various states of matter to which the several branches of physics 
relate; if, then, there be general laws respecting energy, such laws must 
be applicable, mutatis mutandis, to every branch of physics, and must 
express a body of principles as to physical phenomena in general. 

In a paper read before the Philosophical Society of Glasgow, on the 6th 
of January, 1863 {seep. Q03), a first attempt was made to investigate such 
principles by defining odml energy and potential energy, and by demonstrat- 
ing a general law of the mutual transformations of those kinds of energy. 
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of which one particular case is a previously known law of the mechanical 
action of heat in elastic bodies, and another, a subsequently demonstrated 
law which forms the basis of Profess^ William Thomson’s theory of 
thermo-electricity. 

The object of the present paper is to present, in a more systematic 
form, both these and some other principles, forming part of a science 
whose subjects are, material bodies and physical phenomena in general, 
and which it is proposed to call the Science of Energetics. 


Section VIII. — ^Dehnitions of Certain Terms, 

The peculiar terms which will be used in treating of the Science of 
Energetics are purely abstract ; that is to say, they are not the names of 
any particular object, nor of any particular phenomena, nor of any 
particular notions of the mind, but are names of very comprehensive 
classes of objects and phenomena. About such classes it is impossible to 
think or to reason, except by the aid of examples or of symbols. General 
terms are symbols employed for this purpose. 

Suhstance. 

The term substance '' will be applied to all bodies, parts of bodies, 
and systems of ]podies. The parts of a substance may be spoken of as 
distinct substances, and a system of substances related to each other may 
be spoken of as one complex substance. Strictly speaking, the term 
should be material substance but it is easily borne in mind, that in this 
essay none but material substances are referred to. 

Property^ 

The term property'^ will be restricted to invariable properties; whether 
such as always belong to all material substances, or such as constitute 
the invariable distinctions between one kind of substance and another. 

Mass. 

Mass means quantity of substance,'* Masses of one kind of substance 
may be compared together by ascertaining the numbers of equal parts 
which they contain ; masses of substances of different kinds are compared 
by means to be afterwards referred to. 

Accident. 

The term ^accident" will be applied to every variable state of substances, 
whether consisting in a condition of each part of a substance, how small 
soever^ (which may be called an absolute accidml)^ or in a physical relatbn 
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betmen parts of substances, (whicb may be called a rdaim accident). 
Accidents to be the subject of scientific inquiry, must be capable of being 
measured and expressed by means of quantities. The quantity, even of 
ail absolute accident, can only be expressed by means of a mentally- 
edfeeived relation. 

The whole condition or state of a substance, so far as it is variable, is 
a complex accident; the independent quantities which are at once necessary 
and sufficient to express completely this complex accident, are independent 
(teddents. To express the same complex accident, different systems of 
independent accidents may bo employed; but the number of independent 
accidents in each system will be the same. 

Examples , — ^The variable thermic condition of an elastic fluid is a 
complex accident, capable of being completely expressed by two independent 
accidents, which may bo any two out of these throe quantities — the 
temperature, the density, the pressure — or any two independent functions 
of these quantities. 

The condition of strain at a point in an elastic solid, is a complex acci- 
dent, capable of being completely expressed by six independent aeddents^ 
which may bo the three elongations of the dimensions and the three 
distortions of the faces of a molecule originally cubical, or the lengths and 
directions of the axes of the ellipsoidal figure assumed by a molecule 
originally spherical ; or any six independent functions of either of those 
systems of quantities. 

The distinction of accidents into absolute and relative is, to a certain 
extent, arbitrary; thus, the figure and dimensions of a molecule may he 
regarded as absolute accidents when it is considered as a whole, or as 
relative accidents when it is considered as made up of parts. Most kinds 
of accidents are necessarily relative; but some kinds can only ho considered 
as relative accidents when some hypothesis is adopted as to the occult 
condition of the substances which they affect, as when heat is ascribed 
hypothetically to molecular motions; and such suppositions arc excluded 
from the present inquiry. 

Accidents may be said to be homogeneous when the quantities expressing 
them are capable of being put together, so that the result of the com- 
bination of the different accidents shall bo expressed by one quantity. 
The number of heterogeneous kinds of accidents is evidently indefinite. 

Effort, or Active Accideni. 

The term ^^tfftyri'' will be applied to every cause which varies, or tends 
to vary, an accident. This term, therefore, comprehends not merely 
forces or pressures, to which it is usually applied, but all causes of variation 
in the condition of substances. 

Efforts may be homogeneous or heterogeneous. 
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Homogensous efforts are compared by balancing them £^ainst each other. 

An effort being a condition of the parts of a substance^ or a relation 
between substances, is itself an accident, and may be distinguished as an 
active accident” 

With reference to a given limited substance, internal efforts are those 
which consist in actions amongst its parts; external efforts those which 
consist in actions between the given substance and other substances. 


Passive Accident. 

The condition which an effort tends to vary may be called a passive 
accidentj” and when the word ^‘accident” is not otherwise qualified, 
passive accident ” may be understood. 

Radical Accident. 

If there be a quantity such that it expresses at once the magnitude of 
the passive accident caused by a given effort, and the magnitude of the 
active accident or effort itself, let the condition denoted by that quantity 
be called a radical accident.” 

[The velocity of a given mass is an example of a radical accident, for 
it is itself a passive accident, and also the measure of the kind of effort 
called accelerative force, which, acting for unity of time, is capable of 
producing that passive accident.] 

[The strength of an electric current is also a radical accident.] 

Effort as a Measure of Mass. 

Masses, whether homogeneous or heterogenecjis, may be compared 
by means of the efforts required to produce in them variations of some 
particular accident. The accident conventionally employed for this pur- 
pose is velocity. 


Work 

“ WotTc ” is the variation of an accident by an effort, and is a term 
comprehending all phenomena in which physical change takes place. 
Quantity of work is measured by the product of the variation of the passive 
accident by the magnitude of the effort, when this is constant; or by 
the integral of the effort, with respect to the passive accident, when the 
effort is variable. 

Let X denote a passive accident ; 

X an effort tending to vary it ; 

W the work performed in increasing x from to : then. 
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w 


=r 


Xdx, and 


W = X (sRj — if X is constant. 


( 1 ) 


Work is represented geometrically by the area of a curve, whereof tho 
abscissa represents the passive accident, and the ordinate, the eifort 


Energy y Actual and PofeniiaL 


The term energy^* comprcliends every vstatc of a substance which 
constitutes a capacity for performing work. Quantities of energy are 
measured by the quantities of w'ork which they constitute the means of 
performing. 

Actual energy comprehends those kinds of capacity for performing 
work which consist in particular states of cacli part of a substance, how 
small soever; that is, in an absolute acchlenty such as heat, liglit, electric 
current, vis viva. Actual energy is essentially positive. 

Potential energy'* comprehends those kinds of capacity for performing 
work which consist in relations between substances, or parts of substances; 
that is, in relative accidents. To constitute potential energy there must bo 
a passive accident capable of variation, and an effort tending to produce 
such variation; the integral of this effort, witli respect to the possible 
variation of the passive accident, is potential energy y which differs in work 
from this — that in work the change has been ejfectedy which, in potential 
energy, is capable of being effected. 

Let X denote an accident; its actual value; X, an effort tending 
to vary it; Xq, the value to which the effort tends to bring the accident ; 
then 



Xdx zrzJJy denotes potential energy. 


Examples of potential energy are, the chefnical affinity of uncombined 
elements; the energy of gravitation, of magnetism, of electrical attraction 
and repulsion, of electro-motive force, of that part of elasticity which arises 
from actions between the parts of a body, and, generally, of all mutual 
actions of bodies, and parts of bodies. 

Potential energy may be passive or negative, according as the effort in 
question is of the same sign with the variation of the passive accident, or 
of the opposite sign ; that is, according as X is of the same sign with dx, 
or of the opposite sign. 
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It is to be observed, that the states of substances comprehended under 
the term actual energy^ may possess the characteristics of potential energy 
also ; that is to say, may be accompanied by a tendency or effort to vary 
relative accidents ; as heat, in an elastic fluid, is accompanied by a ten- 
dency to expand; that is, an efibrt to increase the volume of the receptacle 
containing the fluid. 

The states to which the term poterdial energy is especially applied, are 
those which are solely due to mutual actions. 

To put a substance into a state of energy, or to increase its energy, is 
obviously a kind of work. 


Section IX.— First Axiom. 

All kinds of Work and Energy are Homogensous, 

This axiom means, that any kind of energy may he made the means of 
performing any kind of work. It is a fact arrived at by induction from 
experiment and observation, and its establishment is more especially due 
to the experiments of Mr. Joule. 

This axiom leads, in many respects, to the same consequences with the 
hypothesis that all those kinds of energy which are not sensibly the results 
of motion and motive force are the results of occult modifications of motion 
and motive force. 

But the axiom differs from the hypothesis in this, that the axiom is 
simply the generalised allegation of the facts proved by experience, while 
the hypothesis involves conjectures as to objects and phenomena which 
never can be subjected to observation. 

It is the truth of this axiom which renders a science of energetics 
possible. 

The efforts and passive accidents to which the branches of physics relate 
are varied and heterogeneous; but they are all connected with energy y a 
uniform species of quantity which pervades every branch of physics. 

This axiom is also equivalent to saying, that energy is transformahle and 
transferable (an allegation which, in the previous paper referred to, was 
included in the definition of energy) ; for, to transform energy y means to 
employ energy depending on accidents of one kind in putting a substanoo 
into a state of energy depending on accidents of another kind; and to 
transfer energy y means to employ the energy of one substance in putting 
another substance into a state of energy, both of which are kinds of work, 
and'inay, according to the axiom, be performed by of any kind of 
energy. 
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Section X. — Second Axeom. 

The Tdd Energy of a Substance canmi he altered by the Mutual Actions of 

its Parts. 

Of the truth of this axiom there can be no doubt; but some difference 
of opinion may exist as to the evidence on which it rests. There is ample 
experimen^l evidence from which it might be proved; but independently 
of such evidence, there is the argument, that the law expressed by this 
axiom is essential to the stability of the universe, such as it exists. 

The special application of this law to mechanics is expressed in two 
ways, which are virtually equivalent to each other, the principle of vis vivOy 
and that of the equality of action and reaction. The latter principle is 
demonstrated by Newton, from considerations connected with the stability 
of the universe (^Frincipia, Scholium to the Laws of Motion) ; for he shows, 
that but for the equality of action and reaction, the earth, with a continually 
accelerated velocity, w^ould fly aw«ay through infinite space. 

It follows, from the second axiom, that all work consists in the transfer 
and transformation of energy alone; for otherwise the total amount of 
energy would be altered. Also, that the energy of a substance can be 
varied by external efforts alone. 


Section XI, — ^External Potential Equilibrium. 

The entire condition of a substance, so far as it is variable, as explained 
in Sect. VIII., under •the head of accident, is a complex accident, which 
may be expressed in various ways by means of different systems of 
quantities denoting independent accidents ; but the number of independent 
accidents in each system must be the same. 

The quantity of work required to produce any change in the condition 
of the substance, that is to say, the potential energy received by it from 
without during that change, may in like maimer be expressed in different 
ways by the sums of different systems of integrals of external efforts, each 
integrated with respect to the independent accident which it tends to 
augment ; but the number of integrals in each system, and the number of 
efforts, like the number of independent accidents, must be the same ; and 
so also must the sums of the integrals, each sum representing the same 
quantity of work in a different way. 

The different systems of efforts which correspond to different systems of 
independent accidents, each expressing the same complex accident, may 
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be called eqmalent systems of effmis; and the finding of a system of efforts 
equivalent to another may be called conversion of efforts.* 

When the law of variation of potential energy, by a change of condition 
of a substance, is known, the system of external efforts corresponding to 
any system of independent accidents is found by means of this principle : 

Each effort is equal to the rate of variation of the potential energy with reject 
to the independent accident which that ejfort tends to vary; or, symbolically, 


dx‘ 


. ( 2 .) 


External Potential Equilibrium of a substance tales place, when the 
external effm't to vary each of the independent accidents is null; that is to say, 
when the rate of variation of the potential energy of the substance with the 
variation of each independent accident is null. 

For a given substance there are as many conditions of equilibrium, of 
the form 


dJJ 

dx 


= 0 , 


( 3 .) 


as there are independent accidents in the expression of its condition. 

The special application of this law to motion and motive force consti- 
tutes the principle of virtual velocities, from which the whole science of 
statics is deducible. 


Section XIL — Internal Potential Equilibrium. 

The internal potential equilibrium of a substance consists in the equili- 
brium of each of its parts, considered separately ; that is to say, in the 
nullity of the rate of variation of the potential energy of each part with 
respect to each of the independent accidents on which the condition of 
such part depends. 

Examples of particular cases of this principle arc, the laws of the 
equilibrium of elastic solids, and of the distribution of statical electricity. 

Section XIII. — ^Third Axiom. 

The Effort to Perform Work of a Given Kind, caused by a Given Quantity 
of Actual Energy, is the Sum of the Efforts caused by the Parts of that 
Quantity. 

A law equivalent to this axiom, under the name of the ‘‘ General 

* The converaion of efforts in physics is connected with the theory of lineal trans- 
formations in algebra. 
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Law OF THE Transformation of Energy,” formed the principal subject 
of the previous paper already referred to. {See p. 203,) 

This axiom appears to be a consequence of the definition of actual 
energy, as a capacity for performing work possessed by each part of a 
substance independently of its relations to other parts, rather than an 
independent proposition. 

Its applicability to natural phenomena arises from the fact, that there 
are states of substances corresponding to tlie definition of actual energy. 

The mode of applying this third axiom is as follows : — 

Let a homogeneous substance possess a quantity Q, of a particular kind 
of actual energy, uniformly distributed, and let it be required to determine 
the amount of the effort arising from the actual energy, which tends to 
perform a particular kind of work W, by the variation of a particular 
passive accident x. 

The total effort to perform this kind of work is represented by the rate 
of its increase relatively to the passive accident, viz., — 

X ^ 

(lx 


Divide the quantity of actual energy Q into an indefinite number of 
indefinitely small parts SQj the portion of the effort X due to each of 
those parts will be 


SQ 


dX 

tiQ’ 


and adding these partial efforts together, the effort caused by the whole 
quantity of actual energy will be 


Q 


dX 

dq 


cP 

(iq d 


■ (4.) 


If this be equal to the effective effort X, then that effort is simply 
proportional to, and wholly caused by, the actual energy Q. This is the 
case of the pressure of a perfect gas, and the centrifugal force of a moving 
body. 

If the effort caused by the actual energy differs from the effective effort, 
their difference represents, when the former is the less, an additional 
effort. 



andjwhen the former is the greater, a counter effort 

due to some other cause or causes. 


MS) 
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SeOHON XIY. — SAIK of TbANSFOBMATION; IfETAHOBFHIO FuNonoH. 


The effort to augment a given accident x, caused by actual energy of 
a given kind Q, may also be called the “rate of transformation” of the 
given kind of actual energy, with increase of the given accident ; for the 
limit of the amount of actual energy which disappears in performing work 
by an indefinitely small augmentation dx, of the accident, is 

= .... ( 6 .) 


= Q 


d(idx 


dx = 


(iW 

dQ 


The last form of the above expression is obviously applicable when the 
work W is the result of the variation of any number of independent 
accidents, each by the corresponding effort. For example, let a:, y, z, &c.y 
be any number of independent accidents, and X, Y, Z, &c., the efforts to 
augment them ; so that 


Then, 


dW = Xdx + Ydy + Zdz + &c. 


« = + + } . (7.) 


= Q a "dQ ’ 

The function of actual energy, efforts, and passive accidents, denoted by 


dQ ~ i Q" 


. ( 8 .) 


whose variation, multiplied by the actual energy, gives the amount of 
actual energy transformed in performing the work d W, may be called the 
Metamorphic Function '' of the kind of actual energy Q, relatively to 
the kind of work W. 

When this metamorphic function is known for a given homogeneous 
substance, the quantity H of actual energy of the kind Q transformed to 
the kind of work W, during a given operation, is found by taking the 
integral 

H = jQdF. .... (9.) 

The transformation of actual energy into work by the variation of 
passive accidents is a reversible (deration; that is to say, if the passive 
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aeddents be made to vary to an equal extent in an opposite direction^ 
potential energy will be exerted upon the substance, and transfonned 
into actual energy: a case represented by the expression (9) becoming 
negative. 

The metamorphic function of heat relatively to expansive power, was 
first employed in a paper on the Economy of Heat in Exi)ansivo Machines, 
read before the Royal Society of Edinburgh in April, 1851. {Trans, Ray. 
Soc, Edin,, Vol. XXL) 

The metamorphic function of heat relatively to electricity was employed 
by Professor William Thomson, in a paper on Thermo-Electricity, road before 
the Royal Society of Edinburgh in May, 1854 {Trans, Rmj. Soc, Edin,^ 
Vol. XXL), and was the means of anticipating some most remarkable laws,^ 
afterwards confirmed by experiment. 


Section XV. — Equilibrium of Actual Energy; Metabatio 

E’unction. 

It is known by experiment, that a state of actual energy is directly 
transferable; that is to say, the actual energy of a particular kind (such 
•as heat), in one substance, may be diminished, the sole work performed 
being an equal augmentation of the same kind of actual energy in another 
substance. 

Equilibrium of actual energy of a particular kind Q between substances 
A and B, takes place when the tendency of B to transfer this kind of 
energy to B is equal to the tendency of B to transfer tho same kind of 
energy to A. 

Laws respecting tho equilibrium of particular kinds of actual energy 
have been ascertained by Qxperiment, and in some cases anticipated by 
means of mechanical hypotheses, according to which all actual energy con- 
sists in the vis viva of motion. 

The following law will now be proved, respecting the equilibrium of 
actual energy of all possible kinds ; — 

Theorem, — ^If equilibrium of actual energy of a given kind take 

PLACE between A GIVEN PAIR OF SUBSTANCES, POSSESSING RESPECTIVELY 
QUANTITIES OF ACTUAL ENERGY OF THAT KIND IN A GIVEN RATIO, THEN 
THAT EQUILIBRIUM WILL SUBSIST FOR EVERY PAIR OF QUANTITIES. OF 
ACTUAL ENERGY BEARING TO EACH OTHER THE SAME RATIO. 

Demonstration, — The tendency of one substance to transfer actual energy 
of the kind Q to another, must depend on some sort of efforti whose 
matmo and laws may be known or unknown*. Let bo th^ effort for 
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ihe substajice A, Y, the corresponding effort for the substance B. Then 
A condition of equilibrium of actual energy is 


Y — Y 

^ JL 


• ( 10 .) 


Tie eflfort Y may or may not be proportionate to the actual energy Q 
multiplied by a quantity independent of Q. 

Case first — If it is so proportional, let 


Yzr 



K being independent of Q ; then the condition of equilibrium becomes 

k; “ k; 

or 

Q. _ K. 

■Qa “ k; 


a ratio independent of the absolute amounts of actual energy. 

Case second , — If the effort Y is not simply proportional to the actual 
energy Q, the portion ef it caused by that actual energy, according to 
the principle of Sect. XIIL, deduced from the third axiom, is, for each 
substance, 



and a second condition of equilibrium of actual energy is furnished by the 
equation 


Qa 


^Y 

c^Qa 



. ( 11 .) 


In order that this condition may be fulfilled simultaneously with the con- 
dition (10), it is necessary that 

^ Qa ^ Qb 

Qa ~ Qb’ 


that is to say, that the ratio of the quantities of actual energy in the two 
substances should be independent of those quantities themselves ; a con- 
dition expressed, as before, by 


Q._K, 

Qa“k; 


. ( 11 .) 


Q.KD. 

This ratio is a quantity to be ascertained by experiment, and may be 
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called the ratio of the specific actual energies of the substances A and 
the kind of energy under consideration. 

The function 


Qa Q* 

k; - K. 


e, . 


( 12 .) 


whose identity for the two substances expresses the condition of equili- 
brium of the actual energy Q between them, may be called the " meta- 
BATIC FUNCTION ” for that kind of energy. 

' In the science of thermo-dynamics, the metabatic function is absolute 
temperature; and the factor K is real specific heat. The theorem stated 
above, when applied to heat, amounts to this : that the real specific heat of a 
substance is independent of its temperature. 


Section XVI. — Use of the Metabatic Function; Transformation 
OF Energy in an aggregate. 


From the mutual proportionality of tho actual energy Q, and the meta- 
batic function 0, it follows that the operations 


Q 


d 

dQ’ 


0 


d 

dO 


are equivalent ; and that the latter may be substituted for the former in 
all the equations expressing the laws of tho transformation of energy. 
We have therefore 


dX ndX_ d^W 

d9~ dedx’ 


(13.) 


for the effort to transform actual energy of the kind Q into work of the 
kind W, when expressed in terms of the metabatic function ; and 


dil = 9d 


dW 

dr 


. (14.) 


for the limit of the indefinitely small transformation produced by ai 
indefinitely small variation of the accidents on which tho kind of wori 
W depends. 

There is also a form of metamorphie fujwtion, 


dW 


. (16.) 
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Stated for omployiiieat along with the metabatic function, in order to find, 
by the integration 

ll=j0d^, . . . ( 16 .) 

the quantity of actual energy of a given kind Q transformed to the kind 
of work W during any finite variation of accidents. 

The advantage of the above expressions is, that they are applicable not 
merely to a homogeneous substance, but .to 2inY heterogeneous suistaMe or 
aggregate^ which is internally in- a state of equilibrium of actual and potential 
energy; for throughout all the parts of an aggregate in that condition, the 
metabatic function Q is the same, and each of the efforts X, &c., is the 
same, and consequently the metamorphic function is the same. 

“ Carnot's function " in thermo-dynamics is proportional to the reciprocal 
of the metabatic function of heat. 


Section XVII. — Efficiency of Engines. 


An engine is a contrivance for transforming energy, by means of the 
periodical repetition of^^ cycle of variations of the accidents of a sub- 
stance. 

The efficiency of an engine is the proportion which the energy perma- 
nently transformed to a useful form by it, bears to the whole energy com- 
municated to the working substance. 

In a jgerfect engine the cycle of variations is thus : — 

I. The metabatic function is increased, say from 0^ to 0^. 

II. The metamorphic function is increased by the amount A 

III. The metabatic function is diminished from 0-^ back to 0^. 

IV. The metamorphic function is diminished by the amount A 0. 

During the second operation, the energy received by the working sub- 
stance, and transformed from the actual to the potential form is 0^ A 0. 
During the fourth operation energy is transformed back, to the amount 
00 A 0. So that the energy permanently transformed during each cycle 


is (0i — 0o) A 0 ; and the efficiency of the engine 


01 % 

■ 


Section XVin. — D iffusion of Actual Energy; Irreversible or 
Frictional Operations. 

There is a tendency in every substance, or system of substances, to the 
eguable di^tmon of actual energy; that is to say, to its transfer between the 
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pads of the substance or system, until the value of the metabatk function 
becomes uniform. 

, This process is not directly reversible; tliat is to say, there is no such 
operation as a direct concentration of actual energy through a tendency of 
the metabatic function to become unequal in different parts of a substance 
or system. 

Hence arises the impossibility of using the energy reconverted to the 
actual form at the lower limit of the metabatic function in an engine. 

There is an analogy in respect of this property of irreversibiUty, between 
the diffusion of one kind of actual energy and certain irreversible trans- 
formations of one kind of actual energy to another, called by Professor 
William Thomson, Frictional Phenomena — viz., the production of heat 
by rubbing, and agitatioji, and by electric currents in a homogeneous sub- 
stance at a uniform temperature. 

In fact, a conjecture may bo liazardod, that immediate diffusion of tho 
actual energy produced in frictional phenomena, is the circumstance which 
renders them irreversible ; for, suppose a small part of a substance to have 
its actual energy increased by tho exertion of some kind of work upon it, 
then, if tho increase of actual energy so produced be immediately diffused 
amongst other parts, so as to restore the uniformity of tlio metabatic 
function, tho whole process will be irreversible.^ This speculation, how- 
ever, is, for the present, partly hypothetical; and, theiefore, does not, 
strictly speaking, form part of the science of energetics. 


Section XIX. — Measurement of Time. 

The general relations between energy and time must form an important 
branch of tho science of energetics; but for the present, all that I am 
prepared to state on this subject is the following definition of equal 

TIMES : — 

Equal times are the times in which equal quantities of the same hind of 
work are performed by equal and similar substances^ under wholly similar 
circumstances. 


Section XX. — Concluding Remarks. 

It is to be observed, that the preceding articles are not the results of a 
new and hitherto untried speculation, but are the generalised expression 
of a method of reasoning which has already been applied with success to 
special branches of physics. 
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In. this brief essay, it has not been attempted to do more than to give 
an outline of some of the more 'obvious principles of the science of ener- 
getics, or the abstract theory of physical phenomena in general j a science 
to which the maxim, true of all science, is specially applicable— that its 
subjects are boundless, and that they never can, by human labours, be 
exhausted, nor the science brought to perfection. 
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XIII.— ON THE PHEASE "POTENTIAL ENERGY,” AND ON 
THE DEFINITIONS OF PHYSICAL QUANTITIES."^ 

1. In the course of an essay by Sir John Herschel "On the Origin of 
Force,” which appeared some time ago in the Fortnightly Beview, and has 
lately been republished in a volume, entitled Familiar Lectures on Scientific 
Subjects^ the opinion is expressed that the phrase " Potential Energy ” is 
" unfortunate, inasmuch as it goes to substitute a truism for the announce- 
ment of a great dynamical fact” {Familiar LectureSj page 469). 

2. There is here no question as to the reality of the class of relations 
amongst bodies to which that phrase is applied, nor as to any matter of 
fact concerning those relations, but as to the convenient and appropriate 
use of language. Tiiis is a sort of question in the discussion of which 
authority has much weight ; and when an olqoction to the appropriateness 
of a term is made by an author who is not less eminent as a philosopher 
than as a man of science, and whose skill in the art cf expressing scientific 
truth in clear language is almost unparalleled, it becomes the duty of those 
who use that term to examine carefully their grounds for doing so. 

3. As the phrase "Potential Energy,” now so generally used by writers on 
physical subjects, was first proposed by myself in a paper " On the General 
Law of the Transformation of Energy,” j* read before the Philosophical 
Society of Glasgow, on the 5th of January, 1853 {see 2^- 203\ I feel that 
the remark of Sir John Herschel makes it incumbent upon me to explain 
the reasons which led me, after much consideration, to adopt that phrase 
for the purpose of denoting all those relations amongst bodies, or the parts 
of bodies, which consist in a power of doing work dependent on mutual 
configurations. 

4. The kind of quantity now in question forms part of the subject of 
the thirty-ninth proposition of Newton’s Princijpia; but it is there repre- 
sented by the area of a figure, or by symbols only, and not designated 
by a name; and such is also the case in many subsequent mathematical 
writings. 

5. The application of the word "force” to that kind of quantity is open 

* Read before the PhilosopHical Society of Glasgow on Jan. 23, 1867, and published 
in the Proceedings of that Society, Vol. VI., NTo. III. 

+ Viz., — that the effect of the presence of a quantity of actual energy, in causing 
transformation of energy between the actual and the potential forms, is the sum of the 
effects of all the parts of that quantity. 
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to the objection, that when force” is taken in the sense in which Newton 
defines ‘^vis motrix,” the powet of performing work is not simply force, 
but force multiplied by space. To make such an application of the word 
“force,” therefore, would have been to designate a product by the name 
properly belonging to one of its factors, and would have added to 
the confusion which has already arisen from the ambiguous employ- 
ment of that word. 

6. The word “ power,” though at first sight it might seem very appro- 
priate, was already used in mechanics in at least three different senses : — 
viz., first, the power of an engine, meaning the rate at which it performs 
work, and being the product of force and space divided by time; secondly, 
the power, in the sense of effort or pressure, which drives a machine ; and 
thirdly, “mechanical powers,” meaning certain elementary machines. Thus 
“power” was open to the same sort of objection with “force,” 

7. About the beginning of the present century, the word “energy” had 
been substituted by Dr. Thomas Young for “vis viva,” to denote the 
capacity for performing work duo to velocity ; and the application of the 
same word had at a more recent time been extended by Sir William 
Thomson to capacity of any sort for performing work. There can be no 
doubt that the word “energy” is specially suited for that purpose; for not 
only does the meaning to bo expressed harmonise perfectly with the 
etymology of svipyua, but the word “energy” has never been used in 
precise scientific writings in a different sense; and thus the risk of 
ambiguity is avoided. 

8. It appeared to me, therefore, that what remained to bo done, was to 
qualify the noun “energy” by appropriate adjectives, so as to distinguish 
between energy of activity and energy of configuration. The well-known 
pair of antithetical adjectives, “actual” and “potential,” seemed exactly 
suited for that purpose ; and I accordingly proposed the phrases “ actual 
energy ” and “ potential energy,” in the paper to which I have referred. 

9. I was encouraged to persevere in the use of those phrases, by the 
fact of their being immediately approved of and adopted by Sir William 
Thomson ; a fact to which I am disposed to ascribe, in a great measure, 
the rapid extension of their use in the course of a 2 )eriod so short in 
the history of science as fourteen years.* I had also the satisfaction 
of receiving a very strong expression of approval from the late Professor 
Baden Powell. 

10. Until some years afterwards I was not aware of the fact, that the 
idea of a phrase equivalent to “potential energy,” in its purely mechanical 
sei^se, had been anticipated by Carnot, who, in an essay on machines in 
general, employed the term “force vive virtuelle,” of which “potential 

* Sir William Thomson and Professor Tait have lately substituted the word “kinetic” 
for “actual.” 
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energy” might bo supposed to be almost a literal translation. That coin- 
cl&ence shows how naturally the phrase potential energy,” or something 
equivalent, occurs to one in search of words appropriate to denote that 
power of performing work which is due to configuration, and not to activity. 

11. Having explained the reasons which led me to propose the use of 
the phrase “ potential energy,” I have next to make some observations on 
the objection made by Sir John Herschel to that plnase, that ^^it goes to 
substitute a truism for a great dynamical fact.” 

12. It must be admitted that the use of the term “potential energy” 
tends to make the statement of the law of the conservation of energy wear, 
to a certain extent, the appearance of a truism. It seems to me, however, 
that such must always bo the efiect of denoting physical relations by words 
that are specially adapted to express the properties of those relations ; or, 
what amounts virtually to the same thing, of drawing up precise and com- 
plete definitions of physical terms. Let A and B denote certain conceivable 
relations, and let them be precisely and completely defined ; then, from the 
definitions follows the i)ro 2 iosition, tliat A and B are related to each other 
in a certain way; and that j;>roposition wears the appearance of a truism, 
and is virtually comprehended in the dc*finitions. But it is not a bare 
truism ; for when with the definitions arc conjoined the two facts, ascer- 
tained by experiment and observation, that there are relations amongst 
real bodies corresponding to the definition of A, and that there are also 
relations amongst real bodies corresponding to the definition of B, the pro- 
position as to relation between A and B becomes not a bare truism, but a 
physical fact. In the present case, for example, “actual energy” and 
“potential energy” are defined in such a way as to make the proposition : 
That what a body or a system of bodies gains in one form of energy through 
mutual actions, it loses in the other form — in other words, that the sum of 
actual and potential energies is “conserved” — ^follow from the definitions, 
so as to sound like a truism ; but when it is proved by experiment and 
observation that there are relations amongst real bodies agreeing with the 
definitions of “ actual energy” and “ potential energy,” that which otherwise 
would be a truism becomes a fact. 

13. A definition cannot be true or false; for it makes no assertion, but 
says, “let such a word or phrase bo used in such a sense;” but it may 
be real ov fantastic, according as the description contained in it corresponds, 
or not, to real objects and phenomena; and when, by the aid of experi- 
ment and observation, a set of definitions have been framed which possess 
reality, precision, and comjdeteness, the investing of a physical fact with 
the appearance of a truism is often an unavoidable consequence of the 
use of the term so defined. 

14. In the case of physical quantities in particular, the definition involves 
a rule for measuring the quantity ; and the prorf of the reality of the 
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defimtion is the fact, that the application of the rule to the same quantity 
under difiEerent circumstances gives consistent results, which it would not 
do if the definition were fantastic ; and hence the definitions of a set of 
physical quantities necessarily involve mathematical relations amongst 
those quantities, which, when expressed as propositions and compared 
with the definitions, wear the appearance of truisms, and are at the same 
time statements of fact. 

15. In illustration of the foregoing principles, it may be pointed out 
that there is a certain set of definitions of the measurement of time, force, 
and mass, which reduce the laws of motion to the form of truisms, thus — 

I. Let equal times ’’ mean the times in which a moving body, under 
the influence of no force, describes equal spaces. This definition is 
proved to be real by the fact, that times which are equal when compared 
by means of the free motion of one body, are equal when compared by 
means of the free motion of any other body. If the definition wero 
fantastic, times might be equal as measured by the free motion of one 
body, and unequal as measured by that of another. 

II. Let force mean a relation between a pair of bodies such that 
their relative velocity changes, or tends to change, in magnitude or 
direction, or both ; and let equal forces ” mean those which act when 
equal changes of the relative velocity of a given pair of bodies occur in 
equal times. This definition is proved to be real by the fact, that the 
comparative measurements of forces made in different intervals of time 
are consistent with each other, Avhich would not be the case if the 
definition were fantastic. 

III. Let the “ mass ” of a body mean a quantity inversely proportional 
to the change of velocity impressed on that body in a given time by a 
given force. This definition is proved to be real by the fact, that the 
ratio of the masses of two given bodies is found experimentally to be 
always the same, when those masses are compared by means of the 
velocities impressed on them by different forces, and in different times ; 
and is also the same, whether each of the masses is measured as a whole 
or as the sum of a set of parts. 

Assuming those definitions as merely verbal, without reference to 
their reality, the laws of motion take the form of verbal truisms; but 
when experiment and observation inform us that permanent relations 
exist amongst real bodies and real events corresponding to the definitions, 
those apparent truisms become statements of fact. 

16. One of the chief objects of mathematical physics is to ascertain, 
by the help of experiment and observation, what physical quantities or 
functions are “conserved.*' Such quantities or functions are, for example — 

I The mass of every particle of matter, conserved at all times and 
under all circumstances. 
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IL The resultant momentum of a body, or system of bodies, conserved 
as internal forces act alone. 

IIL The resultant angular momentum of a body or system of bodies, 
conserved so long as internal forces act alone. 

IV. The total energy of a body, or system of bodies, conserved so long 
as internal forces act alone. 

V. The thermo-dynamic function^ conserved in a body while it neither 
receives nor gives out heat. 

In defining such physical quantities as those, it is almost, if not quite, 
impossible to avoid making the definition imply the property of con- 
servation ; so that when the fact of conservation is stated, it has the form 
of a truism. 

1 7. In conclusion, it appears to me that the making of a physical law 
wear the ajipearance of a truism, so far from being a ground of objection 
to the definition of a physical term, is rather a proof that such definition 
has been framed in strict accordance with reality. 
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XIV.— ON THE MECHANICAL ACTION OF HEAT, ESPECIALLY 
IN GASES AND VAPOURS.^ 

Introduction — Suivimary of the Principles of the Hypothesis 
OF Molecular Vortices, and its Application to the Theory 
OF Temperature,- Elasticity, and Real Specific Heat. 

The ensuing paper forms part of a series of researches respecting the 
consequences of an hypothesis called that of Molecular Vortices, the 
object of which is, to deduce the laws of elasticity, and of heat as connected 
with elasticity, by means of the principles of mechanics, from a physical 
supposition consistent and connected with the theory which deduces the 
laws of radiant light and heat from the hypothesis of undulations. Those 
researches were commenced in 1842, and after having been laid aside 
for nearly seven years, from the want of experimental data, were resumed 
in consequence of the appearance of the experiments of M. Regnault on 
gases and vapours. 

The investigation which I have now to describe, relates to the mutual 
conversion of heat and mechanical power by means of the expansion and 
contraction of gases and vapours. 

In the introduction, which I here prefix to.it, I purpose to give such a 
summary of the principles of the hyiiothesis as is necessary to render the 
subsequent investigation intelligible. 

The fundamental suppositions are the following : — 

First, That each atom of matter consists of a nucleus, or central ^physical 
pmnt, enveloped hy an elastic atmosphere, which is Q'etained in its position ly 
forces attractive towards the nucleus or centre. 

Suppositions similar to this have been brought forward by Franklin, 
-ZEpinus, Mossotti, and others. They have in general, however, conceived 
the atmosphere of each nucleus to be of variable mass. I have treated 
it, on the contrary, as an essential part of the atom. I have left the 
question indeterminate, whether the nucleus is a small body of a character 
distinct from tliat of the atmosphere, or merely a portion of the atmosphere 
in a highly condensed state, owing to the mutual attraction of its parts. 

According to this first supposition, the boundary between two con- 

* Read before the Royal Society of Edinburgh on Feb. 4, 1850, aad published in 
the Transactions of that Society, Vol, XX., Part I. (See also p. 16.) 
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tigaous atoms of a body is an imaginary surface at which the attractions 
of all the atomic centres of the body balance each other; and the elasticity 
of the body is made up of two parts : First, the elasticity of the atomic 
atmospheres at the imaginary boundaries of the atoms, which I shall call 
the superficial-atomic elasticity; and, secondly, the force resulting from 
the mutual actions of distinct atoms. If the atmospheres are so much con- 
densed round their nuclei or centres, that the superficial-atomic elasticity 
is insensible, and that the resultants of the mutual actions of all parts of 
the distinct atoms are forces acting along the lines joining the nuclei or 
centres, then the body is a perfect solid, having a tendency to preserve 
not only a certain bulk, but a certain figure ; and the elasticity of figure, 
or rigidity, bears certain definite relations to the elasticity of volume. 

If the atmospheres are less condensed about their centres, so that the 
mutual actions of distinct atoms are not reducible to a system of forces 
acting along the lines joining the atomic centres, but produce merely a 
cohesive force sufficient to balance the superficial-atomic elasticity, then 
the condition is that of a iierfcct Ugukl ; and the intermediate conditions 
between this and perfect solidity constitute the gelatinous, plastic, and 
viscous states. 

When the mutual actions of distinct atoms arc very small as compared 
with the superficial-atomic elasticity, the condition is that of gas or vapow; 
and when the substance is so far rarefied that the influence of the atomic 
nuclei or centres in modifying the superficial elasticity of their atmos- 
pheres is insensible, it is then in the state of 'perfect gas. 

So far as our experimental knowledge goes, the elasticity of a perfect 
gas, at a given temperature, varies simply in proportion to its density. 
I have therefore assumed this to be the law of the elasticity of the 
atomic atmospheres, ascribing a specific coefficient of elasticity to each 
substance. 

The second supposition, being that from which the hypothesis of mole- 
cular vortices derives its name, is the following : — That the elasticity due 
to heat arises from the centrifugal fmxe of revolutions or oscillations among the 
partkles of the atomic atmospheres ; so that quantity of heat is the vis viva of 
those revolutions or oscillations. 

This supposition appears to have been first definitely stated by Sir 
Humphry Davy, It has since been supported by Mr. Joule, whose 
valuable experiments to establish the convertibility of heat and mechanical 
power are well known. So far as I am aware, however, its consequences 
have not hitherto been mathematically developed. 

To connect this hypothesis with the imdulatory theory of radiation, I 
have introduced a third mpposition : That the medium which transmits light 
emd radiard heat consists of the nuclei of the atoms, vibrating independently, 
or almost independently, of their atmospheres; so that the absorption of 
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light and of radiant heat, is the transference of motion from the nuclei to 
their atmospheres; and the emission of light and of radiant heat, the 
transference of motion from the atmospheres to their nuclei. 

Although in all undulations of sensible length and amplitude, such as 
those of sound, the nuclei must carry their atmospheres along with them, 
and vibrating thus loaded, produce a comparatively slow velocity of 
propagation; yet, in all probability, the minute vibrations of light and 
radiant heat may bo performed by the atomic nuclei in transparent and 
diathermanous bodies, without moving the atmospheres more than by 
that amount which constitutes absorption; and those vibrations will 
therefore be transmitted according to the laws of the elasticity of perfect 
solids, and with a rapidity corresponding to the extreme smallness of the 
masses set in motion, as compared with the mutual forces exerted by them. 

This supposition is peculiar to my own view of the hypothesis, and is, 
in fact, the converse of the idea hitherto adopted, of an ether surrounding 
j^onderablo particles. 

The second and third suppositions involve the assumption, that motion 
can bo communicated between the nuclei and their atmospheres, and 
between the different parts of the atmospheres; so that there is a tendency 
to produce some permanent condition of motion, which constitutes equili- 
brium of heat. It is now to be considered wdiat kind of motion is capable 
of producing increase of elasticity, and what are the conditions of perma- 
nency of that motion. 

It is obvious, that the parts of the atomic atmospheres may have 
motions of alternate expansion and contraction, or of rectilinear oscillation 
about a position of equilibrium, without affecting the superficial atomic 
elasticity, except by small jjcriodical changes. Should they have motions, 
however, of revolution about centres, so as to form a group of voiiices, the 
centrifugal force will have the effect of increasing the density of the 
atmosphere at what I have called the bounding surfaces of the atoms, and 
thus of augmenting the elasticity of the body. 

In this summary, I shall not enter into the details of mathematical 
analysis, but shall state results only. The following, then, are the con- 
ditions which must be fulfilled, in order that a group of vortices, of small 
size as compared with the bulk of an atom, and of various diameters, may 
permanently co-exist, whether side by side, or end to end, in the atomic 
atmospheres of one substance, or of various substances mixed. 

First, The mean elasticity must vary continuously, which involves the 
condition, that at the surface of contact of two vortices of different 
substances, side by side, or end to end, the respective densities at each 
point of contact must be inversely proportional to the coeflSicients of 
elasticity. Hence, the specific gravities of the atmospheric parts of all 
substances, under precisely similar circumstances as to heat and molecular forces 
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(a condition realised in perfect gases at the same pressure and temperature), 
are inversely propojiioml to tlie coefficients of atmospheric elasticity. Therefore, 
let jx represent the mass of the atmosphere of one atom of any substance, 
h its coefficient of elasticity, and n the number of atoms which, in the 
state of perfect gas, occupy unity of volume under unity of pressure at 
the temperature of melting ice; — ^then 

iifil ) (I) 


is a constant quantity for all substances. 

Secondlyj The superficial elasticity of a vortex must not be a function 
of its diameter : to fulfil which condition, the linear velocity of revolution 
must be equal throughout all parts of each individual vortex. 

Thirdly, In all contiguous vortices of the same substance, the velocities 
of revolution must be equal; and in contiguous vortices of different 
substances, the squares of the velocities must bo proportional to the 
coefficients of elasticity of the molecular atmos2>hcres. 

The second and third conditions are those of equilibrium of heat, and 
are equivalent to this law : — 

Tempeiiature is a function of the sgtiare of the velocity of revolution in 
the molecular vortices, divided hj the coefficient of elasticity of the atomic atmos- 
pheres; or 

/wA 

Temperature = (j> • • • (H.) 


where w represents that velocity. 

The mean elasticity which a vortex exerts endways is not affected by 
its motion, being equal to 

ip, (in.) 


where p is its mean density. The superficial elasticity at its lateral 
surfaces, however, is expressed by 


wV , I 
Tj + *'’• 


CIV.) 


The additional elasticity being that which is due to the motion, is 

independent of the diameter. The divisor g (the force of gravity) is 
introduced, on the supposition of the density p being measured by 
weight. . 

Supposing the atmosphere of an atom to be divided into concentric 
spherical layers, it may be shown that the effect of the co-existence of a 
great number of small vortices in one of those layers whose radius is 
r, and mean density p, is to give it a centrifugal force, expressed by 


gr' 


. (V.) 
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wliich tends to increase the density and elasticity of the atmosphere at 
the surface, which I have called the boundary of the atom. The layer 
is also acted upon by the difference between the mean elasticities at its 
two surfaces, and by the attraction towards the atomic centre; and these 
three forces must balance each other. 

I have integrated the differential equation which results from this 
condition, for substances in the gaseous state, in which the forces that 
interfere with tlie centrifugal force and atmospheric elasticity are com- 
paratively small ; and the result is 


P is the entire elasticity of the gas, and D its mean density. M repre- 
sents the total mass of an atom, measured by weight, and ju that of its 

atmospheric part ; so that D is the mean density of the atomic 


atmospheres. 

/ (D) denotes the effect of the mutual actions of separate atoms. 

The first term represents the superficial-atomic elasticity. P denotes 
the effect of the attraction of the nucleus in modifying that elasticity, 
and can be represented approximately by a converging series, in terms of 


tv 


the negative powers of ^ + 1, commencing with the inverse square, 

the coefficients being functions of the density D. 

By using the first term of such a series, and determining its coefficient 
and the quantity /(D) empirically, I have obtained formulae agreeing 
closely with the results of M. Eegnault's experiments on the expansion 
of atmospheric air, carbonic acid, and hydrogen. 

In a perfect gas, the above expression is reduced to 


P = 


M 


D 




(vn.) 


Let 7^, as before, denote the number of atoms of a substance which, in 
the state of perfect gas, occupy unity of volume under unity of pressure, 
at the temperature of melting ice, so that 'jn M is its specific gravity in 
that state : then. 

The factor by which is here multiplied, fulfils the condition of 
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being a function of , and of constants which arc the same for all 

substances, and is, therefore, fitted for a measure of temperature. It 
obviously varies proportionally to the pressure of a perfect gas of a given 
density, or its volume under a given pressure. 

Let T, therefore, denote temperature, as measured from an imaginary zero, 
C degrees of the scale adopted, below the temperature of molting ice, 
at which 


‘6gh 


+ 1 


Then, for all substances 


and in perfect gases 



_P- 

n M* 


(IX.) 


r may bo termed absolute temperature ^ and the point from which it is 
measured, the absolute zero of temperature. This, as I have observed, is an 
imaginary point, being lower than the absolute zero of heat by the 
quantity GnjuJ), which is the same for all substances. 

The value of 0, or the absolute temx)eraturo of melting ice, as determined 
from M. Eegnault^s experiments, is 

274°‘6 Centigrade, 

being the reciprocal of 

0*00364166 per Centigrade degree, 

the value to which the coefficients of dilatation of gases at the temperature 
of melting ice approximate as they are rarefied. 

For Fahrenheit's scale C = 494°*28. 

In the sequel I shall represent temperatures measured from that of 
melting ice by 

T = r ~ C. 


We have now to consider the absolute quantity of heat, or of mole- 
cular vis viva which corresponds to a given temperature in a given substance. 
It is obvious that 

represents, in terms of gravity, the portion of vis viva, in one atom, due 
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to &e molecular vortices ; but besides the vortical motion, there may be 
Osdllations of expansion and contraction, or of rectilinear vibration about a 
position of equilibrium. The velocity with which these additional motions 
ore performed will bo in a permanent condition, when the mean value 
of its square, independent of small periodic changes, is equal throughout 
the atomic atmosphere. We may therefore represent by 


^9 “ "27’ 


• (X.) 


the total vis viva of the atomic atmosphere. To this we have to add that 
of the nucleus, raising the quantity of heat in one atom to 


M»2 

^9 


= 


while the quantity of heat in unity of weight is 




2 ? 


= Q. 


. (XI.) 


The coefficient k (which enters into the value of specific heat) being 
the ratio of the vis viva of the entire motion impressed on the atomic 
atmospheres by the action of their nuclei, to the vis viva of a peculiar kind of 
motion, may be conjectured to have a specific value for each substance 
depending, in a manner as yet unknown, on some circumstance in the 
constitution of its atoms. Although it varies in some cases for the same 
substance in the solid, liquid, and gaseous states, there is no experimental 
evidence that it varies for the same substance in the same condition. In 
the investigation which follows, therefore, I have treated it as sensibly 
constant. 

The following, then, are the expressions for quantity of heat in terms 
of temperature : in one atom, — 


2 = 


22 


3 iM . 
2Cn/*^’’ 


-Cn^b). 


In unity of weight, — 


^ ^ Sk . 

2y 2Gnfi^^ 


— Cn /lb). 


h (xii.) 


Beat specific heat ia, consequently, expressed by the following equa- 
tions 
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T'or one atom, — 

dg _ 3 AjM 
d T 2 C w )u* 

For unity of weight, — 

dq_ ^Ic 

dr 2 C /X* 

For so ranch of a perfect gas as occupies unity of volume 
under unity of j^ressiire at the temperature of melting 
ice, — 

^ _ 3 A; M 
dr 2 0 fx J 

The laws established experimentally by Dulong, that the specific heats 
of simple atoms, and of certain groups of compound atoms, bear to each 
other simple ratios, generally that of equality, and that the specific 
heats of equal volumes of all simple gases are equal, show that the specific 

factor — depends on the chemical constitution of the atom, and thus 

confirm the conjecture I have stated respecting the coefficient Ic. 

As I shall have occasion, in the investigation which follows, to refer 
to and to use the equation for the elasticity of vapours in contact with 
their liquids, which I published in the Edinburgh New Philosophical 
Journal for July, 1849, I shall here state generally the nature of the 
reasoning from which it was deduced. 

The equilibrium of a vapour in contact with its liquid depends on three 
conditions : 

Firsts The total elasticity of the substance in the two states must be 
the same. 

Secondly j The superficial atomic elasticity must vary continuously; 
so that if at the surface which reflects light there is an abrupt change 
of density (which seems almost certain), there must there be two densities 
corresponding to the same superficial-atomic elasticity. 

Thirdly, The two forces which act on each stratum of vapour parallel 
to the surface of the liquid — ^namely, the preponderance of molecular 
attraction towards the liquid, and the difference of the superficial-atomic 
elasticities at the two sides of the stratum — ^must be in equilibrio. 

Close to the surface of the liquid, therefore, the vapour is highly 
condensed. The density diminishes rapidly as the distance from the 
liquid increases, and at all appreciable distances has a sensibly uniform 
value, which is a function of the temperature and of certain unknown 
molecular forces. 
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The integration of a differential equation representing the third condition 
of equilibrium, indicates the /om of the approximate equation, 

LogP = a-^-,^, . . . (XIV.) 


the coefficients of which have been determined empirically by three 
experimental data for each fluid. For proofs of the extreme closeness 
with which the formulas thus obtained agree with experiment, I refer to 
the Journal in which they first appeared. 

I annex a table of the coefficients for water, alcohol, ether, turpentine, 
petroleum, and mercury, in the direct equation, and also in the inverse 
formula. 


1 

r 



V 



■ (XV.) 


by which the temperature of vapour at saturation may be calculated from 
the pressure. In the ninth and tenth columns are stated the limits 
between which the formulae have been compared with experiment. 

For turpentine, petroleum, and mercury, the formula consists of two 
terms only. 

LogP = fl-^, . . . (XVI.) 


the small range of the experiments rendering the determination of y 
impossible. 

The following are some additional values of the constant a for steam, 
corresponding to various units of pressure used in practice. 


Units of Pressure. 

Atmospheres of 7 GO millimetres of mercury, 

= 29’922 inches of mercury, 

= 14'7 lbs. on the square inch, 

= 1*0333 kilogrammes on the square centimetre. 
Atmospheres of 30 inches of mercury, 

= 761*99 millimetres, 

= 14*74 lbs. on the square inch, 

= 1*036 kilogrammes on the square centimetre, 
on the square centimitre, 

Balogrammes on the circular centimetre. 

Founds avoirdupois on the square inch. 

Pounds avoirdupois on the circular inch, 

Pounds avoirdupois on the square foot. 


Values of a. 


4*950433 


4*949300 

4*964668 

4*859748 

6*117662 

6*012752 

8*276025 


All the numerical values of the constants are for common logarithms. 



Table of the Constants in the Formula for the Elasticities of Vapours in Contact 

WITH THEIR Liquids. 
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Mercury, . . . Millixns. of mercury. Centigrade. 7*5305 3*4685511 ... ... j ... 72® *74 to ^8"* (^15 to 760 

; Fahrenheit Intdics. 

Mercury, , . . Inches of mercury. Fahrenheit. 6*1259 3*7238236; ... ... | ... 162®'93to676 *4 *0046 to 29*92 
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Section I. — Of the Mutual Conversion of Heat and Expansive 

Power. 


1. The quantity of heat in a given mass of matter, according to the 
hypothesis of molecular vortices, as well as every other hypothesis which 
ascribes the phenomena of heat to motion, is measured by the mechanical 
power to which that motion is equivalent, that being a quantity the 
total amount of which, in a given system of bodies, cannot be altered by 
their mutual actions, although its distribution and form may be altered. 

This is expressed in equation XII. of the introduction, where the quantity 

* 

of heat in unity of weight, Q, is represented by the height from which 


a body must fall in order to acquire the velocity of the molecular oscilla- 
tions. This height, being multiplied by the weight of a body, gives the 
mechanical power to which the oscillations constituting its heat are 
equivalent. The real specific heat of unity of weight, as given in equa- 
tion (XIII.) of the introduction, 


d Cl _ Zh 
dr fx 


represents the depth of fall^ which is equivalent to one degree of rise of 
temperature in any given weight of the substance under consideration. 

We know, to a greater or less degree of precision, the ratios of the 
specific heats of many substances to each other, and they are commonly 
expressed by taking that of water at the temperature of melting ice as 
unity ] but their actual mechanical values have as yet been very imper- 
fectly ascertained, and, in fact, the data necessary for their determination 
are incomplete. 

2. Mr. Joule, indeed, has made several very interesting series of 
experiments, in order to ascertain the quantity of heat developed in 
various substances by mechanical power employed in diiferent ways — viz., 
by electric currents excited by the rotation of a magnet, by the forcing 
of water through narrow tubes, by the agitation of water and oil with a 
paddle, by the compression of air, and by the friction of air rushing 
through a narrow orifice. The value of the depth of fall equivalent 
to a rise of one degree of Fahrenheit's scale in the temperature of a mass 
of water, as determined by that gentleman, varies, in the different series 
of experiments, between the limits of 7 GO feet and 890 feet, the value 
in which Mr. Joule appears to place the greatest confidence being about 
780 feet. 

Although the smallness of the differences of temperature measured in 
those experiments renders the numerical results somewhat uncertain, 
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it appears to me that, as evidence of the convertibility of heat and 
mechanical power, they are unexceptionable. Nevertheless, there is 
reason to believe that the true mechanical equivalent of heat is consider- 
ably less than any of the values deduced from Mr. Joule’s experiments; 
for in all of them there are causes of loss of power the effect of which 
it is impossible to calculate. In all machinery, a portion of the power 
which disappears is carried off by waves of condensation and expansion, 
along the supports of the machine, and through the surrounding air: 
this portion cannot be estimated, and is, of course, not operative in 
producing heat within the machine. It is also impossible to calculate, 
where friction is employed to produce licat, wliat amount of it has been 
lost in the production of electricity, h. power which is, no doubt, conver- 
tible into heat, but which, in such experiments, prol)al)ly escapes without 
undergoing that conversion. To make the determination of the mechanical 
equivalent of heat by elcctro-magnctic experiments correct, it is necessary 
that the whole of the meclianical power should be converted into magnetic 
power, the whple of the magnetic power into what are called electric 
currents, and the whole of the power of the electric currents into heat, 
not one of which conditions is likely to bo exactly fulfilled. Even in 
producing heat by the compression of air, it must not bo assumed that 
the whole of the mechanical power is expended in raising the tempera- 
ture. 

3. The best means of determining the mechanical equivalent of 
heat are furnished by those experiments in which no machinery is 
employed. Of this kind arc experiments on the velocity of sound in air 
and other gases, which, according to the received and well-known theory 
of Laplace, is accelerated by the heat developed by the compression of 
the medium. 

The accuracy of this theory has lately been called in question. There 
can be no doubt that it deviates from absolute exactness, in so far that 
the magnitude of the displacements of the particles of air is neglected 
in comparison with the length of a wave. It appears to mo, however, 
that the Astronomer-Eoyal, in his remarks on the subject in the London 
and Edinburgh Philosophical Magazine for July, 1849, has shown, in a 
satisfactory manner, that although the effect of the appreciable magnitude 
of those displacements, as compared with the length of a wave of sound, 
is to alter slowly the form of the function representing the wave, still 
that effect is not sufficiently great to make Laplace’s theory practically 
erroneous, I have, therefore, in the sequel, adhered to the experiments 
of Dulong, and to those quoted by Poisson, on the velocity of sound, as 
the best data for determining the mechanical equivalent of heat. 

4. The expression already given for the real specific heat of unity of 
weight of a given substance may be resolved into two factors, thus : — 
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2 /*’ 


The first factor, considered in general as a known quantity; 

for C represents, as already stated, 274*6 Centigrade degrees, the absolute 
temperature of melting ice, and n M the theoretical weight, in the per- 
fectly gaseous state, of unity of volume of the substance, under unity of 


pressure, at that temperature; or what is the same thing, is the 

height of an imaginary column of the substance, of uniform density, and 
at the temperature of melting ice, whose pressure by weight upon a given 
area of base is equal to its pressure by elasticity, supposing it to be 


perfectly gaseous. The determination of the ratio 


3 feM 

"V 


is necessary to 


complete the solution of the problem. 

5. The relation now to bo investigated between heat and mechanical 
power, is that which exists between the power expended jn compressing 
a body into a smaller volume, and the increase of heat in consequence of 
such a compression ; and, conversely, between the heat which disappears, 
or, as it is said, becomes latent during the expansion of a body to a greater 
volume, and the mechanical power gained or developed by that expansion. 
Those phenomena, according to the hypothesis now under consideration, 
as well as every hypothesis which ascribes heat to motion, are simply the 
transformation, of mechanical power from one shape into another. 

It is obvious, in the first place, without the aid of algebraical symbols, 
that the general effect of the compression of an oscillating atomic atmos- 
phere, or molecular vortex, must be to accelerate its motion, and of its 
dilatation, to retard its motion; for every portion of such an atmosphere 
is urged toward the nucleus or atomic centre by a centripetal force equal 
to the centrifugal force arising from the oscillation; so that when, by 
compression, each portion of the atmosphere is made to approach the centre 
by a given distance, the vh viva of its motion will be imreased by the 
amount corresponding to the centripetal force acting through that dis- 
tance ; and, conversely, when by expansion each portion of the atmosphere 
is made to retreat from the centre, the vis viva of its motion will be 
diminished by a similar amount. 

It is not, however, to be taken for granted, that all the power expended 
in compressing a body appears in the form of heat. More or less power 
may be coilSumed or developed by changes of molecular arrangement, 
or of the internal distribution of the density of the atomic atmospheres; 
and changes of molecular arrangement or distribution may develop or 
consume heat, independently of changes of volume. 

6. We shall now investigate, according to the hypothesis of mole- 
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cular vortices, the amount of heat produced by an indefinitely small 
compression of one atom of a body in that state of perfect fluidity which 
admits of the bounding surface of the atom being treated as if it were 
spherical : its radius being denoted by E, and the radius of any internal 
spherical layer of the atmosphere by multiplying R by a fraction u. 

I shall denote by the ordinary symbol of differentiation rf, such changes 
as depend on the various positions of portions of the atomic atmosphere 
relatively to each other, when changes of volume and temperature are not 
taken into consideration; while by the symbol 8 of the calculus of 
variations, I shall represent siich changes as arise from the variations of 
volume and temperature. 

Let us consider the case of an indefinitely thin spherical layer of the 
atomic atmosphere, whose distance from the nucleus is Ew, its thickness 

E d uj its area 4 tt E^ and its^ensity ^ D ^ (w, D, r). 

The weight, then, of this layer is 

4 TT E^ ^ D 24^ t// {iiy D, t) d u. 

Its velocity of oscillation is and having, in virtue of that velocity, a 
mean centrifugal force, as explained in the introduction (Equation V.), 
equal to 

/ 2Q \ 

its weight X I "TV*" ^ 7 i> ” ) 

® \gk li u k E u / 

it is kept in equilibrio by an equal and opposite centripetal force, arising 
from attraction and clastic pressure, which is consequently represented by 

= 8 TT Q,Du\p {Uy D, r) d u. 

Let the mean density of the atom now be increased by the indefinitely 
small quantity 8 D. Then the layer will approach the nucleus through 
the distance — 8 (E2^)= — w 8 E— E 82 ^, and being acted upon through 
that distance by the centripetal force already stated, the vis viva of 
oscillation will be increased by a quantity corresponding to the mechanical 
power (that is to say, the heat), represented by the product of that 
distance by that force, or by 

— 8 TT E^ Q,T)u}p{u,DyT)du x 8 (R w) 
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= -SirW^qj)i,(n,D,r)u^(~ + ^')du 

Trhioh, because 


8R 

E 


1 

3 


8D , Attend 
and— ^ 


=: M, is equal to 


+ Q M . (u, D, - 3 ^)du. 


We must suppose that the velocity of oscillation is equalised throughout 
the atomic atmosphere, by a j^i’opagation of motion so rapid as to be 
practically instantaneous. 

Then, if the above expression be integrated with respect to du, from 
u = 0 to 7^=1, the result will give the whole increase of heat in the 
atom arising from the condensation 8D;^and dividing that integral by 
the atomic weight M, we shall obtain the corresponding development of 
heat in unity of weight. This is expressed by the following equation: — 

^ ^ ^ m { If £ («, I>, t ) 

— 3 j d u . ti S u\p (u, D, t ) ^ . (2.) 

The letter Q' is here introduced to denote, when negative, that heat 
which is consumed in producing changes of volume and of molecular 
arrangement ; and when positive, as in the above equation, the heat which 
is produced by such changes. 

The following substitutions have to be made in equation (1) of this 
Section : 

For Q is to be substituted its value, according to equation XII. of the 
introduction; or abbreviating Gninh into k , — 

= • • ■ W 

The value of the first integral in equation (2) of this Section is 

1 

I du , 'ip (Uf D, t ) = V. 

J 0 o 

The value of the second integral, 

— 3 f du , uSu7//(u,D, r) 

Jo 

remains tij be investigated. The first step in this inquiry is given by 
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the condition, that whatsoever changes of magnitude a given spherical 
layer undegoes, the portion of atmosphere between it and the nucleus is 
invariable. This condition is expressed by the equation 

from \rhich it follows that 


^ {u, E 

and, consequently, that 




— 3 ( du , u Su-{p (u, D, r) = 
J 0 


Hence, making 


rl f] n, ru 


The second integral in equation (2) is transformed into 

By means of those substitutions we obtain for the mechanical valu|^ of 
the heat developed in unity of weight of a fluid by any indefinitely small 
change of volume or of molecular distribution — 

or taking V = ^ to denote the volume of unity of weight ^ ^ 

of the substance, 

n4? • i. 1 . !.• r — ic 8D r — K 8V 

Pf this expression, the portion ' U = “ cW ' T 

sents the variation of heat arising from mere change of volume. 

^ denotes the variation of heat pro- 
0»M dV 0»M dD’ ^ 

dnced by change of molecular distribution dependent on cbsags jpi volume. 
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T* ’*"* tc cl TT 

CITM ^ ^ ITr variation of heat due to change of mole- 

cular distribution dependent on change of temperature. 

7. The function U is one depending on molecular forces, the nature 
of which is as yet unknown. The only case in which it can be calculated 
directly is that of a perfect gas. Without giving the details of the integra- 
tion, it may be sufficient to state, that in this case 


and, therefore, that 

dU 

dr 

In all other cases, however, the value of this function can be determined 
indirectly, by introducing into the investigation the principle of the 
conservation of vis viva. 

Suppose a portion of any substance, of the weight unity^ to pass through 
a variety of changes of temperature and volume, and at length to be 
brought back to its primitive volume and temperature. Then the absolute 
quantity of heat in the substance, and the molecular arrangement and 
distribution, being the same as at first, the effect of their changes is 
eliminated ; and the algchraical sum of the vis viva expanded and produced, 
whether in the shape of expansion and compression, or in that of heat, must be 
equal to zero: that is to say, if, on the whole, any mechanical power has 
appeared, and been given out from the body, in the form of expansion, 
an equal amount must have been communicated to the body, and must 
have disappeared in the form of heat ; and if any mechanical power 
has appeared and been given out from the body in the form of heat, an 
equal amount must have been communicated to the body, and must 
have disappeared in the form of compression. This principle expressed 
symbolically is 

An + AQ'=0, . . . . (8.) 

ere D, when positive, represents expansive power given out, when 
negative, compressive power absorbed; and Q' represents, when positive, 
heat given out, when negative, heat absorbed. 

To take the simplest case possible, let the changes of temperature and 
of volume be supposed to be indefinitely small, and to occur during 
distinct intervals of time, so that r and V are independent variables; 
let the initial absolute temperature be t, the initial volume V, and the 
initial total elasticity P ; and let the substance go through the following 
four changes : 



= 

T 


^ 2 ^ 


dU 

dV 


= 0 . 


. (7.) 
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Fird, Let its temperature be raised from t to r + Sr, the volume 
remaiouig unchanged. Then tho quantity of heat absorbed is 



r - ic dU\ 
C?rM It)’ 


and there is no expansion nor compression. 

Secondly, Let tho body expand, without change of temperature, from 
the volume V to the volume V + S V. Then tho quantity of heat 
absorbed is 


- SV. 


T + Sr — k/1 

■ C \V 


d 

dV 


(U + 


dU 

dr 



while the power given out by expansion is 

SV(P + ‘'^f8r). 

Thirdly, Let the temperature fall from r + S r, to its original value r, 
the volume V + 8 V continuing unchanged ; then the heat given out is 



r — IC d 
C n M dr 


(u + 



and there is no expansion nor compression. 

Fourthly, Let the body be compressed, without change of temperature, to 
its original volume V ; then the heat given out is 


+ 8V 


r — IC 

C^M 



dV\ 

dVF 


while the power absorbed in compression is — 8 V . P. The body being 
now restored in all respects to its j^rimitive 'State, the sum of the two 
portions of power connected with change of volume, must, in virtue of the 
principle of vis viva, be equal to the sum of the four quantities of heat 
with their signs reversed. Those additions being made, and the sums 
divided by the common factor 8 V 8 r, the following equation is obtained : 

dP _ 1 

dr'^CnMVV dY / * 

The integral of this partial differential equation is 

U = ^.r + /dv(^-C»M^-^). . 


. ( 9 .) 

. ( 10 .) 
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Now ^.T being the same for all densities, is the value of TJ for, the 
perfectly gaseous state, or for in that state, the integral = 0, The 

T 

values of the partial difFercntial coefficients are accordingly 


dV 

dV 

dV 

d T 


1 

V 


CnM- 

d T 



(!>•) 


and they can, thereforo, be determined in all cases in which the quantity 
ic = C 71 /X J, and the law of variation of the total elasticity with the volume 
and temperature arc known, so as to complete the data required in order 
to apply equation 6 of this section to the calculation of the mechanic 
value of the variations of heat, due to changes of volume and molectitor 
arrangement. 

The total elasticity of an imperfect gas, according to equations VI. and 
XII. of the introduction, being 




its first and second partial difTcreiitial coefiicients with respect to the 
temperature are 


dV 

d r 


CjiMV 






— -f2 

OwMV V 



Consequently, for tho imperfectly gaseous state. 



8. It is to be observed that the process followed in ascertaining tho 
nature of the function U is analogous to that employed by M. Camot 
in his theory of the motive power of heat, although founded on contrary 
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principles, and leading to different results. Carnot, in fact, considers 
heat to be something of a peculiar kind, whether a condition or a substance, 
the total amount of which in nature is incapable of increase or of 
diminution. It is not, therefore, according to his theory, convertible into 
mechanical power; but is capable, by its transmission through substances 
under particular circumstances, of causing mechanical power to bo developed. 

He supposes a body to go through certain changes of teinpcraturo 
and volume, and to return at last to its primitive volume and temperature, 
arid conceives, in accordance with his view of the nature of heat, that it 
must have given out exactly the same quantity of heat that it has absorbed. 
The transmission of this heat he regards as the cause of the production 
of an amount of mechanical power depending on the quantity of heat 
transmitted, and on the temperature at Avhich the transmission has taken 
p^e. According to these principles, a body, having received a certain 
quantity of heat, is capable of giving out, not only all the heat it has 
received, but also a quantity of mechanical power which did not before exist. 
. According to the theory of this essay, on the contrary, and to every 
conceivable theory which regards heat as a modification of motion, no 
mechanical power can bo given out in the shape of expansion, unless the 
quantity of heat emitted by the body in returning to its primitive tem- 
perature and volume is less than the quantity of heat originally received ; 
the excess of the latter quantity above the former disappearing as heat, 
to appear as expansive power, so that the sum of the vis viva in these two 
forms continues unchanged. 


Section II. — Of Eeal and Apparent Specific Heat, especially in 
THE State of Perfect Gas. 


9. The apparent specific heat of a given substance is found by adding 
to the real specific heat (or the heat which retains its form in producing 
an elevation of one degree of temperature in unity of weight) that 
additional heat which disappears in producing changes of volume and of 
molecular arrangement, and which is determined by reversing the sign 
of in equation 6 of Sect. I (so as to transform it from heat evolved 
to heat absorbed), and taking its total differential coefficient with respect 
to the temperature. Hence, denoting total apparent specific heat by K, 

dr dr dr dr dY * dr 


1 f3iM . , , tdY (I dV\ 

1 2 ^ \Y dv) 
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Another mode of expressing this coeflScient is the following : 
2 a 

Denote the ratio by If, and the real specific heat by 

o IC 


ft = 


C»MN’ 


• ( 14 .) 


then 




(15.) 


The value of is to be determined from the conditions of each par- 
dr 

ticular case, so that each substance may have a variety of apparent specific 
heats, according to the manner in which the volume varies with the 
temperature. 

dY 

If the volume is not permitted to vary, so that — = 0, there is 

obtained the following result, being the apparent specific heat at constant 
volume : — 


Kv = 


1 

CnM 





10. Then the substance under consideration is a perfect gas, it has 
already been stated, equation (7), that 


dU K _ 0 

dr dV 


and because the volume of unity of weight is directly as the absolute 
temperature and inversely as the pressure, 

1 dV _ 1 _ 1 ^ 

YJr~r Vdr' 



Hence, the following arc the values of the apparent specific heats of 
unity of weight of a theoretically perfect gas under different circum- 
stances : — 

General value of the total apparent specific heat : 
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^ VJr)} 

Apparent specific heat at constant volume : ^ (18.) 

Apparent specific heat under constant pressure : 

= 5i M (s + * - ^ } . 

The ratio of the apparent specific heat under constant pressure to the 
apparent specific heat at constant volume, is the following ; — 


1 +N 1 


1 +N 


K _ K-\ 

r r’/ 


= 1 + N 


1 + N 


e-3) 


The value of k is unknown, and, as yet, no experimental data exist 
from which it can he determined. I have found, however, that practically, 
results of sufficient accuracy are obtained by regarding k as so small in 

fC ic^ 

comparison with r, that and d, fortiori may be neglected in 

T T“ 

calculation. 

Thus are obtained the following approximate results for perfect gases, 
and gases which may without material error be treated as perfect. 

General value of the total apparent specific heat : — 


_1_( 

s N ^ V 


) = ft 

CnM'' 

dr / 

1 , 

< 1 , , 

T 

fZP\ 

c«m’ 


“■ P 

dr) 


Apparent specific heat at constant volume : — 

K - ^ ^ 

being equal to the real specific heat. 

Apparent specific heat under constant pressure : — 
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<Ba1io of those two specific heats : — 

|s=l + N. . . . . (21.) 

Kv 

This ratio is the quantity called by Poisson y, in his researches on the. 
propagation of sound. 

11. It is unnecessary to do more than to refer to the researches • 
of Poisson, and to those of Laplace, for the proof that the effect of the 
production of heat by the compression of air is the same as if the elasticity 
varied in proportion to that power of the density whose index is the 
ratio of the two specific heats ; so that the actual velocity of sound is 
greater than that which it would have if there were no such development 
of heat, in the proportion of the square root of that ratio. 

The following is the value of the velocity of sound in a gas, as given 
by Poisson in the second volume of his TTait6 de Mdcanigue : — 

a=^rj.y.{l+¥.T)^^, . . . (22.) 

where a denotes the velocity of sound, g the velocity generated by gravity 
in unity of time, E the coefficient of increase of elasticity with temperature, 
at the freezing point of water, T the temperature measured from that 
point, m the specific gravity of mercury, A that of the gas at the tem- 
perature of melting ice, and pressure corresponding to a column of 
mercury of the height k It follows that the ratio y is given by the 
formula 

Calculations have been made to determine the ratio y from the velocity 
of sound ; but as many of them involve erroneous values of the coefficient 
of elasticity E, the experiments have to be reduced anew. 

The following calculation is founded on an experiment quoted by 
Poisson on the velocity of sound in atmospheric air, the values of E, 
and A being taken from the experiments of M. Eegnault. 

a = 3 40 '8 9 metres per second. 

g = h = 0“**76. T = 15°-9 Centigrade. 


E = 0-003665; = 10513. 

A 

Consequently, for atmospheric air, 

y =. 1-401. 
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The results of a reduction, according to correct data, of the experiments 
of Dulong upon the velocity of sound in atmospheric air, oxygen, and 
hydrogen, are as follows : — 

Atmospheric air, . . . y= 1-410 

■ Oxygen, 1-42C 

Hydrogen, 1*426 


Thus it appears, that for the simple suhstances, oxygon and hydrogen, 
the ratio N is the same, while for atmospheric air it is somewhat smaller.’^’ 
■ F2, i'he ordinary mode of expressing the specific lieats of gases is 
to state their ratios to that of an aiual volume of atmospheric air at the 
same pressure and temperature. 


Wlien - is a very small fraction, specific heats of unihj of volwnie of a 
perfect gas arc given by the equations — 


n Tsl K. 


n MK. 


CN 




(24.) 


That is to say, the specific heat of unity of volume at constant volume 
is inversely proportional to the fraction by which the ratio of the two 
specific heats exceeds unity; a conclusion already deduced from experiment 
by Dulong. 

The following is a comparison of the ratios of the apparent specific 
heats under constant pressure, of unity of volume of oxygen and hydrogen 


* The following are somo additional determinations of the value of y for atmospheric 
air, founded upon . experiments on the velocity of sound ; — 


Observera. 

Bravais and Martins : mean of several experi- 

T 

Centigrade. 

\ 

a 

Mfetros per Bocorid. 


ments at temperatures varying from 5“ to 
11* Centigrade, reduced to 0® (Compies 
Bendus, xix.) 

( 0* 

332-37 

1-40055 

Moll and Van Beeh : reduced to . . . 


332*25 

1-40853 

Stampfer and Myrhach : reduced to 0° (not 
corrected for moisture) . 

1 0* 

332-9G 

1-41456 

AcadSmie des Sciences^ 1738 : (not corrected i 
for moisture) . . . . . . ' 

[ 6»-l 

337*10 

1*418 


A yariation of one m^tre per second in the velocity of sound at 0^ corresponds to a 
variation of *0085 hi value of y. 

R 
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Twpectively, to that of atmospheric air, as deduced from equatioa (24), 
with those determined experimentally by De la Eoche and B^rard: — 


Gas. 

Oxygen, 

Hydrogen, 


Eatio - 


7iMKp(Ga8) 


n M Kp (Atmos, air) 
By Theory. By Experiment. 


0*973 0*9765 

0*973 0*9033 


This comparison exhibits a much more close agreement between theory 
and experiment than has been hitherto supposed to exist, the errors in 
the constants employed having had the effect of making the ratio 1+N 
seem greater for atmospheric air than for oxygen and hydrogen, while in 
fact it is smaller. 

To treat the other substances on which both M. Dulong and MM. De 
la Eoche and B^^rard made experiments as perfect gases, would lead to 
sensible errors. I have, therefore, confined my calculations for the 
present to oxygen, hydrogen, and atmospheric air. 

13. The heat produced by compressing so much of a perfect gas as 
would occupy unity of volume under the pressure unity, at the temperature 

0® Centigrade, from its actual volume ti M ^ into a volume which 

is less in a given ratio s (when k is neglected as compared with t), is 
expressed by the following motion : — 




s V s 

Q' = -iJ 'dV.^ = -nMViJ Pds, . (25.) 


being, in fact, equal to the mechanical power used in the compression. 
When the temperature is maintained constant, this becomes 




. (26.) 


which is obviously independent of the nature of the gas. 

Hence, e^ml volumes of all suhtanccs in the state of perfect gas^ oi the same 
pressure, and at equal and constant temperatures, leing compressed hy the same 
amount, disengage equal quantities of heat; a law already deduced from 
experiment by Dulong. 

14. The determination of the fraction IT affords the means of 
ealculating the mechanical or absolute value of specific heat, as defined by 
equation (1), section first. The data for atmospheric air being taken as 
follows : — 


N = 0-4, 


0 = 274^*6 Centigrade^. 
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^ = height of an imaginary column of air of uniform density, at the 

temperature 0“ Cent, whose pressure by weight on a given base is equal to 
its pressure by elasticity, 

= 7990 metres, rr 26214 feet : — 

the real specific heat of atmospheric air, or the depth of fall equivalent 
to 1 Centigrade degree of temperature in that gas, is found to bo 

ft = H - '2-74 metres :rr 238-CG feet . (27.) 

C 7/ . M JN ^ ' 

The apparent sj)ccific licat of atmospheric air, imdor constant pressure, 
according to Do la Eoclic and Bcrard, is cfjual to tliat of liquid water at 
0° Centigrade X 0*2()G9. The ratio of its real specific Imat to the ai)parcnt 
specific heat of water at 0° Centigrade is, therefore, 

•2669 X J.J = -1906. 

And, consequently, the meclianical value of the apparent specific heat of 
liquid water, at the temperature of melting icc, is 

miMrcs “ 1252 feet per Centigrade degree, 1 . 

or C95*G feet per degree of Falircnheit^s scale. ) 

This quantity Ave shall denote by K^. It is the mechanical equivalent 
of the ordinary thermal uniL 

I have already pointed out (in article 2 of the first section) the causes 
wliich tend to make the apparent value of the mechanical equivalent of 
heat, in Mr. Joule's experiments, greater than tlie true value. The 
differences between the result I have just stated, and those at which he 
has arrived, do not seem greater than those causes arc capable of producing 
when combined with the uncertainty of experiments, like those of Mr. 
Joule, on extremely small variations of temperature. 

15. Besides the conditions of constant volume and constant pressure, 
there is a third condition in which it is of importance to know the 
apparent specific heat of an elastic fluid — namely, the condition of vapour 
at saturation, or in contact with its liquid. 

The apparent specific heat of a vapour at saturation is the quantity of 
heat which unity of weight of that vapour receives or gives out, while 
its temperature is increased by one degree, its volume being at the same 
time compressed so as to bring it to the maximum pressure corresponding 

to the increase^ temperature. 
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It has been usually taken for granted, that this quantity is the same, 
with the variation for one degree of temperature, of what is called the 
total heat of evaporation. Such is, indeed, the case according to the theory 
of Carnot; but I shall show that, according to the mechanical theory of 
heat, these two quantities are not only distinct, but in general of con- 
trary signs. 

I shall, for tlic present, consider such vapours only as may be treated 
in practice as perfect gases, so as to make the first of the equations (20) 
applicable. 

It has been shown that the logarithm of the maximum elasticity of a 
vapour in contact with its liquid may be represented by the expression 

Log. V — a- - — 

T 

The coefficients a, /8, y, being those adapted for calculating the common 
logarithm of the pressure, I shall use the accented letters a', /3', y, to 
denote those suited to calculate the hyperbolic logarithm, l)eing equal 
resjjectivcly to the former coefficients X 2*3025851. 

Then for vapour at saturation, 




(29.) 


Making this substitution in the general equation (21,) wo find the 
following value for the apparent specific heat of perfectly gaseous vapour 
at saturation : 


K, = h + P''y = l.(,+N.'i5 


= ~ fi + 1 

\N^ 


r 


7 '*^ 


(30.) 


• 16. For the vapours of which the properties are known, the negative 
terms of this expression exceed the positive at all ordinary temperatures, 
80 that the kind of apparent specific heat now under consideration is a 
negative quantity ; — that is to say, that if a given weight of vapour at 
saturation ds increased in temperature, and at the same time maintained 
by compression at the maximum elasticity, the heat generated by the 
compression is greater than that which is required to produce the elevation 
of temperature, and a surplus of heat is given out; and on the other 
hand, if vapour at saturation is allowed to expand, and at the same time 
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maintained at the temperature of saturation, the heat which disappears 
in producing the cx}mnsion, is greater than that set free by the Ml of 
temperature ; and the deficiency of heat must be supplied from without, 
otherwise a porMon of the vapour will he liquefied in order to impplf/ the heat 
necessary for the expansion of fke rest. 

This circumstance is obviously of great importance in meteorology, and 
in the theory of the steam-engine. There is as yet no experimental 
proof of it. It is true that, in the working of non-condensing engines, 
it has been found that the steam which escapes is always at the tem- 
perature of saturation corresponding to its ju’cssure, and carries along with 
it a portion of water in the liquid state; but it is impossible to distinguish 
between the water which has been liquefied by the expansion of the steam, 
and that which has been carried over mechanically from the boiler. , , 

The calculation of the proportion of vai)our licpiefied by a given 
expansion, requires the knowledge of the latent heat of evaporation, which 
forms the subject of the next section. 


Section III. — Of the Latent and Total Heat of Evaporation, 

ESPECIALLY FOR WATER. 

17. The latent heat of evaporation of a given substance at a given 
temperature, is the amount of heat which disappears in transforming 
unity of ^weight of the substance from, the liquid state, to that of vapour 
of the maximum density for the given temperature, being consumed in 
producing an increase of volume, and an unknown change of molecular 
arrangement. 

It is obvious, that if the vapour thus produced is reconverted into the 
liquid state at the same temperature, the heat given out during the lique- 
faction must be equal to that consumed during the evaporation; for as 
the sum of the expansive and compressive powers, and of those dependent 
oij molecular arrangement during the whole process, is equal to zero, 
so must the sum of the quantities of heat absorbed and evolved. 

The heat of liquefaction, at a given temperature, is therefore equal 
to that of evaporation, with the sign reversed. 

18. If to the latent heat of evaporation at a given temperature, is 
added the quantity of heat necessary to raise unity of weight of the 
liquid from a certain fixed temperature, (usually that of melting ice), to 
the temperature at which the evaporation J^akes place, the result is 
called the total heat of evaporation from the fixed temperature chosen. 

According to the theory of Carndt, this quantity is called the constituent 
heat of vapour ; and it is conceived, that if liquid at the temperature ol 
melting ice be raised to any temperature and evaporated, and finally 



262 


THE MECHANICAL ACTION OF HEAT. 


ibrought in the state of vapour to a certain given temperature, the whale 
teat expended will be equal to the constituent heat corresponding to that 
given temperature, and will be the same, whatsoever may have been the 
intermediate changes of volume, or the tem^ature of actual evaporation. 

According to the mechanical theory of Ireat, on the other hand, the 
quantity of heat expended must vary with the intermediate circumstances; 
for otherwise no power could be gained by the alternate evaporation and 
liquefaction of a fluid at difierent temperatures. 

1 9. The law of the latent and total heat of evaporation is immediately 
Reducible from the principle of the constancy of the total vis viva in the 
two forms of heat and expansive power, when the body has returned to 
its primitive density and temperature, as already laid down in article 7. 

That principle, when applied to evaporation and liquefaction, may be 
stated as follows : — 

Let a portion of fluid in the liquid state be raised from a certain 
temperature to a higher temperature : let it be evaporated at the higher 
temperature : let the vapour then be allowed to expand, being maintained 
always at the temperature of saturation for its density, until it is restored 
to the original temperature, at which temperature let it bo liquefied : — 
then, the excess of the heat absm'hed hy the Huid above the heat given out^ will 
le equal to' the expansive power generated. 

To represent those operations algebraically, — let the lower absolute 
temperature be Tq] the volume of unity of weight of liquid at that 
temperature and that of vapour at saturation let the pressure of 
that vapour be Pq; the latent heat of evaporation of unity of weight w> 
and let the corresponding quantities for the higher absolute temperature 
Ti, be Vj, L^. Let represent the mean apparent specific heat 
of the substance in the liquid form between the temperatures Tq and 
Then, — 

Firsty Unity of weight of liquid being raised from the temperature 
•to the temperature absorbs the heat, 

- ’■o)> 

and produces the expansive power, 

/ dv . P. 

Secondlyy It is evaporated at the temperature absorbing the heat 

K 

and producing the expansive power, 
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Thirdly, The vapour expands, at saturation, until it is restored to the 
original temperature r. In this process it absorbs the heat. 


-/ dr.K,. 


and produces the expansive power, 

A 

/ dV.P. 

Fourthly^ It is liquefied at the original temperature, giving out the heat 

I^Qt 

and consuming the compressive power, 

n(Vo-ro). 

The equation between the heat which has disappeared, and the expansive 
power which has been produced, is as follows : — 


^1 - 1^0 + — Vo) - I dr. 


K. 


ri(v, - V,) - ro(Vo - V,) + f ’ d^.F + f "dv. F. 


h (31.) 


If the vapour be such that it can Ijc regarded as a perfect gas without 

d V r 

sensible error, the substitution of fe + P - - for IL, and of = feNr 

dr C w M 

for P V, transforms the above to 

L,-Lo+{K,-fe(l + N)}(r,-r„) 

,v. ,P, 

P. 


y (32.) 


— ~ -h +J dv . F = —J dP . V 

*’o 1*1 

In almost all cases which occur in practice, v is so small as compared 
with V, that — jdP.v may be considered as sensibly = 0; and, there- 
fore, (sensibly) 

Li + K,(ri-ro) = I^ + fe(l+N)(rx-ro). . (33.) 
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Now this quantity, which I shall denote by H, is the total heat required 
to raise unity of weight of liquid from Tq to of absolute temperature, 
and to evaporate it at the latter temperature. Therefore, the total heat of 
evaporation, where the vapour may he treated as a perfect gas, increases sensibly 
at an unifm'm rate with the temperature of and the coefficient of 

its increase with temperature is equal to the apparent specific heat of the vapour 
at constant pressure, k(l + N). 

20. There have never been any experiments from which the apparent 
specific heat of steam under constant pressure can be deduced in the 
manner in which that of permanent gases has been ascertained. 

The experiments of M. Regnault, however, prove that the total heat 
of evaporation of water increases uniformly with the temperature from 
0® to 200® Centigrade, and thus far fully confirm the results of this theory. 

The coefficient of increase is equal to 


Kw X 0-305. 


Its mechanical value is, consequently, 

116-4 mitres nr 382 feet per Centigrade degree, or 
212 feet per degree of Fahrenheit. 


y ( 34 .) 


Although the principle of the conservation of vis viva has thus enabled 
us to ascertain the laiv of increase of the total heat of evaporation, it docs 
not enable us to calculate h priori the constant Lq of the formula, being 
the latent heat of evaporation at the fixed temperature from which 
the total heat is measured; for the changes of molecular arrangement 
which constitute evaporation arc unknown. 

When the fixed temperature is that of melting ice, M. Eegnault^s 
experiments give 606 5 Centigrade degrees, applied to liquid water as the 
value of this constant; so that 


H = K^(606®*5 + -305T°), 

for the Centigrade scale, 

H *= + "305 (T° - 32°)), 

for Fahrenheit’s scale. 


. (35.) 


is the complete expression for the heat required to raise unity of weight 
of water from the temperature of melting ice to T® above the ordinary 
zero, and to evaporate it at the latfter temperature. This formula has 
been given by M. Regnault as merely empirical ; but we have seen that 
it closely represents the physical law when quantities depending on the 
expansion of water are neglected. 
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It must be remarked, that the unit of heat in M. Eegnault’s tables is 
not precisely the specific heat of water at 0*^ Centigrade, but its mean 
specific heat between the initial and final temperatures of the water in the 
calorimeter. The utmost error, however, which can arise from this 
circumstance, is less than of the total heat of evaporation, so that it 
may safely be neglected. 

The coefficient *305 ~ 382 feet per Centigrade degree, is the 

apparent specific heat of steam at constant ]>rossiii*c ; that is to say, for 
steam, — 


fe + 


C/iM‘ 


: 382 feet per Centigrade degree, l)ut ==153 ft 
^ ® ® C7iM 


Therefore, the real specific licat of steam is ft : 


= 229 

CnMN 

feet per Centigrade degree = 127*4 feet per deg. of Falircidieit 

153 _ 2 
229 "" 3‘ 


> (36.) 


X *183, and N 


Tlie quantity — f (IT ,v has lieen neglected, as already explained, in 
J p 

these calculations, on account of its smallness. Wlicn = C, or the 
fixed point is 0^ Centigrade, this integral is nearly ccpial to 



which for steam, is equal to 


r, 

* C M 


ftN. 


(37.) 


- K„ X 122 Y Tj. 

V 1 

For a pressure of eight atmospheres, ^ nearly, = 4 45° '5 

(T = 170°*9 Cent.); consequently, ~ X 0°*22 Cent., a 

quantity much less than the limit of errors of observation in experiments 
on latent heat. This sliows that in practice we are justified in overlook- 
ing the influence of the volume of the liquid water on the heat of 
evaporation. 


Section IV. — Of the Mechanical Action op Steam treated as a 
Perfect Gas, and the Power of the Steam Engine. 

21. In the present limited state of our experimental knowledge of tlie 
density of steam at pressures differing much from that of the atmosphere, 
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it is desirable to ascertain whether any material error is likely to arise 
from treating it as a perfect gas. For this purpose the ratio of the 
volume of steam at 100® Centigrade under the pressure of one atmosphere, 
to that of the water which produces it at 4®'l Centigrade, as calculated 
theoretically on the supposition of steam hsiiig a perfect gas, is to be 
compared with the actual ratio. 

The weight of one volume of water at 4®T Centigrade being taken 
as unity, that of half a volume of oxygen at 0® Centigrade, under 
the pressure of one atmosphere, according to the experiments of M. 

Eegnault, is 0*000714900 

That of one volume of hydrogen, .... 0-000089578 

The sum being, 0*000804478 


Tlie reciprocal of this sum being multiplied by 


374*6 

274*6 


1*364166, the 


ratio of dilatation of a perfect gas from 0® to 100® Centigrade, the result 
gives for the volume of steam of saturation at 100® Centigrade, as com- 
pared with that of water, 


At4®*l 1695*72 

And for its density, . . . ! 0*00058972 

The agreement of those results with the known volume and density of 
steam is sufficiently close to show, that at pressures less than one atmos- 
phere, it may be regarded as a gas sensibly perfect ; from wliich it may be 
concluded, that, in the absence of more precise data, the errors arising 
from treating it as a perfect gas at such higher pressures as occur in 
practice, will not be of much importance. 

Kepresenting, then, by v the volume of unity of weight of water at 
4®*1 Centigrade, that of unity of weight of steam at any pressure and 
temperature will be given by the formula 

lC96»w r , . 

V=— . . . (38.) 


u> representing the number of units of weight per unit of area in the 
pressure of one atmosphere, and (r) the absolute temperature at which the 
pressure of saturation is one atmosphere ; being for the Centigrade scale 
374°% and for Fahrenheit’s scale 6 7 4° '28. 

The mechanical action of unity of weight of steam at the temperature r 
and pressure P, during its entrance into a cylinder, before it is permitted 
to eopand, is represented by the product of its pressure and volume, 
or by 
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. ( 39 .) 


The coefficient represents a certain depth of fall per degree of 

\V 

absolute temperature, and is the same with the coefficient ^ ^ already 


referred to. 

By taking the following values of the factors : — v = 0 0 10 cubic foot 
per pound avoirdupois, w 2117 pounds avoirdupois per S(j[uarc foot, wo 
£nd this coefficient to bo 


163*35 feet = 46*74 metres per Centigrade degree, 

85*19 feet per degree of Fahrcnlicit. 

This determination may be considered correct to about -jvjViy 
When French measures are used in the calculation, the following is the 
result : — 

r = 1 cubic centimetre per gramme, 

Cl) = 1033*3 grammes per square ccutimijtrc. 

^ T.*- — 46*78 metres per Centigrade degree, 

= 153*48 feet, or 85*27 feet per degree of Fahrenheit. 

The difference, which is of no practical importance in calculating the 
power of the steam-engine, arises in the estimation of the density of 
liquid water. 

22. Unit of weight of steam at saturation, of the elasticity and 
volume Vj, corresponding to the absolute temperature r^, being cut off 
from external sources of heat, it is now to be investigated what amount 
of power it will produce in expanding to a lower pressure Pg and 
temperature 

It has already been shown, at the end of the second section, that if 
vapour at saturation is allowed to exq)and, it requires a supply of heat 
from without to maintain it at the temperature of saturation, otherwise a 
portion of it must be liquefied to supply the heat required to expand the 
rest. Hence, when unity of weight of steam at saturation, at the pressure 
Pj and volume expands to a lower pressure P, being cut off from 
external sources of heat, it will not occupy the entire volume V corre- 
sponding to that pressure, according to equation (38), but a less volume, 
S = mV, where m represents the weight of water remaining in the 
gaseous state, the portion 1 — m having been liquefied during the expan- 


y m 
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sion of the remainder. The expansive action of the steam will, therefore, 
be represented by 

dS.P (42.) 

^ V, 

The law of variation of the fraction m flows from the following con- 
siderations : — Let S m represent the indefinitely small variation of m 
corresponding to the indefinitely small change of temperature Sr; L, 
the latent heat of evaporation of unity of weight ; Kg, as in equation (30), 
the specific heat of vapour at saturation, which is a negative coefficient 
varying with the temperature ; then we must have 


L S m = m Kg S r, or 


!> m 
m 


Sr, 


in order that the heat produced by the liquefaction of S m may be equal 
to the heat required to expand Hence making, according to 

equation (30) — 

K,gr = fe(8r + N^8v),and 8 t = -^8Y ^-^ - 


- 1 

r r*' 


wc obtain 


S m 

m 


L Y^- 


8 V 

V"’ 


and denoting the coefficient of 


8V 

- y- hy - r, 


d log. 77Z _ d log. S ^ 

d log.“V “ “ t/Tog-'V “ ^ “ 


and because 


d log. p , 2 y 

r t‘^ ■ 

d log, m _ f 1 \ 

dlog.P“+ ’'0 |S' 2y7 


d log. S 
d log. 


: P - (1 >') (l ^ 2 y) ~ "• 


T +V2' 


(43.) 


( 44 .) 



THE MECHANICAL ACTION OF HEAT. 


269 


As the mean temperature of the liquid thus produced, more or less 
exceeds that of the remaining vapour, a small fraction of it will bo 
reconverted into vapour, if the expansion is carried on slowly enough; 
but its amount is so small, that to take it into account would needlessly 
complicate the calculation, withotit making it to any material extent more 
accurate. 

23. The extreme complexity of the exponent or, considered as a function 
of the pressure P, would render a general formula for the cx}>ansive action 

JpdS very cumbrous in its application. For practical purposes, it is 

sufficient to consider tlio exponent o- as constant during the expansion 
which takes place in any given engine, assigning it an average value 
suitable to the part of the scale of pressures in which the expansion takes 
place. For engines in whicli the steam is introduced at pressures not 
exceeding four atmospheres, I conceive that it will be sufficiently accurate 

to make a ^ ; while for engines in whicli the initial pressure lies 


between four and eight atmospheres, the suitable value is a r-: 

The utmost error which can arise from using these exponents is 
about of the whole poAVor of the engine, and that only in extreme 
cases. Making, therefore, 


-Ml) 


I 

(X 


Ave obtain for the value of the cxpansiA'C action of unity of Avcight of 
steam, 




(45.) 


S. 


s being used to denote or the ratio of the volumes occupied by steam 

at the end and at the beginning of the expansion respectively. 

A table to facilitate the computation is given in the Appendix. 

The gross mechanical action of unity of weight of steam on one ^de of 
the piston is found by adding to the above quantity the action of the 
steam before it begins to expand, or Pj Vj, and is therefore, 




( 46 .) 
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The values of the coeflSicients and exponent being 

1 ^ 

1 — <r i — O' 

For initial pressures between 

1 and 4 atmospheres, . 7 6 

4 and 8 atmospheres, . (> 5 

24. The following deductions have to be made from the gross action^ 
in order to obtain the action effective in overcoming resistance. 

FMj For loss of power owing to a portion of the steam being employed 
in filling steam-passages, and the space called the clearance of the cylinder 
at one end. Let the bulk of steam so employed be the fraction c Sg of 
the space filled by steam at the end of the expansion ; then the loss of 
power from this cause is 

Pj c Sg = c 5 Pj Vj. 

Secondly^ For the pressure on the opposite side of the piston, of the steam 
which escapes into the condenser, or into the atmosphere, as the case may 
be. Let P 3 bo the pressure of this steam ; the deduction to be made for 
its action is 

P 3 S 3(1 -C) = P 3 V ,(1 -C)S. 

These deductions having been made, there is obtained for the effect of 
unity of weight of water evaporated, 

V, { r. (j-i- - - s- „) - r, } (47.) 

25. The effect of the engine in unity of time is found by multiplying 
the above quantity by the number of units of weight of water evaporated 
in unity of time. 

If this number be denoted by W, 

WS 2 ( 1 -c) = WVj(l ~c )5 = Aw, . . (48.) 

will represent the cubical space traversed by the piston in unity of time, 
A denoting the areq, of the piston, and w its mean velocity. 

Now, let the whole resistance to be overcome by the engine be reduced, 
by the principles of statics, to a certain equivalent pressure per unit of area 
of piston, and let this pressure be denoted by E. Then, 
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RA2i = RWV,(l ^€)s, . 

expresses the effect of the engine in terms of the gross resistance. 

We have now the means of calculating the circumstances attending the 
working of a steam-engine, according to the principle of the conservation 
of vis viva, or, in other words, of the equality of power and effect, which 
regulates the action of all machines that move with an uniform or 
periodical velocity. 

This principle was first applied to the steani-engiuo by the Coimt dc 
Pambour ; and, accordingly, the formula) whicli I am about to give only 
differ from those of his work in the (‘X[)rGssions for the maximum pressui^o 
at a given temperature, and for the expansive action of the steam, which 
are results peculiar to the theory of this essay. 

In the first place, the effect as expressed in terms of tlie pressure, is to be 
equated to the effect as expressed in terms of the rosistfinco, as follows: — 

E A M = li W V, (1 - (■) A' = W Vj I ^ ^ s' os') 

.... (50.) 


This is the ‘fundamental equation of the action of the steam-engine, and 
corresponds with equation A. of M. dc Pambour s theory. 

26. Dividing both sides of equation (50) by the space traversed by 
the piston in unity of time, W (1 — c) s, and transferring the pressure 
of the waste steam, P.j, to the first side, wc obtain this equation : — 


R + P, - P, 



(1 -c)s 



(51.) 


which gives the means of determining the pressure at which the steam 
must enter the cylinder, in order to overcome a given resistance and 
counter-pressure with a given expansion ; or, supposing the expansion s to 
be variable at pleasure, and the initial pressure P^ fixed, the equation 
gives the means of finding, by approximation, the expansion best adapted 
to overcome a given resistance and counter-pressure. 

The next step is to determine, from equations (XV.) of tho introduction 
and (38) of this section, the volume of unity of weight of steam 
corresponding to the maximum pressure Pj. Then equation (48) gives 
the space traversed by the piston in unity of time, which, being multiplied 
by the resistance E per unit of area of piston, gives the gross effect of 
the engine. 
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27. If, on the other hand, the space traversed by the piston in unity 
of time is fixed, equation (48) gives the means of determining, from the 
evaporating power of the boiler W, either the volume of unity of 
weight of steam required to work the engine at a given velocity with 
a given expansion, or the expansion s proper to enable steam of a given 
initial density to work the engine at the given velocity. The initial 
pressure being then determined from the volume V^, the resistance 
which the engine is capable of overcoming with the given velocity is to be 
calculated by means of equation (51). 

28. This calculation involves the determination of the pressure 
from the volume of unity of weight of steam at saturation, which can 
only be done by approximation. The following formula will be found 
useful for this purpose : — 



where w represents the pressure of one atmosphere, the volume of 

steam of saturation at that pressure (being 1696 times the volume of 
water at 4°*1 Cent., or 27*136 cubic feet per pound avoirdupois), and V, 
the volume of steam of saturation at the pressure P^. This formula is 
only applicable between the pressures of one and eight atmospheres ; that 
is to say, when the volume of steam is not greater than 27 cubic feet per 
pound, nor less than 4, and the temperature not lower than 100® Centigrade, 
nor higher than 171® Centigrade (which correspond to 212® and 340® 
Fahrenheit). 

The greatest error in computing the pressure by means of this formula 
is about of an atmosphere, and occurs at the pressure of four atmos- 
pheres, so that it is of the whole pressure. This is sufficiently 
accurate for practice, in calculating the power of steam-engines ; but 
should a more accurate result be required, the approximate value of the 
pressure may be used to calculate the temperature by means of equation 
(XV.) ; and the temperature thus determined, (which will be correct to ^ of 
a Centigrade degree), may then be used in conjunction with the volume to 
compute a corrected value of the pressure, according to equation (38). 
The pressure, as thus ascertained, will be correct to of its amount, 
which may be considered the greatest degree of accuracy attainable. 

The most convenient and expeditious mode, however, of computing the 
pressure from the volume, or vice versd, is by interpolation from the table 
given in the Appendix to this paper, 

29. The resistance denoted by E may be divided into two parts; that 
which arises from the useful work performed^ and that which is independent 
of it^ being, in fact, the resistance of the engine when unloaded. Now 
is evident, that the maximum usefid effect of the steam has been attained, 
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as soon as it has expanded to a pressure which is in cquilibrio 'witli tho 
pressure of the waste steam added to the resistance of the ongino when 
unloaded ; for any further expansion, though increasing the total effect, 
diminishes the useful effect. Therefore, if wo make 


R' being the resistance arising from tlio umk, and / tho resistance 

of ’the engine when unloaded, botli expressed in the form of pressure 
on the piston, the expansion corresponding to the maximum of useful 
effect will take place wdien 


P. = P. + A 

the corresponding ratio of expansion being 

s=( y 


(r.3.) 


The maximum useful effect wdth a gh on prosbiiio on tlio safety-valve 
has been so fully discussed by M. do Pambour, tliat it is unnecessary to 
do more than to state that it takes place v^llen tlic initial pressure 
in the cylinder is equal to that at the safety-valv e : tliat is to say, when 
it and tho useful resistance are the greatest that tho safety-valvo will 
permit, 

30. Annexed is a table of tho values of some of tho quantities which 


enter into the preceding equations 
Pambour’s works : — 

Expression in the Notation 
of this Paper, 

E = K'+/ • 

Au 
W 


s 

e 


in tlio notation of the Count do 

Equivalent Expression in 
M. do Painbour’s Notation. 

. {l+S)r+f 

av 

S X weiglit of one cubic 
foot of water. 

P 

I + c 

c 

f'+~c 


31. As an illustration^ I shall calculate the maximum useful effect of 
one pound) and of one cubic foot of water, in a Cornish double-acting 

s 
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en^e, in the circumstances taken by M. de Pambour as an example for 
that kind of engine, that is to say, — 

Clearance one-twentieth of the stroke, or c = ^ 

Eesistance not depending on the useful load, / = 72 lbs. per sq. ft 

Pressure of condensation, . . . . Pj=: 676 lbs. „ „ 

Consequently, to give the maximum useful effect, 

^2 = ^3 +/ = 648 lbs. „ „ 

Total pressure of the steam w’hen first admitted, P^ = 7200 lbs. „ „ 

Volume of 1 lb. of steam V^ = 8'7825 cubic feet 
Therefore Pj Vj = 63234 lbs. raised one foot 

P 7200 

P^ = consequently, 

/P \ ® 

Expansion to produce the maximum useful effect s = ^ = 7’877. 

2 

Space traversed by the piston during the action of one pound of steam, 

= Vj (1 — c) 6* = 65*880 cubic feet. 

Gross effect of one pound of steam, in pounds raised one foot high, 

1 

= (7 - 6 s ■ 6 - - P, V, (1 - c) s = 112004 

Deduct for resistance of engine when unloaded /Vj (1 — c)s = 4744 

Effect of one pound of steam in overcoming resistance depend- 
ing on useful load, 

This being multiplied by C2J, gives for the effect of one cubic 

foot of water evaporated, in pounds raised one foot, . 6,703,750 

It is here necessary to observe, that M. de Pambour distinguishes the 
useful resistance into two parts, the resistance of the useful load indepen- 
dently of the engine, and the increase in the resistance of the engine 
arising from the former resistance, and found by multiplying it by a 
constant fraction, which he calls 8. In calculating the net useM effect, he 
takes into account the former portion of the resistance only ; consequenljiy : 
Net useful effect as defined by M. de Pambour > 


j- 107260 
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_ Gross effect — / Vj (1 — c) s 

1+1 * • 

The value of 8, for double-acting steam-engines generally, is considered 
by M. de Pambour to bo | ; consequently, to reduce the effect of one 
cubic foot of water, as calculated above, to that which corresponds with his 
definition, we must deduct which leaves, 

5,865,781 lbs. raised one foot. 

M. do Pambour’s own calculation gives, 

6,277,500, 


being too largo by about one-fifteenth. 

32. In order to show the limit of the effect which may bo expected 
from the expenditure of a given quantity of heat in evaporating water, 
and also to verify the approximate method employed in calculating the 
expansive action of the steam, I shall now investigate the maximum gross 
e^eetj including resistance of all kinds, producible by evaporating unity of 
weight of water at a higher temperature and liquefying it at a lower, and 
compare, in two examples, the power produced with the heat which 
disappears during the action of the steam, as calculated directly. 

To obtain the maximum gross effect, the steam must continue to act 
expansively until it reaches the pressure of condensation, so that P 2 =Ps. 
The clearance must also be null, or c = 0. Making those substitutions in 
the formula (47), we find, for the maximum gross effect of unity of weight 
of water, evaporated under the pressure P^, and liquefied under the 
pressure P 2 , 


PxVi 


1 - 


\l-s V = P,Vi ^ 


p,\l - 


(55.) 


In order to calculate directly the heat which is converted into power in 
this operation, let r^, r^, respectively represent tho absolute temperatures 
of evaporation and liquefaction, and Lg the latent heat of evaporation at 
the lower temperature Xg; then the total heat of evaporation at r^, starting 
from Tg as the fixed point, by equation (33), is 

1 = 1^2 + Kw (^1 — rg). 

This is the heat communicated to the water in raising it from Xg, to x^ and 
evaporating it. Now a weight 1 — m of the steam is liquefied during the 
expansion at temperatures varying from x^ to xg, so that it may be looked 
upon as forming a mass of liquid water approximately at the mean 
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temperature 


+ 

2 ’ 


and from which a quantity of heat, approximately 


represented by 


must bo abstracted, to reduce it to the primitive temperature rg. 

Finally, the weight of steam remaining, has to be liquefied at the 
temperature To, by the abstraction of the heat 

mLj. 


The difference between the heat given to the water, and the heat 
abstracted from it, or 

- K, (1 - m) 

r (56.) 

= (1 - wi)L2 + K^^-305 — - - r^) 

is the heat which has disappeared, and ought to agree with the expression 
(55) for the power produced, if the calculation has been conducted 
correctly. 

As a first example, I shall suppose unity of weight of water to be 
evaporated under the pressure of four atmospheres, and liquefied under 
that of half an atmosphere ; so that the proper values of the coefl&cients 
and exponent are 



The data, in this case, for calculating the power are, 

Pj = 8468 lbs. per square foot. 

Vj = 7*584 cubic feet for 1 lb. of steam. 

Vj = 64221 lbs. raised one foot. 

^ 1 whence 5 = 8 "^ = 5*944. 

8 

Maximum possible effect of one pound of water, 

= Pi Vi X 7 (1 - Q?') = 115600 lbs. raised one foot. 

Being the mechanical equivalent of 92^*3 Centigrade applied to one 
n^Tiind Houid Water at O'* C. ; or. 
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92'’-3 K„. 

Maximum possible effect of one ciibic foot of water, 7,225,000 lbs. raised 
one foot. 

In order to calculate directly the heat converted into power, wo have, 


Tj = C + Ur-l Cent, r., = C + 8r-7. 

L, = 549°-7 K,,. 

Ho,! = 5C8°’7 K„ = heat expended in the boiler. 

1 — m = '14 nearly = proportion of steam liquefied during the expansion. 


The heat converted into mechanical power, as calculated from these 
data, is found to bo. 


or-G K 


WJ 


(lilfering by only 0°*7 from tlio amount as calculated from the power 
produced. 

Tlio direct method, however, is much loss precise than the other, and is 
to be regarded as only a verification of the general principle of calculation. 

92*3 

The heat rendered cfToct ivo, in the above example, is 77 ; or less than 

i)uo*7 

one-sixth of that expended in the boiler. 

As a second example, I sliall suppose the steam to be produced at a 
pressure of eight atmospheres, and to expand to that of one atmosphere. 
In this case, 

= 1G936 lbs. -poY square foot. 

Vj = 4*03 cubic feet per lb. of steam. 

P^ Vj = G8252 lbs. raised one foot. 

P 1 ^ 

1 j b 

Maximum possible effect of one pound of water, 


=p,v,x6(i-©;)- 


119,942 lbs. raised one foot. 


Being the equivalent of 95°'8 (Centigrade). 

Maximum possible effect of one cubic foot of water = 7,496,375 lbs. 
raised one foot. 

The data for calculating directly the heat rendered effective are, 
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Ti = C + 170®-9 Cent, rg = 0 + 100®. 

L2 = 637®K^. 

Hg,! = 568®'6 K^v = heat expended in the boiler. 

1 — m = *148 nearly = steam liquefied during the expansion. 

Whence, the heat converted in power, as calculated directly, is 

95®-8 K^, 

agreeing with the calculation from the power produced. 

In this example, the heat rendered effective is , or somewhat more 
^ 558-6 

than one-sixth of that expended in the boiler. 

33. The results of the calculations of maximum possible effect, of 
which examples have just been given, are limits which may be approached 
in practice by Cornish and similar engines, but which cannot be fully 
realised ; and yet it has been shown, that in those theoretical cases only 
about (me-sixth of the heat expended in the boiler is rendered effective. 
In practice, of course, the proportion of heat rendered effective must be 
still smaller; and, in fact, in some unexpansive engines, it amounts to 
only one-twenty-fourtli, or even less. 

Dr. Lyon Playfair, in a memoir on the Evaporating Power of Fuel, has 
taken notice of the great disproportion between the heat expended in the 
steam-engine and the work performed. It has now been shown that this 
waste of heat is, to a groat extent, a necessary consequence of the nature 
of the machine. It can only be reduced by increasing the initial pressure 
of the steam, and the extent of the expansive action; and to both of those 
resources there are practical limits, which have already, in some instances, 
been nearly attained. 


APPENDIX TO THE FOURTH SECTION. 

Containing Tables to be used in Calculating the Pressure, 
Volume, and Mechanical Action of Steam, 

Treated as a Perfect Gas. 

The object of the First of the annexed Tables is to facilitate the calcula- 
tion of the volume of steam of saturation at a given pressure, of the 
pressure of steam of saturation at a given volume, and of its mechanical 
action at full pressure. 
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The pressures are expressed in pounds avoirdupois per square foot, and 
the volumes by the number of cubic feet occupied by one pound avoirdu- 
pois of steam, when considered as a perfect gas ; those denominations 
being the most convenient for mechanical calculations in this country. ^ 

The columns to be used in determining the pressure from the volume, 
and vice versA, are the third, fourth, sixth, and seventh. 

The third column contains the common logarithms of the pressures of 
steam of saturation for every fifth degree of the Centigrade thermometer, 
from — 30'’ to + 260®: that is to say, for every ninth degree of 
Fahrenheit’s thermometer, from — 22® to + 500®. 

The fourth column gives the differences of the successive terms of the 
third column. 

The sixth column contains the common logarithms of the volume of 
one pound of steam of saturation corresponding to the same temperatures. 

The seventh column contains the differences of the successive terms of 
the sixth column, which are negative ; for the volumes diminish as the 
pressures increase. 

. By the ordinary method of taking proportional parts of the differences, 
the logarithms of the volumes corresponding to intermediate pressures, 
or the logarithms of the pressures corresponding to intoimediate volumes, 
can be calculated with great precision. Thus, let X •4-'*A be the logarithm 
of a pressure not found in the table, X being the next less logarithm 
•which is found in the table ; lot Y bo the logarithm of the volume cor- 
responding to X, and Y - /c the logarithm of tlie volume corresponding to 
X -f A ; let H be the difference between X and the next greater logarithm 
in the table, as given in the fourth column, and K the corresponding 
difference in the seventh column ; then by the proportion 

H : K : : A : A 

either Y •— A may be found from X + or X + A from Y — A. 

In the fifth and eighth columns respectively, are given the actual 
pressures and volumes corresponding to the logarithms in the third and 
sixth columns, to five places of figures. 

In the ninth column are given the values of the quantity denoted by 
Pj in the formulae, which represents the mechanical action of unity of 
weight of steam at full pressure, or before it has begun to expand, in 
raising an equal weight. Those values are expressed in feet, being the 
products of the pressures in the fifth column by the volumes in the 
eighth, and have been found by multiplying the absolute temperature in 
Centigrade degrees by 153’48 feet. Intermediate terms in this column, 
for a given pressure or a given volume, may be approximated to by the 
method of differences, the constant difference for 5® Centigrade being 767*4 
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feet ; but it is more accurate to calculate them by taking the product of 
the pressure and volume. 

When the pressure is given in other denominations, the following 
logarithms are to he added to its logaritlim, in order to reduce it to 


pounds avoirdupois per square foot : — 

For Millimetres of mercury, . . . 0-44477 

„ Inches of mercury, . . . . 1-84960 

„ Atmospheres of 7G0 millimetres, . . 3-32559 

„ Atmos23licrcs of 30 inches, . . . 3*32672 

,, Kilogrammes on the square centimejtre, . 3-31136 

„ Kilogrammes on the circular centimetre, 3*41627 
5 , Kilogrammes on the square m^tre, . 1*31136 

„ Pounds avoirdupois on the square inch, . 2*15836 

„ Pounds avoirdupois on the circular inch, 2*26327 


To reduce the logarithm of the number of cubic m6tres occupied by one 
kilogramme to that of the number of cubic feet occupied by one pound 
avoirdupois, add 1*20463. 

The logarithms are given to five jilaces of decimals only, as a greater 
degree of precision is not attainable in calculations of this kind. 

The Second Table is for the purpose of calculating the mechanical action 
of steam in expansive engines. 

The first column contains values of the fraction of the entire capacity 
of the cylinder which is filled witli steam before the expansion commences 

(being the quantity ~ of the formula}), for every hundredth part, from 
s 

1*00, or the* whole cylinder, down to 0*10, or one-tenth. 

If I be the entire length of stroke, V the portion performed at full 
pressure, and c the fraction of the entire capacity of the cylinder alloi<^ed 
for clearance, then 

1 _ 

i' _s ^ . 1 /, , r 

/ - 1 _ c’ g - (1 - «) 7 

The entire capadiy of the cylinder is to be understood to include 
at one end only. 

The seej^d /column gives the reciprocals of the quantities in the first, 
or the valuei^of the ratio of expansion s. 
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The third and fourth columns, headed Z, give the values of the 
quantity 

1 o* ^ ~ a 

“ 1 "" 

of article 23, which ro])iesciits*. tliO' ratio of the entire gross action of the 
steam to its action at full pressure, without allowing for clearance. The 
third column is to he used for initial pressures of from one to four 
atmospheres; and the fourth for initial pressures of from four to eight 
atmospheres. 

The deduction to be made from tlie quantity Z for clearance is c.*?, or 
the product of the fraction of the cylinder allowed for clearance by the 
ratio of ex 2 )ansion. lienee, to calculate from the tables the net mechanical 
action of unity of weight of steam, allowing for the coimtcr-prcssure of the 
waste steam P 3 . as well as for clearance, we have the formula 

rjV,(z-.,s)~r3V^(i -f),s 

being equivalent to the formula (47) of this paper. 



TABLE L — ^Peessttre and Volume of Steam, and its Action at Full Pressure. 
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(9.) 

Action of a given 
Weight of iSteam 
in raising an 
equal Weight in 
Feet, at full 
Pressure 
= Pi Vl 


(8.) 

Volume of one lb. 
of Steam in Cubic 
Feet. 

<o— <'^oO'<i<oooioOGOOaO>c^«oo5C90<pi>* 

n§55SSSS^§^SSS^lSSSS§33SI§Jg 

•—< Cl I '* O 00 CO W C5 I"- IfS CO <N rH pH rH 

GO rt< »0 O CO 0^ pH f-l 

CO 0^ pH rH ** 

n 

O 

o 

^ cs 

6 i 

fc: 

5 

* 0-19684 

0-18741 
0-17865 
0*17036 
0*16272 
0*15550 
0-14877 
0-14242 
0*13648 
0*13093 
0*12553 
0*12061 
0*11590 
0*11146 

0 10725 
0-10328 
0-09950 
0-09593 
0-09253 
0-08931 
0-08625 
0-08336 
0-08050 

(6.) 

Logarithm of 
Volume of one lb. of 
Steam in Cubic Feet 

4-58173 

4-38489 

4-19748 

4-01883 

3-84847 

3 '685 i o 
3*53025 
3*38148 
3-23906 
3-10258 
2-97165 
2-84612 
2-7*2551 
2*60961 
2*49815 
2*39090 
2*28762 
. 2*18812 
2-09219 
1-99966 
1-91035 
1-82410 
1-74074 
1*66024 

(5.) 

Pressure in lbs. per 
Square Foot 

o ^ CO r^ 

C0CiCi»0O'HPHC0Ql^t(0»«l>* 

ooi-^t^—<».o?ocootC5cr5 0?oioiOTt<(M»H^eococoo5i>- 
05*f5'^Qpr^>Q'^cp74O0l»p0>l;^W'^0>pWO»;^TtiO00 
O Ct CO 00 01 >*0 »0 W 1*0 ^ M ^ O 00 »b »H O 4j< 00 

p-Hp-<01COTt«OCO«— fi0C0»0 01pH(Ni0O00O 
rHr-li-<OlCOTj<»OCOGOCSOl 

(4.) 

Differences. 

0-20563 

0-19602 

0-18710 

0-17864 

0*17085 

0-16348 

0-15661 

0*15012 

0-14404 

0-13836 

0-13*284 

0*12780 

0-1*2*297 

0*11842 

0*11410 

0;11002 

0*10614 

0-10247 

0*09897 

0-09566 

0-09*250 

0*08953 

0*08658 

(3.) 

Logarithm of 
Pressure in lbs. per 
Square Foot 

1*99278 

0-19841 

0-39443 

0*58153 

0-76017 

0-9310*2 

1*09450 

1*25111 

1*40123 

1*54527 

1*68363 

1*81647 

1*94427 

2*067*24 

2*18566 

2-29976 

2*40978 

2-51592 

2-61839 

2-71736 

2-81302 

2-90552 

2-99505 

3*08163 

(2.) 

Tempera- 
ture Centi- 
grade. 

pi0pi^5O»0O»0O»0O»0Oi0Q>0pi^5Oi0O»C5©»i5 
C 0 <MC^pHi-h rHp-KMC^OOCO^-^iolftOtOt^lT^OOOO 

1 I 1 1 1 1 + 

a,) 

Tempera- 
ture Fah- 
renheit 

0 

2iecrj<ii^Tt<oocipH005ooi>*<o»o^coc<ipHQOiooixon5 
6i rH i-H©ico'^»o»ocot^coo>o^c^cc^'^«a<ot^o5 

1114 , rH »H pH pH pH i-< pH pH 
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TABLE II. — Expansive Action of Steaji . 


(1.) 

Fraction of 
Cylinder 
filled with 
Steam at full 
Pressuro 

- 1 
“■ s ’ 

(2.) 

Ratio of 
Expansion 

— 5. 

(3.) 

Coelllciei 

Actio 

Initial Pros- 
Huro One 
to Four 
Atmos- 
pheres. 

(4.)* 

t of Gross 

n - Z. 

Initial Pres- 
sure Four 
to Ei^ht 
Atmos- 
jihoros. 

(1.) 

Fraction of 
Cylinder 
filled with 
Steam at full 
Pressure 

s ' 

(2.) 

Ratio of 
Expansion 
•=“ s . 

(3.) 

Ooefflcier 

Actio 

Initial Pres- 
sure Ono 
to Four 
Atmos- 
phoros. 

(4.) 

it of Gross 
n-Z. 

Initial Pres- 
sure Four 
to Eight 
Atmos- 
pheres. 

1*00 

1-000 

1 *000 


•54 

1*852 

1-586 


•99 

1*010 

1*010 

■SinH 

•53 

1-887 

1-602 

1-596 

•98 

1-020 

1*020 


•52 

1-923 


1-013 

•97 

1031 

1*030 

1*030 

*51 

1-901 

1-637 

1-630 

•9 G 

1-042 

1*041 

1*041 


2-000 


1-647 

•95 

1053 

1*051 

1 *051 

•49 

2-041 

1-673 

1-665 

•94 

1-064 

1-062 

1*062 

•48 

2-083 

1-691 

1-683 

•93 

1*075 

1*072 


•47 

2-128 

1-709 


•92 

1-087 

1*083 


•46 

2-174 

1-728 

1-719 

•91 

1*099 

1*094 


•45 

2*222 

1-748 

1-738 

•90 

1-111 

1-104 

1-104 

•44 

2*273 

1-767 

1-767 

•89 

1-124 

1-115 

1-115 

•43 

2*326 

1-787 

1-777 

•88 

1-136 

1*126 

1-12 G 

•42 

2*381 

1-808 

1-796 

•87 

1-149 

1-138 

1 -m 

•41 

2-439 

1-829 

1-817 

•86 

1-163 

1-149 

1-149 


2-500 



•85 

I -17 G 

1-160 


•39 

2-564 

1-871 

1-858 

•84 

M 90 

1-17-2 

1-171 

•38 

2-632 



•83 

1-205 

1-183 

1-183 

•37 

2*703 

1-916 


•82 

1-220 

1-195 

1-195 

•36 

2*778 

1-939 

1-924 

•81 

1-235 

1-207 


•35 

2*857 

1*963 

1-947 

•80 

1*250 

1*219 

1-218 

•34 

2*941 

1-987 


•79 

1-2 GG 

1*231 


•33 

3*030 

2-012 

1-994 

■78 

1*282 

1-243 

1-242 

•32 

3*125 


2-019 

•77 

1*299 

1*256 

1 *255 

•31 

3*2-25 

2*064 


*76 

1*316 

1*268 

1*267 


3*333 



•75 

1*333 

1*281 


•29 

3*448 

2*119 


*74 

1-351 

1*294 

1-292 

•28 

3-571 

2-147 

2-124 

*73 

1-370 

1*307 

1-305 

•27 

3-704 

2-170 

2-152 

•72 

1-389 

1-320 

1*318 

•26 

3-846 

2-207 

2-181 

*71 

1-408 

1*333 

1*331 

•25 

4-000 

2-238 

2*211 

•70 

1-429 

1*346 

1-344 

•24 

4*167 


2*242 

•69 

1-449 

1*360 

1*358 

•23 

4-348 


2*273 

•68 

1-471 

1*374 

1*371 

•22 

4-545 

2-338 


•67 

1*493 

1*387 

1-385 

•21 

4-762 

2-374 

2*341 

•66 

1*515 

1*401 

1-399 

•20 

5*000 

2-412 

2-376 

•65 

1-538 

1*41 G 

1*413 

•19 

5*263 

2*451 

2-413 

•64 

1-563 

1-430 

1-427 

•IS 

5-556 

2*492 

2-452 

•63 

1-587 

1-445 

1-441 

•17 

5-882 

2-534 


•62 

1-613 

1-459 

1-456 

•16 

6*250 

2-579 

2-434 

•61 

1-640 

1-474 

1-471 

•15 

6-667 

2*626 

2-579 

•60 

1-667 

1-490 

148 G 

•14 

7-143 

2-676 


•69 

1-695 

1-505 

1-501 

•13 

7-692 


2-675 

•68 

1-724 

1-521 

1-516 

•12 

8-333 

2-786 

2-728 

•67 

1-754 

1-537 

1-532 

•11 

9*091 

2-847 

2-784 

•66 

•65 

1-786 

1-818 

1-553 

1-569 

1-547 

1-563 

•10 

10*000 

2*912 

2-845 
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XV.— NOTE AS TO THE BYNAJIICAL EQUIVALENT OP 
TEMPERATURE IN LIQUID AVATER, AND THE SPECIFIC 
HEAT OF ATMOSPHERIC AIR AND STEAM: 

Being a Supplement to a Paper On tue Mechanical Action 

OF Heat.'^ 


33. In my paper on the Mechanical Action of Heat (see 2^- ^^4)9 puhlished 
in the first part of the twentieth volume of the Transactions of the Iloyal 
Society of Edinhurghy some of the numerical results depend upon the 
dynamical equivalent of a degree of temperature in li([uid water. The 
value of that quantity which I then used, was calculated from the experi- 
ments of De la Roche and Berard on the apparent specific licat of 
atmospheric air under constant pressure, as compared witli licpiid water. 

The experiments of Mr. Joule on the production of heat by friction 
give, for the specific heat of litpiid water, an equivalent about onc-niiith 
part greater than that which is determined from those of De la Roche 
and B6rard. I was formerly disposed to ascribe this discrepancy, in a 
great measure, to the smallness of the differences of temperoture measured 
by Mr. Joule, and to unknown causes of loss of power in his apparatus, 
such as the production of sound and of electricity; but, subsequently 
to the publication of my paper, I have seen the detailed account of 
Mr. Joule's last experiments in the Philosophical Transactions for 1850, 
which has convinced me, that the uncertainty arising from the smallness 
of the elevations of temperature, is removed by the multitude of experi- 
ments (being forty on water, fifty on mercury, and twenty on cast iron) ; 
that the agreement amongst the results from substances so different, 
shows that the error by unknown losses of power is insensible, or nearly 
so; and that the necessary conclusion is, that the dynamical value 
assigned by Mr. Joule to the specific heat of liquid water — ^viz., 772 feet 
per degree of Fahrenheit — does not err by more than two, or, at the 
utmost, three feet; and therefore, that the discrepancy originates chiefly 
in the experiments of De la Roche and Berard. 

I therefore take the earliest opportunity of correcting such of my 
calculations as require it, so as to correspond with Mr. Joule's equivalent. 

* Read before the Royal Society of Edinburgh on December 2, 1850, and published 
in the Tranaactiom of that Society, VoL XX., Part II. 
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They relate to the specific heat of atmospheric air as compared with 
liquid water, and to that of steam, and are contained in the second and 
third sections of my paper. Articles 14 and 20; equations 28, 34, and 36. 


Specific Heat of Atmospheric Air as Compared with liquid 
Water. — (Section IL, Article 14.) 


The dynamical values of the specific heat of atmospheric air are 
calculated independently from the velocity of sound, without reference 
to the specific heat of liquid water; and from the closeness of the agree- 
ment of the experiments of MM. Bravais and Martins, Moll and Van 
Beek, Stampfer and Myrbach, Wertheim and others, it is clear . that 
the limits of error are about for the velocity of sound, for the 
ratio, and from to -sjj for the dynamical values of the specific heat of air, 
at constant volume and constant pressure. Those values, as given by 
equation (27), are — 

Eeal specific heat, — 


6 = 238*66 feet = 72*74 metres per Centigrade degree, 
= 132*6 feet per degree of Fahrenheit. 

Apparent specific heat under constant pressure, — 

Kp=334 feet = 101*8 metres per Centigrade degree, 

= 185*6 feet per degree of Fahrenheit. 

The ratio of these two quantities being taken as 

= 1 + N = M. 


The dynamical equivalent of the specific heat of liquid water, as 
determined by Mr. Joule, is 

K^=1389'6 feet=423'54 metres per Centigrade degree, 

= 772 feet per degree of Fahrenheit. 


The speeific heat of air, that of liquid water being taken as unity, has 
therefore the following values : — 

Eeal specific heat, — 


_fe__ 1326 
K," 772 


0T717. 
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Apparent specific heat under constant pressure, — 

This last quantity, according to De la^oche and B6rard, is 

0-26G9 


The discrepancy being .... 0 02G5 

or one-ninth of the value, according to Mr. Joule’s equivalent. 


Specific Heat of Steam. — (Section III., Art. 20.) 


The apparent specific heat of steam (equations 34 and 30) as a gas 
under constant pressure, is equal to tiiat of liquid water X 0*305. Its 
dynamical value is, therefore, 

Kp = ft + = 1389-G X 0-305 

^ 0 71 M 

= 422*83 feet = 120*18 metres per Cent, degree. 

But 

= 153*48 feet = 4G*78 mi}tres per Cent, degree. 
CnM i b 

Therefore, the real specific heat is 

V 

ft = 2G9*35 feet = 82*40 metres per Cent, degree. 


Or, that of liquid water being taken as unity, 

fe 269*35 




1389*G 


= 0*194. 


The ratio of these two values of the specific heat of steam is 

1+N = l*5r. 

Their dynamical equivalents for Fahrenheit’s scale arc, 


ft = 140*64 feet, . . . Kp = 235*46 feet. 

Neither the formulae in the fourth Section, resj)ecting the working of the 
steam-engine, nor the tables at the end of the paper, require any alteration; 
for the action of steam at full j)ressure being calculated from . data 
independent of its specific heat, is not at all affected by . the discrepancy I 
have mentioned ; and the expansive action is not affected to an extent 
appreciable in practice. 
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XVI— ON THE POWER AND ECONOMY OF SINGLE-ACTING 
EXPANSIVE STEAM-ENGINES : 

Being a Supplement to the Fourth Section of a Paper On the 
Mechanical Action of Heat, 

34. The objects of this paper are twofold: Firsty To compare the 
results of the formulaj and tables relative to the power of the steam- 
engine, which have been deduced from the dynamical theory of heat, 
with those of experiments on the actual duty of a large Cornish engine 
at various rates of expansion ; and, Secondhj, To investigate and explain 
the method of determining the rate of expansion, and, consequently, 
the dimensions and proportions of a Cornish engine, which, with a given 
maximum pressure of steam in the cylinder, at a given velocity, shall 
perform a given amount of work at the least possible pecuniary cost, 
taking into account the expense of fuel, and the interest of the capital 
required for the construction of the engine. 

This problem is solved with the aid of the tables aheady printed, by 
drawing two straight lines on a diagram annexed to this paper. 

The merit of first proposing the question of the economy of expansive 
engines in this definite shape belongs, I believe, to the Artizan Club, 
who have offered premiums for its solution ; having done so (to use their 
own words) “with a view to enable those who, from their position, 
cannot take part in the discussions of the various scientific societies, to 
give the profession the benefit of their studies and experience.’* The 5th 
of April is the latest day fixed by them for receiving papers; and as 
this communication cannot possibly be read to a meeting before the 7th 
April, nor published until some months afterwards, I trust I may feel 
confident that it will not be considered as interfering with their design. 


Formul.® Applicable to the Cornish Engine. 

35. The equations of 'motion of the steam-engine, in this and the 
original paper, are the same in their general form with those of M. de 

* Head before the Royal Society of Edinburgh on April 21, 1851, and published in 
the Tranaactiom of that Society, Vol. XX., Part II. 
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Pambour. The diflferences consist in the expressions for the pressure 
and volume of steam, and for the mechanical effect of its expansion ; 
the former of which were deduced from a formula suggested by peculiar 
hypothetical views, and the latter from the dynamical theory of lieat. 

Those equations are Nos. (50) and (51) of the original paper. (See jk 
S71) I shall now express them in a form more convenient for practical 
use, the notation being as follows : — 

Let A be the area of the piston ; 

7, the length of stroke ; 

7ij the number of double strokes in unity of time ; 
c, the fraction of the total bulk of steam above the piston when down, 
allowed for clearance, and for filling steam-passages; so that the total 
bulk of steam at the end of the effective stroke is 


V, the length of the portion of the stroke performed wlion the steam is 
cut off. 

Sy the ratio of expansion of the steam, so that 


1 




i'_ 

I 



( 6 .) 


Let W be tlie weight of steam expended in unity of time. 

Pj, the pressure at which it enters the cylinder. 

V^, the volume of unity of weight of steam at saturation at the pressure 
which may be found from Table I. of the Appendix to the original 
paper. (Seep. 28S) 

F, the sum of all the resistances not depending on the useful load, 
reduced to a pressure per unit of area of piston; whether arising from 
imperfect vacuum in the condenser, resistance of the air-pum]), feed-pump, 
and cold-water pump, friction, or any other cause. 

E, the resistance arising from the useful load, reduced to a pressure per 
unit of area of piston. 

' Z, the ratio of the total action of steam working at the expansion s, 
to its action without expansion. Values of this ratio are given in the 
second table of the Appendix to the original paper. 

. . .Then the following are the two fundamental equations of the motion of 
the steam-engine as comprehended in equation (50) of the original paper. 

Finty Equality of power and effect, — 

T 
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EAZw = WVj{Pi(Z-ca)-F{1-c)s}. . (c.) 

Secondly, Equality of two expressions for the weight of steam expended 
in unity of time, — 

= W 

Vj (1 — c) s ' ' 

From these two equations is deduced the following, expressing the 
ratio of the mean load on the piston to the initial pressure of the steam: — 


K + F 


Z — 6*5 
0 ^^- • 


. (e.) 


being equivalent to equation (51). 

In computing the effect of Cornish engines these formulae require to be 
modified, owing to the following circumstances : — 

The terms depending on tlic clearance c have been introduced into 
(iquations (c), (d), on the supposition that the steam employed in filling 
the space above the piston at the top of its stroke is lost, being allowed 
to escape into the condenser, without having effected any work; so 
that a weight of steam Wc.s is wasted, and an amount of power 
WVj (?! — F)6 .s* lost, in unity of time. But in Cornish engines this is 
not the case; for by closing the ecjuilibrium-valve at the proper point of 
the up or out-door stroke, nearly the whole (piantity of steam necessary 
to fill the clearance and valve-boxes may be kept imprisoned above the 
piston, so as to make the loss of power depending on it insensible in 
practice. This portion of steam is called a cushion, from its preventing 
a shock at the end of the upstroke; and, as Mr. Pole in his valuable 
work on the Cornish engine lias observed, its alternate compression and 
expansion compensate each otlier, and have no effect on the duty of tlie 
engine. The proper moment of closing the equilibrium-valve is fixed by 
trial, which is, perliaps, the ]»est way ; but if it is to be fixed by theory, 
the following is the proper formula : let r be the length of the portion 
of the upstroke remaining to be performed after the equilibrium-valve 
has been closed: then — 


r _ c{s^l) 

I _ jj;"- 


. (/•) 


A slight deviation from tliis adjustment will produce little effect in 
practice, if the fraction c is small. 

In forming the equations of motion, therefore, of the Cornish engine, 
we mayj without material error, in j)racticc omit the terms denoting a 
waste of steam and loss of power due to clearance and filling of steam- 
passages; and the results are the following: — 

Equation of effect and power in unity of time: — 
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Useful effect E R A / « = W Vj {P, Z - F ; . . (57.) 

Weight of steam expended in unity of time: — 

A In 


W - 


\V 


. (58.) 


From those two fundamental equations the following arc deduced 
Itatio of mean load on piston to maximum pressure, — 

R -f F Z 


(59.) 


Duty of unity of weight of steam, 
E 


\V 


r.: V,(P,Z-F), 


. (CO.) 


which, l)eing multiplied by the number of units of w'cight of .steam 
produced by a given w’cight of fuel, gives the duty of that weight of fuel. 
Weight of steam e.xpended iicr .stroke, — 


\V A/ 
u ' V, .s' 


(61.) 


Ill fixot, it is clear that if a.ny five. <|uaiititios out of the following seven 
1)0 given, the other two may In* (.loterii lined liy means of the equations : 


li + F, the mean load on unit of area of piston. 

the maximum pressure of steam in the oylinder. 

S', the ratio of expansion. 

W, the weight of steam produced in unity of time. 

A, the area of the piston. 

/, the length of stroke. 

//, the number of strokes in unity of time. 

The other quantities, E, Vj, Z, arc functions of those seven. 


Comparison of the Theory with Mr. Wicksteed’s Experiments. 

36. In order to test the practical value of this theory, I shall compare 
its results with those of the exjieriments which were made by Mr. 
Wicksteed on the large Cornish pumping engine, built under the direction 
of that eminent engineer, hy Messrs. Harvey and West, for the East London 
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Water-Works at Old Ford, and which were published in 1841. The 
dimensions and structure of the engine, and the details of the experiments, 
are stated with such minuteness and precision, that there is none of that 
uncertainty respecting the circumstances of particular cases, which is the 
most frequent cause of failure in the attempt to apply theoretical principles 
to practice. 

The engine was worked under a uniform load at five different rates of 
expansion successively. The number of strokes, and the consumption 
of steam during each trial, having been accurately registered, Mr. Wicksteed 
gives a table showing the weight of steam consumed per stroke for each 
of the five rates of expansion. I shall now compute the weight of steam 
per stroke theoretically, and comj^are the results. 

Throughout these^ calculations I shall uniformly use the foot as the 
unit of length, the avoirdiq^ois pound as that of weight, and the hour as 
that of time. Pressures are consequently expressed in pounds per square 
foot for the purpose of calculation; although in the table of experiments 
I have reduced them to pounds per square inch, as l)eing the more 
familiar denomination. 

The data respecting the dimensions and load of the engine, which are 
constant throughout the experiments, are the following : — 

Area of piston, A = 34*854 square feet. 

Stroke, / ~ 10 feet. 

Cubic space traversed by piston during one 

down stroke, . . . . . r- A Z 348*54 cubic feet. 

Clearance and valve-boxes, . . . . 18*00 „ 

Sum, . 366*54 „ 

Therefore, c =: 0*05 

E = useful load of piston, .... — 1597*0 lbs. per sq.ft. 

F = additional resistance, . . . . = 266*6 „ 

E -f F == total mean pressure on piston, . . — 1863*6 „ 

The mode of calculation is the following : — 

V 

Mr. Wicksteed states the fraction ~ of the stroke performed at full 

pressure in each experiment. From this the ratio of expansion s is 
computed by equation (b), giving in this case 

- = 0-95 -i + 0'05. 

S V 
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The value of Z corresponding to s is then found by means of the third 
column of table second; that column being selected because the initial 
pressures were all below four atmospheres. This affords the means of 
determining the initial pressure of the steam by equation (59), viz, — 

l\ = I (li + F) = 18G3-C ^ 

By using table first according to tlic directions prefixed to it, the 
volume of one pound of steam at the pressure in cubic feet, is 
calculated, and thence, by equation (GO), the weight of steam per stroke, 
according to theory, which is compared with the weight as ascertained 
by experiment. , 

Further, to illustrate the subject, the useful effect, or duty of a pound 
of steam, is computed according to the theory and the experiments 
respectively, and the results compared. 

The following table (See ik 20 J^) exhilnts the results. 

This comparison sufficiently proves that the results of the theory are 
practically correct. 

It is remarkable, that in every instance except oiu', (experiment E), the 
experimental results show a somewhat loss expenditiiro of steam per 
stroke, and a greater duty per pound of steam, than theory indicates. 
This is to be ascribed to the fact, that although tb(3 action of the steam 
is computed theoretically, on tlie assumption tliat during the expansion 
it is cut off from external sources of heat, yet it is not exactly so in 
practice; for the cylinder is surrounded with a jacket or casing communi- 
cating with the boiler, in which the tcm])erature is much higher than 
the highest temperature in the cylinder, the pressure in the boiler being 
more than double the maximum pressure of the steam when working, 
as columns (2) and (5) show\ There is, therefore, a portion of steam, of 
w’^hose amount no computation can be made, which circulates between the 
boiler and the jacket, serving to convey heat to the cylinder, and thus 
augment by a small quantity the action of tlic steam expended; and 
hence the formulae almost alw^ays err on the safe side. 

Supposing one pound of the best Welsh coals to be capable (as found 
by Mr. Wicksteed) of evaporating 9*493 lbs. of water at the pressure 
in the boiler during the experiment F, then the duty of a Cornish bushel, 
or 94 lbs. of such coals, in.the circumstances of that experiment would be — 

By theory, 88,288,000 ft. lbs. 

By experiment, 90,801,000 „ 

■f 2,513,000 „ 


Difference, 



Comparison of the Theory with Me. Wicksteed’s Experiments on the Cornish Pumping 

Engine at Old Ford. 


m 
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45*7 ! 0-313 2*882 I 18-93 I 5-C26 i 5*470 - 0-15G 98940 | 101756 + 2816 
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Economy of Single-Acting Expansive Engines. 

37. By increasing the ratio of expansion in a Cornisli engine, the 
quantity of steam required to perforin a given duty is diminished ; and 
the cost of fuel, and of the boilers, is lou orod. But at the same time, 
as the cylinders and every part of the engine must 1)0 made larger, to 
admit of a greater expansion, the cost of the engine is increased. It thus 
becomes a problem of maxima and minima to tletermine what ratio of 
expansion ought to be adopted under given circumstances, in order that 
the sum of the annual cost of fuel, and the interest of the capital 
employed in construction, may be the least possi])le, as compared with the 
work done. 

That this problem may admit of a deliiiite solution, the following five 
quantities must be given : — 


Pj, the initial pressure in the cylinder. 

F, the resistance not depending on tlic useful loath 

In, the amount of the lengtli of the eftcctivo strokes made in unity of 
time. 

A, the annual cost of producing unity of weight of st(‘am in unity of 
time, which consists of two parts — the price of fuel, and the interest of 
the cost of the boilers. 

A, the interest of the cost of the engine, per unit of area of piston. 


Hence the annual expenditure to be taken into consideration, reduced 
to unity of weight of steam, is 


A "h h 


A 

W 


= A + A 


In ' 


And the useful effect of unity of weight of steam being 

V,(I\Z-F.s), 

the problem is & determine the ratio of expansion s, so that 

V,(P,Z-F.v) 

In 

shall be a maximum. 

Dividing the num^ator of this fraction by P^, and tJie danominator 
A V . 

by both of which are constants in this problem, we find that it will 
I n 
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be solved by making the ratio 



hln . 


• ( 62 .) 


a maximum. 

The algebraical solution would be extremely complicated and tedious. 
The graphic solution, on the other hand, is very simple and rapid, and 
sufficiently accurate for all practical purposes; and I have therefore 
adopted it. 

In the diagram {See Plate IL, Fig, i), the axis of abscissse — XO 
+ X, is graduated from 0 towards + X into divisions representing 
ratios of expansion, or values of s. The divisions of the axis of ordinates 
OY represent values of Z. The curve marked “locus of Z,” is laid 
down from the third column of Table II. of the Appendix to the original 
paper, being applicable to initial pressures not exceeding four atmospheres. 

Through the origin 0 draw a straight line BOA, at such an inclination 

F 

to — X O + X that its ordinates are represented by ^s. Then the 
ordinates measured from this inclined line to the locus of Z represent the 


F 

value of the numerator Z — p-.??, of the ratio (62), corresponding to the 
various values of s. 

Take a point at (J on the line B 0 A, whose abscissa, measured along 
h n I 


O — X, represents — 


/jv; 


Then the ordinates, measured from BOA, 


of any straight line drawn through C, vary proportionally to the denomi- 
nator + 5 of the ratio (62). 

Through the point C, therefore, draw a straight line C T, touching the 
locus of Z : then the ratio (62) is a maximum at the point of contact T, 
and the abscissa at that point represents the ratio of expansion required. 


Example, 

38. To exemplify this method, let us take the following data; — 
Greatest pressure in the cylinder = 20 lbs. per square inch, = 2880 
lbs. per square foot. 

The corresponding value of is 20*248 cubic feet per pound of steam. 
To obtain this initial pressure in the cylinder, it will be necessary to 
have a pressure of about 50 lbs. per square inch in the boiler. 

F, resistance not depending on the useful load 2 lbs. per square inch, 
= 288 lbs. per square foot, = yV Pr 
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lUy amojimt of down strokes, = 4800 feet per hour; being the average 
speed found to answer best in practice. 

To estimate A, the annual cost of producing one pound of steam per 
hour, I shall suppose that the engine w'orks 6000 hours per annum; that 
the cost of fuel is one penny per 100 lbs. of steam that the cost of 
boiler for each pound of steam per hour is 0*016 ton, at £27, £0*432; 

and that the interest of capital is five per cent, per annum. Hence h is 
thus made up — 

Fuel for 6000 lbs. of steam at 0*01d., . . . £0*2500 

Interest on .£0*432, at 5 per cent., . . . 0*0216 


h = £0*2716 

Estimating the cost of the engine at £250 ]>er square foot of piston, 
we find h :::::: 5 per cent, per annum on £250 = £12*5. 

and \ — 0-0217; = .VI 41. 

The line H 0 A, then, is to be drawn so that its ojdinatos are 


F 


1 


10 


s. 


The point C is taken on this lino, at 


h I n 

/7v; 


“ 5*144 divisions of the 


axis of absciss® to the left of 0 Y. 

The tangent C T being drawn, is found to touch tlie locus of Z at 2*800 
divisions to the right of 0 Y. 

Then s = 2*800 is the ratio of expansion sought, corresponding to the 
greatest economy. 

If we make c=:0*05, as in Mr. Wickstecd^s engine, then the fraction of 
the stroke to be performed at full pressure is 


V 

I 


0*323, 


being nearly the same as in experiment F. 

The mean resistance of the useful load per scpiarc foot of piston is 

R = .~P _ F =1713-6 lbs. 

5 


* This estimate is made on the supposition that coals capable of ])roducing nine tiroes 
their weight of steam are worth about 16s. 9d. per ton. 



298 


SINGLE-ACTING EXPANSIVE STEAM-ENGINES. 


The duty of one square foot of piston per hour — 

- 8,225,300 foot-lbs. 

And one horse-power being 1,980,000 foot-lbs. per hour, the real horse- 
power of the engine is 

4*154 per square foot of piston. 

The duty of one pound of steam is 

E VjS — 97,154 foot-lbs. 

To give an example of a special case, let the duty to be performed be 
198,000,000 foot-pounds per lionr, being equal to 100 real horse-power, 
for' 6,000 hours per annum. This being called E, wc find from the above 
data that the area of piston required is 

E 

A = y = 24*072 square feet. 

lil 71 

The consumption of steam per hour is 

W = , = 2038 lbs., 

i v .S* 

which requires 2038 X 0*01 G = 32*608 tons of boilers. 

The expenditure of steam per annum is 

2038 X 6000 = 12,228,000 lbs. 

Hence wc have the following estimate : — 

Cost of engine, 24*072 square feet of piston at 


.£250, £6018*000 

Cost of boilers, 32*608 tons at £27, . . . 880*416 

Total capital expended, . . . £6898*416 

Interest at five per cent, per annum, . . . 344*921 

Cost of fuel per annum, 12,228,000 lbs. of steam 

at 0*01d., 509*500 

Annual cost for interest and fuel, . . £854*421 


I wish it to be understood tliat the rates I have adopted in the fore- 
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going calculations, for interest, cost of fuel, and cost of construction, arc 
not intended as estimates of their average amount, nor of their amount in 
any particular case ; but are merely assumed in order to illustrate, by a 
numerical example, the rules laid down in the preceding article. It is, 
of course, the business of the engineer to ascertain those data with 
reference to the special situation and circumstances of the proposed work ; 
and having done so, the method exjdained in this paper will enable him 
to determine the dimensions and ratio of expansion which ought to l>e 
adopted for the engine, in order that it may otfoct its duty with the 
greatest possible economy. 
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XVIL— ON THE ECONOMY OF HEAT IN EXPANSIVE 
MACHINES 

Forming the Fifth Section of a Paper Ox the 
Mechanical Action of Heat. 

39. A MACHINE working by expansive power consists essentially of a 
portion of some substance to which heat is comniunicated, so as to expand 
it, at a higher temperature, being abstracted from it, so as to condense it 
to its original volume, at a lower temperature. The quantity of heat 
given out by the substance is less than the quantity received; the 
difference disappearing as heat, to appear in the form of expansive power. 

The heat originally received by the working body may act in two ways : 
to raise its temperature, and to expand it. The heat given out may also 
act in two ways: to lower the temperature, and to contract the body. 
Now, as the conversion of heat into expansive power arises from changes 
of volume only, and not from changes of temperature, it is obvious, that 
the proportion of the heat received which is converted into expansive 
power will be the greatest possible, when the reception of heat, and its 
emission, each take place at a constant tem])erature. 

40. Carnot was the first to assert the huv, that the. ratio of the maximum 
mechanical effect to the ivhole heat expended in an expandve machine, is a 
function solely of the two temperatures at which the heat is respectively received 
and emitted, and is independent of the nature of the working suhstamce. But 
his investigations not being leased on tlie principle of tlie dynamical 
convertibility of heat, involve the fallacy that power can ])e produced out 
of nothing. 

41. The merit of combining Carnot’s Laiv, as it is termed, with that 
of the convertibility of heat and power, belongs to Mr. Clausius and 
Professor William Thomson; and in the shape into which they have 
brought it, it may be stated thus : — 

The maximum proportion of heat converted into expansive power ly any 
machine^ is a f unction solely of the temperatures at which heat is received and 
emitted hy the working substance; tvhich function fm* each pair of temperatures 
is the same for all substances in nature. 

* Bead before the Boyal Society of Edinburgh on April 21, 1851, and published in 
the Transactions of that Society, Vol. XX., Part II. 
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T^iis law is laid down by Mr. Clausius, as it originally had been by 
Cam6t, as an independent axiom; and I had at first doubts as to the 
soundness of the reasoning by which lie maintained it. Having stated 
those doubts to Professor Thomson. I am indebted to him for having 
induced me to investigate the subject thoroughly; for although T have 
not yet seen his paper, nor become ac(piainted with the method by ndiich 
he proves Carnot’s law, I have received from him a statement of sonu* 
of his more important results. 

42. I have now come to the conclusions, — First, That Law 

is not an independent principle in the thconj of heat; but is deducihk, as a 
consequence, from the equations of the mutual amrersion of heat and e.ipansivc 
pmer, as given in the Jirst section of this paper. 

Secondly, That the function of the temperatures of reception and onission, 
which expresses the maximum ratio of the heat converted into power to the total 
heat received bjj the working hnly, is the ratio of the diflerence of those temper- 
atures to the absolute temperature of reception diminished by the eonstavt, which 
I have called k ~ C n p h ; and wliicli must, as I have shoArn in tlie intro- 
duction, be the same for all substances, in order that molecular (xpiilibrium 
may be ]>ossible. 

43. Let abscissje, parallel to OX in tlie diagram, IMate II., Fig. 2, 

denote the volumes successively assumed by the working body, and 
ordinates, parallel to OY, the corresponding ])i’('ssnres. Let he the 
constant absolute temperature at which Ihe I'cception of lusat by tlie body 
takes place: the constant absolut(‘. temperature at which the emission 

of heat takes place. Let A B lie a curve such that its ordinates denote 
the pressures, at the temperature of reception Tj, corresponding to the 
volumes denoted by al)scissa\ Tad I) 0 be a similar curve, for the temper- 
ature of emission Tq, Let AD and BC be two curves, expressing by 
their co-ordinates hoAV the pressure ami volume must vary, in order 
that the body may change its temperature, without receiving or emitting 
heat; the former corresponding to the most condensed and the latter to 
the most expanded state of the body, during the working of tlic machine. 

The quantity of heat received or emitted during an oiieration on the 
body involving indefinitely small variations of volume and temperature, 
is expressed by adding to e(j[uation (0) of section fourth the heat due to 
change of temperature only, in virtue of the real specific heat. We thus 
obtain the differential equation 




r — K 

cTm 




dV} 

d r' 3 




in which the negative sign denotes absorption, and the positive emission. 
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If we now put for their values according to equation (11), 

’■ ay dr 


we find 


dV 

gQ'- gQ = - (r- .gV 

- + c; ‘m (“•> 


The first torni rc])rosoiits the variation of heat due to variation of 
volume only; the second, that due to variation of temperature. Let 
us now api)ly tliis (‘((nation to tlie cycle of operations undergone by the 
working Ijody in an ('xjiansivo machine, as denoted by the diagram. 

Fird oj)erafi(m , — Tlie body, being at first at the volume and pressure 
r^, is made to expand, by the communication of heat at the constant 
t(‘m])erature until it rc'aches the volume and pressure P^, AB being 
the locus of the pressures. 

Here 8r = 0; therefore, the total heat received is 



= (’'i - (Va, ri)}. J 


Second operation . — Tlie body, being prevented from receiving or emitting 
heat, expands until it falls to the temperature the locus of the pressures 
being the curve BC. During this operation the following condition 
must be fulfilled, — 

0 = gQ' - gc,). 


which, attending to the fact that V is now a function of r, and trans- 
forming the integrals as before, gives tlie equation 


^ + C « M C - r^) + (A + ■ </ v) ^ 


This equation shows that 

<1> (V », Tj) - ^ (Vc, To) =: ^ (Tj, To). . . (b.) 

Third q 2 )eratm. — TJie I)ody, l)y the abstraction of heat, is made to 
contract, at the constant temperature Tq, to the volume Vj, and pressure P^, 
wliich are such as to satisfy conditions depending on the fourth operation. 
C D is the locus of the pressures. The heat emitted is evidently 

Ho = Q'o = Oo - k) {*P (Vc, ro) - 0 (V„, To)}. . (c.) 



Eoojnnnr or soeat esMtrsimis icachxkbs. 30 $ 

Fourth operation . — ^The Tx>dy, being prevented from receiving or emitting 
heat, is compressed until it recovers its original temperature Ti, volume V^, 
and pressure P*; the locus of the pressures being DA. During this 
operation, the same conditions must be fullilled as in the second oi>eratiou ; 
therefore, 

<}> Vj) - <l> (V„, rj =: i' (rj, To). . . {d.) 

being the same function as in equation (/>). 

By comparing equations (/i) and (r/), we olitain the relation wliicli must 
subsist between the four Aoluiiies to whidi tlie bod^ sucoessi\ely brought, 
in order that the niaxiiiniTU effect may be obt.iined liorii the heat. It is 
expressed hy the eqiuition 

Vj) - (j> (V„ T|) — (J, (V„ To) - (V,., To) . (04.) 


From this and equations {(() and it appeal ^ that 

. (05. 

That is to sa} no licnf m piodiKinu i anal ions of tempera- 

hue, tin tatio of Ihc htai ucatLil to tin Jui(f (ntilUd hi tin m) Lituj bo(t)j of an 
( tpatisiu inachijic, i', apod to that oj tin ah^diih hniju tatuns of ncijdloaand 
nm^dnn, (wh diminhlud hi tin iondant k , nhnh is tin soint Joi att siihsUmcs^ 
Hence, h t 

- 1 !., 


Do _’■<>” 

Uj T] - K 


denote the inavimum amount of power 'whicli can be obtained out of 
the total heat 11^, in an expansive madiiiic vvoikiiig bttwcfu the tempera- 
tures and T^y Then 

n _ TiJUTo 

111 “ ri - k’ 



being the law which lias been enunciated in Aitide 42, and which is 
deduced entirely from tlie princqdes already laid down in tlie introduction 
and first section of this paper. 

The value of the constant k is unknowm; and the nearest approximation 
to accuracy which we can at present make, is to neglect it in calculation, 
as being very small as compared with r. 

44. This approximation having been adopted, 1 believe it will bo 
found that the formula (GG), although very different in appearance from 
that arrived at by Professor Thomson, gives nearly the same numerical 
results. For example ; let the machine woik between the temperatures 
140° and 30° Centigrade : then 



301 


ECONOMY OF HEAT IN EXPANSIVE MACHINES; 


Ti = 414“-G, ro = 304‘’-6, 
and 

= 0-2653. 

ill 

Pl*ofessor Thomson has informed me, that for the same temperatures 
ho finds this ratio to be 0*2713.'^ 

45. To make a steam-engine work according to the conditions of 
maximum effect here laid down, the steam must enter the cylinder from 
the boiler without diminishing in jnessure, and must be worked expan- 
sively down to the pressure and temperature of condensation. It must 
then be so far liquefied by conduction alone, that on the liquefaction 
being completed by compression, it may be restored to the temperature 
of the boiler by means of that compression alone. These conditions 
are unattainable in steam-engines as at present constructed, and different 
from those which form tlie basis of the formulae and tables in the 
fourth section of this paper; hence it is found, both by experiment 
and by calculation from those formulae, that the proportion of the total 
heat converted into power in any possible steam-engine is less than that 
indicated by equation (GO). 

The annexed table illustrates this. 

The heat transformed into power, as given in tlic fifth column, has 
been reduced to Centigrade degrees in liquid water, by dividing the duty 
of a pound of steam by Mr. Joule/s equivalent, 1389*6 feet per Centigrade 
degree. Hence, the first two numbers in that column are less than those 
given in Art. 32, which were computed from too small an equivalent. 

The first two cases fulfil the conditions required by Carnot^s law in 
every respect except one : — viz., that the steam remaining at the end 
of the stroke, instead of being partially liquefied by refrigeration, and 
then reduced to water at the temperature of the boiler by compression, 
is supposed to be entirely liquefied by refrigeration. This occasions the 
loss of the heat necessary to raise the water from the temperature of 
the condenser to that of the boiler; but at the same time, there is a 
gain of the power which would be required to liquefy part of the 
steam by compression, and those two quantities partially compensate 
for each other’s effects on the ratio of the power to the heat expended, 
so that although it is below the maximum, the difference is small. 

* From information which I liave received from Professor Thomson subsequently to 
the completion of this paper, it appears that his formula becomes identical with the 

approximate formula here proposed, on making the function called by him ^ J 

T 

being Joule’s equivalent. 

Mr. Joule also, some time since, arrived at this approximate formula in the 
particular case of a perfect gas. 
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In the third and fourth examples, founded on the calculated and 
observed duty of Mr. Wicksteed's engine during experiment F, the actual 
ratio is less than half the maximum. This waste of heat is to bo 
ascribed to the following causes : — 

First, The mode of liquefaction, which has already been referred to. 

Secondly, The initial pressure in the cylinder is but 18*93 lbs. on the 
square inch, while that in the boiler is 45*7 ; so that although the steam 
is produced at 135°*2 Centigrade, it only begins to work at 107®*26. 
This great fall of pressure is accounted for by the fact, that the steam 
for each stroke, which is produced in the boiler in about seven or eight 
seconds, escapes suddenly into the cylinder in a fraction of a second. 

Thirdly, The expansive working of the steam, instead of being continued 
down to 30° Centigrade, the temperature of the condenser, stops at a 
much higher temperature, 74°'66. This is the most important cause 
of loss of power. 

If we now take for and Tq the absolute temperatures at the beginning 
and end of the expansive working, and calculate the maximum duty of 
one pound of steam by Carnot’s Law between those temperatures, we find, — 

Ti = 107^*20 + 274°*G = 381°*86 
To = 74°*66 + 274°*G = 349°*2G 

— = 0-08r)42 
111 

H, = 5G4°*5; .*.0= 48°*22 

To this has to be added the duty, at full pressure, 
of steam at r^, diminished by one-third for back- 
pressure and friction, and by one-fifteenth for 
liquefaction in the cylinder, .... 23°*14 

The whole amounting to . . . 71°*3G 

Which agrees very nearly with 73°*23, the observed duty, and almost 
exactly with 71°‘2, the duty as calculated by the formulae and tables of 
section fourth. 

These examples show clearly the nature and causes of the waste of heat 
in the steam-engine. 
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XVIII— ON THE ABSOLUTE ZERO OF THE PERFECT GAS 
THERMOMETER: 

Being a Note to a Paper On the Mechanical Action of Heat. 

{See jp. S3l) 

Temperature being measured by the pressure of a perfect gas at constant 
density, the absolute zero of tem})erature is that point on the thermometric 
scale at which, if it were j)Ossiblc to maintain a perfect gas at so low a 
temperature, the pressure would be null. 

The position of this point is of great importance, both theoretically and 
practically; for by reckoning temperatures from it, the laws of phenomena 
depending on heat arc reduced to a more simple form than they are when 
any other zero is adopted. 

As we cannot obtain any substance in the perfectly gasi‘ous condition 
(that is to say, entirely devoid of cohesion), we cannot determine the 
position of the absolute thermometric zero by direct experiment, which 
furnishes us with approximate positions only. Those approximate posi- 
tions are always too high ; because the effect of cohesion is to make the 
pressure of a gas diminish more rapidly wdth a diminution of temperature, 
than if it were devoid of cohesion. 

As a gas is rarefied, the cohesion of its particles diminishes, not only in 
absolute amount, but also in the proportion which it l)ears to the pressure 
due to heat. The gas, therefore, approaches more and more nearly to the 
state of a perfect gas as its density diminishes; and from a scries of 
experiments on the rate ofi^ increavse of its elasticity with temperature, at 
progressively diminishing densities, may be calculated the positions of a 
series of points on the thermometric scale, approaching more and more 
nearly to the true absolute zero. 

By observing the law which those successive approximations follow, the 
true position of the absolute zero can be determined. 

Having performed this operation by means of a graphic process, soon 
after the publication of the experiments of M. Regnault on the elasticity 
and expansion of gases, I stated the result in a paper on the Elasticity of 
Vapours {Edinhirgh New Philosophical Journal, July, 1849), {See p. 1), and 

* Read before the Royal Society of Edinburgh on Jaiuiary 4, 18.53, and published 
in the Transactions of that Society, Vol. XX. Part IV. 
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also in a paper on the Mechanical Action of Heat {Trans. Royal Soc. Edin,, 
Vol. XX., Part I), {See p- ^3Ji) — ^viz., that the absolute zero is — 

^ 1 the temperature of melting ice ; 

or 494”-28 Fahrenheit, j “ 

or 462'’*28 below tlic ordinary zero of Fahrenheit's scale. 

To enable others to judge of the accuracy of this result, I shall now 
explain the method by which it was obtained. 

Let E denote the mean rate of increase, per degree, between the 
freezing and boiling points, of the pressure of a gas whose volume is 


maintained constant. 


Then the reciprocal of this coefficient, 


1 

E' 


is an 


approximation to tlie number of degrees below the freezing point, at 
which the absolute zero is situated. 

The experimental data in the following table were .copied from the 
memoirs of M. Eegnault on the Expansion of Gases. The numbers in 
the first column designate the series of experiments. The second column 
contains the pressures of the gases at the freezing point. The' third 
column contains the mean coefficients of increase of pressure per Centi- 
grade degree, between O'" and 100° Centigrade. The fourth column 
contains the reciprocals of those coefficients, with the negative sign, being 
approximate positions of the absolute zero, in Centigrade degrees, below 
the temj)erature of melting ice. The gases employed were atmospheric air 
and carbonic acid. 

The approximate positions of tlie absolute zero contained in this table 
were laid down on a diagram, in Avhich they were marked by crosses. 
The longitudinal divisions representing Centigrade degrees divided into 
tenths; the transverse divisions, atmospheres of pressure at 0° Centigrade, 
also divided into tenths. The positions of the crosses indicating at 
once the pressures in the second column of the table, and the approximate 
zeros in the fourth ; and the numbers - affixed to them corresponding with 
those in the first column. 

As the effect of cohesion is greater and mojjp easily eliminated in car- 
bonic acid gas than in atmospheric air, the determination of the- true 
absolute zero was made from the experiments on the former gas. The 
approximate positions of the absolute zero for carbonic acid lie nearly in a 
straight line. A straight line having been drawn so that it should, as 
nearly as possible, traverse them, was found to intersect the line’ corre- 
sponding to the zero of pressure, that is, to the state of perfect gas, at a 
point on the scale of temperatures 274r’6 Centigrade degrees below the 
temperature of melting ice, which point was accordingly taken as the true 
absolute zero of the perfect gas thermometer 
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No. 

Pressure at 0® Centigrade 
in Atmospheres. 

CoeflReient of Increase of 
lUasticity with Temperature 

= E. 

Approximate Positions 
of the Absolute Zero 
in Coulignulo Degrees 

1 

E‘ 

CARBONIC ACID. 

1. 

0-99S0 

0 *0030850 

-271*33 

2. 

l-lSo7 

0*0030943 

-270*63 

3. 

2 •29.31 

0*0037523 

- 200-50 

4. 

4*7225 

0003859S 

- 259*08 


ATMOSPHERIC AIH. 


1. 

1 

0-1444 

0*0030482 

-274*11 

2, 

0-2294 

ooo;jC5i.-i 

- 273*88 

3. 

0*3501 

0*0030542 

-273-00 

4. 

0*4030 

0 0030587 

- 273-32 

5. 

0-49* 

0*0030572 t 

-273-43 

C. 

1*0000 

0*0030050 

-272-85 

7. 

2*20S-I 

O-0O3C7CO 

- 272-03 

8 . 

2*2270 

0*0030800 

-271*74 

9. 

2*8213 

0*0030894 

-271*05 

10. 

4*8100 

0 0037091 

-269-61 


So far as their irregularity permits, the experiments on atmospheric air 
confinn this result, for the approximate positions of the absolute zero 
deduced from them evidently tend towards the very same point on the 
diagram with those deduced from the experiments on carbonic acid. 

The values of the coefficient of dilatation and of increase of pressure of 
a perfect gas, per degree, in fractions of its volume and pressure, at the 
temperature of melting ice, are, accordingly, — 

For the Centigrade Scale == 0*00364166 

0-00202314. 


For Fahrenheit’s Scale 
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XIX.— ON THE MECHANICAL ACTION OF HEAT.* 

Section VI. — A Keview of the Fundamental Pkinciples of the 
Mechanical Theory of Heat; with Remarks on the 
Thermic Phenomena of Currents of Elastic 
Fluids, as illustrating those 
Principles. 

4G. I HAVE been induced to write this section in continuation of a 
paper on the Mechanical Action of Heat, by the publication (in the 
Fhilosqphical Magazine for December, 1852, Supplementary Number) of a 
series of experiments by Mr. Joule and Professor William Thomson, On 
the Thermal Effects experienced by Air in rushing through Small Apertures. 
Although those authors express an intention to continue the experiments 
on a large scale, so as to obtain more precise results; yet the results 
already obtained are sufficient to constitute t# first step towards the 
experimental determination of that most important function in the theory 
of the mechanical action of heat, which lias received the name of Carnot's 
function. 

By the theoretical investigations of Messrs. Clausius and Thomson, — 
which are based simply on the fact of the convertibility of heat and 
mechanical power, the determination of their relative value by Mr. Joule, 
and the properties of the function called temperature, Avitliout any definite 
supposition as to the nature of heat, — Carnot's function is left wholly 
indeterminate. 

By the investigations contained in the previous sections of this paper, 
and in a paper on the Centrifugal Theory of Elasticity {See p, ^9 ), — in 
which the supposition is made, that heat consists in the revolutions of 
what are called molecular vortices, so that the elasticity arising from heat 
is in fact centrifugal force, — a foi'm is assigned to Cariidt's function; but 
its numerical values are left to be ascertained by experiment. 

The recent experiments of Messrs, Joule and Thomson serve (so far 
as the degree of precision of their results permits) at once to determine 
numerical values of Carn6t's function for use in practice, and to test the 

* Read before the Royal Society of Edinburgh on January 17, 1853, and pub- 
lished in the Tramactiom of that Society, Vol. XX., Part IV. 
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accuracy with which the phenomena of heat are represented by the 
consequences of the hypothesis of molecular vortices, from which the 
investigation in this paper sets out. 


Sub-Section 1. — Properties of Expansive Heat. 

47. To show more clearly the nature of the questions, towards the 
decision of which these experiments are a step, I shall now briefly review 
the fundamental principles of the theory of heat, and the reasoning on 
which they are based; and the object of this being illustration rather 
than research, I shall use algebraical symbols no further than is absolutely 
necessary to brevity and clearness, and shall follow an order of investigation 
which, though the same in its results with that pursued in the previous 
sections of this paper, is different in arrangement. 

By a mind which admits as an axiom that, in the present order of 
things, physical power cannot be annihilated, nor produced out of nothing, 
the law of the mutual convertibility of heat and motive power must be 
viewed as a necessary corollary from this axiom, and Mr. Joule^s experi- 
ments, as the means of determining the relative numerical value of those 
two forms of power. By a mind which does not admit the necessity of 
the axiom, these experiments must be viewed also as the proof of the law. 

This law was virtuaily, though not expressly, admitted by those who 
introduced the term latent heat into scientific language; for when divested 
of ideas connected with the hypothesis of a subtle fluid of caloric, and 
“ regarded simply as the expression of a fact, this term denotes heat which 
■ has disappeared during the appearance of expansive power in a mass of 
matter, and which may be made to reappear by the expenditure of an 
equal amount of compressive power. 

48. Without for the present framing any mechanical hypothesis as to 
the nature of heat, let us conceive that unity of weight of any substance 
occupying the bulk V under the pressure P, and possessing the absolute 
quantity of thermometric heat whose mechanical equivalent is Q, undergoes 
the indefinitely small increase of volume d V ; and let us investigate how 
much heat becomes latent, or is converted into expansive power, during 
this process; the thermometric heat being maintained constant, so that 
the heat which disappears must be supplied from some external source. 

During the expansion d V, the body, by its elastic pressure P, exerts 
the mechanical power P V. Part of this power is produced by mole- 
cular attractions and repulsions; and although this part may be modified 
by the influence of heat upon the distribution of the particles of the body, 
it is not the direct effect of heat. The remainder must be considered as 
directly caused by the heat possessed by the body, of which the pressure 
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P is a fonetion; and to this portion of the power developed, the heat 
which disappears during the expansion must be equivalent. 

' To determine the portion of the mechanical power V dY which is 
the effect of heat, let the total heat of the body, Q, be now supposed to 
vary by an indefinitely small quantity d Q. Then the mechanical power 
of expansion TdY will vary by the indefinitely small quantity 


(IQ,X 


d'P 

iUl 


dY. 


This is the development of power for the expansion d Y, caused by each 
indefinitely small portion d of the total heat possessed by the body; 
and, consequently, the whole mechanical power for the exi)ansion d V due 
to the whole heat possessed by the iKwly Q, is expressed as follows : — 




(67.) 


and this is the equivaicjifc of tlic Iicat transformed into mecljaiiical power, 
or the latent heat of expansion of unity of weight, for the small increment 
of volume d V, at the volume V and total heat Q. 

Now, a part only of this power, viz. — 

VdY, 

is visible mechanical energy, exi)ended in firoducing velocity in the 
expanding body itself, or in overcoming tho resistance of the bodies which 
incloso it. The remainder 

is, therefore, expended in overcoming molecular attraction. 

Molecular attraction depends on the density and distribution of tho 
particles of tho body; and is, consequently, a function of the volume and 
total heat of unity of weight. It is, therefore, possible to find a potential 
S, being a function of V and Q, of such a nature, that the difiference 
between its two values 

corresponding respectively to two sets of values of the volume and total 
heat (Vp Q, and Vg, Qg), shall represent the power which is the equivalent 
of the heat consumed in overcoming molecular attraction, during the 
passage of the body from the volume and heat to the volume* 
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{Old heat Qy The form of the expression (68) shows that this potential 
has the following property : — 


clY 




( 60 .) 


The integration of whicli ])artial diflcrential equation gives the following 
value for the potential of iiioleciilar action : — 


S 




(70.) 


(p (Q) being some unknown fiinrtion of tin* heat only, and the integral 
being taken as if the lu‘at wore eon.stant. 

The iieat wliieli disap]iears in ovenauniiu;; inolt'cular ac'tion, during a 
small increase of h»tal heat while iho volume remains constant, is 
expressed as follows: — 


i! S 


J() 




(51.) 


the heat being treated as a constant in tlie integration. 

If Ave now" investigate the entire quantity of heat, liotli sensible and 
latent, wdiieli is eonsumod by a body iluring a simultam o\is small change 
of total beat J ami volume d V, we lind the following results : — 


Sensil)le heat (which retains its condition), 
Latent heat, or heat wliicli disa^ipcars in 
overcoming molecular action, 


d ti 




d (i 4“ 


d S 
dV 


d V. 


Latent heat equivalent to the visible me- 
chanical eficct, . 


PdY 


The amount beiim 


,i<i + d. s + r<i V . (i + i®)^Q + + p),( V = 




dP 

I 


J 


(72.) 


This formula expresses completely the relations between heat, mole- 
cular action, and expansion, in all those cases in which the expansive 
power developed, P V, is entirely communicated to the bodies inclosing 
the ^substance which expands. 

49. The following coefficients are contained in, or deducible from it. 



314 


THE MECHANICAL ACTION OF HEAT. 


The ratio of the specific heat at constant volume to the real specific 
heat : — 


The coefficient of latent heat of expansion at constant heat ; — 


dV 


+ P = Q 


dP 

dQ' 



The ratio of the specific heat at constant pressure to the real specific 
heat is found as follows. To have the pressure constant wo must have 


dP 

'd~Q 


d P 

dQ + “-|dV = 0; or, 


(TV' 


consequently, the ratio in question is, 


dP 

dq 

dP 

dY 


dP 

■fe ~ ■'■dQ \dV'^ JdP 

dt 


1 + 


q/ 


dQ2 


+ (Q) — Q 



dY 


dY 

(75.) 


50. In order to investigate the laws according to which heat is con- 
verted into mechanical power, in a machine working by the expansion of 
an elastic body, it will be convenient to use a function, 

F = l^dV(Q = const), 

of such a nature that the difference between two of its values, correspond- 
ing to different volumes of the body at the same total heat, represents the 
ratio of the heat converted into power by expansion between, those volumes, 
to the given constant total heat. I shall call this function a lieaUpotentiaL 
Introducing this function into equation (72), we find for the total heaA 
consumed by a body during the increase of total heat d Q, and the expan- 
sion d V, 

dQ + d . S + Pd V = ^1 + f . (Q)) dQ + Qd . F (76.) 
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( 


observing that d .¥ = ~ Q + ^ y d V 




dQ 


) 


Let us now suppose that the body changes its volume without either 
losing or gaining heat by conduction. This condition is expressed by the 
equation 

0 = (1 +<l>\Q)dq + Qd.F, 

from which we deduce the following, 




• ( 77 .) 


which expresses the following theorem : — 

WTien the quantity of heat in a body is varied by variation of volume only, the 
variation of the heat-})otential dejocnds on the heat only, and is independent of the 
volume. 

In order that a machine working by the expansive power of heat may 
produce its greatest effect, all the heat communicated from external bodies 
should be employed in producing expansive powxr, and none in producing 
variations of the quantity of lieat in the body; for heat employed for the 
latter purpose would be wasted, so far as the production of visible motion 
is concerned. To effect this the body must receive heat by conduction, 
and convert it into expansive power, while containing a certain constant 
quantity of heat give out by conduction heat ];)roduced by compression, 
while containing a smaller constant quantity of heat Q.,; and change 
between those two quantities of thcnnometric heat by means of changes 
of volume only, without conduction. For this puipose a cycle of opera- 
tions must be performed similar to that described by Carnot, as 
follows : — 

(I.) Let be the initial value of the lieat-potcntial ; let the body 
expand at the constant heat till the heat-potential becomes F^. Then 
the heat received and converted into expansive power is 


H. = Q. (F„ - FJ. 

* (II.) Let the body further expand without receiving or emitting heat 
till the quantity of heat in it falls to Qg; the heat-potential varying 
according to equation (77), and becoming at length F^. The heat con- 
verted into expansive power in this operation is 

Qi - Qo. 
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(III.) Let the body be compressed, at the constant heat Qg, till the 
heat-potential becomes a quantity differing from the initial heat- 
potential F^ by as much as F^, differs from Fn. In this operation the 
following amount of power is reconverted into heat, and given out by 
conduction : — 

H, = Q, (F, - ig. 

(IV.) Let the body be further compressed, till tlie heat-potential returns 
to its prigiiial value. Then, by the power expended in this com- 
pression alone, witliout tlie aid of conduction, the total heat of the body 
will be restored to its original amount, exactly reversing the operation II. 

At the end of this cycle of operations, the following quantity of heat 
will liave been converted into mechanical power : — 

H. - H, = Q, (F„ - F,) - Q, (F„ - F„), 

but it is obvious that the difference between the heat-potentials is the 
same in the first and third operations; therefore, the useful effect is 
simply 

II,-H, = (Q,-Q.,)(F3-F,), 

■while the whole heat expended is, . . (78.) 

I 

II, = Q^(F„-F,). J 

Hence, the ratio of the heat converted into mechanical effect^ in an exj^ansive 
machine, working to the greatest advantage^ to the whole heat expended, is the 
same with that which the difference hetween the quantities of Iwat possessed hy the 
expansive body during the operations of receiving and emitting heat respectively, 
hears to the quantity of heat i^ossessed hy it during the operation of receiving heat; 
aiul is independent of the nature and condition of the body. 

This theorem is thus expressed symbolically, — 

Hi - H., _ Effect _ Qi - % X 

Hi ~~ Heat expended ~ Qi ’ ' ^ 

51. When a body expands without meeting with resistance, so that all 
its expansive power is expended in giving velocity to its own particles, 
and when that velocity is ultimately extinguished by friction, then a 
quantity of heat equivalent to the expansive power is reproduced. 

The heat consumed is expressed by taking away the term representing 
the expansive power, PrfV, from the expression (72), the remainder of 
which consists merely of the variation of actual heat, and the heat expended 
in overcoming molecular attraction, viz. : — 

iQ + i.S = (l + ^|)iQ + §|iV 
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= (' + + *' ■ «>)''« + 

This expression is a complete differential, and may be written thus : — 

(Q + S) = rZ I Q + ^ (Q) + (q - l) j i* d V j (80.) 

(Q being treated as a constant in perforniing the integration |.P d V). 

Its integral, Q + S, the vsuin of tlic heat of the body, and of the ]>otential 
of its molecular actions, is the same quantity which 1 liave denoted by the 
symbol 'F in the tenth article of a paper on the Centrifugal Theory of 
Elasticity (See p. G:2), and whose differences are tliere stated to repre- 
sent the total amount of power which must be exercised on a body, 
whether in th« form of expansive or compressive power, or in that of heat, 
to make it pass from one volume and temperature to another. This 
integral corresponds also to the function treated of by l^rofessor William 
Thomson in the fifth part of his ])aper on the Dynamical Tlieory of Heat, 
under the name of ‘‘ Total Mechanical Energy.'' 

52. We have now obtained a system of formulae, expressing all the 
relations between heat and expansive powoi*, analogous to those deduced 
from a consideration of the prot)ertics of temperature, liy Messrs. (.Clausius 
and Thomson, and from the hypothesis of molecular vorti(‘-es in the 
previous sections of tliis paper; but, in the present section, both the 
theorems and the investigations are distinguished from former researches 
by this circumstance — that tliey arc independent, not only of any hypo- 
thesis respecting the constitution of matter, but of the properties, and even 
of the existence, of such a function as temperature; being, in fact, simply 
the necessary consequences of the following 


Definition of Expansive Heat. 

L&t the term Expansive Heat le used to denote a hind of physical energy 
convertible withy and measurable by, equivalent quantities of mechanical power, 
and augmenting the expansive elasticity of matter in which it is present 

52a. It is further to be remarked, that the theorems and formulgp in 
the preceding articles of this section are applicable, not only to heat and 
expansive power, but to any two directly convertible forms of physical 
energy, one of which is actual, and the other potential. They are, in fact, 
the. principles of the conversion of energy in the abstract, when interpreted 
according to the following definitions of the symbols 
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I<6t Q denote the quantity of a form of actual physical energy present 
in a given body ; 

V, a measurable state, condition, or mode of existence of the body, 
whose tendency to increase is represented by 

P, a force, depending on the condition V, the energy Q, and permanent 
properties of the body, so that 

P (Z V is the increment of a form of potential energy, corresponding to 
a small increment d V of the condition V. 

Let rfS be the quantity whereby the increment of potential energy 
V dY falls short of the quantity of actual energy of the form Q, which is 
converted into the potential form by the change of condition d V. 

Then, as in equation (69), 


f/S 

dV 



an equation from wliich all those in the previous articles are deducible, 
and which comprehends the whole theory of the mutual conversion of the 

actual form of energy Q, and the potential form j^PdV, whatsoever those 

forms may be, when no other form of energy interferes. The application 
of these principles to any form, or any number of forms, of actual and 
potential energy, is the vsubject of a i)aper read before the Philosophical 
Society of Glasgow, on the 5th January, 1853, and published in the 
Philosophical Magazine for February, 1853. (Hee p. 203.) 


SL'13-SeCTION 2. — PKOrERTIES OF TEMPERATURE. 

53. Still abstaining from the assumption of any mechanical hypothesis, 
let us proceed a step beyond the investigation of the foregoing articles, 
and introduce the consideration of temperature — that is to say, of an 
arbitrary function increasing with heat, and having the following pro- 
perties : — 


Jjejiaiiion of Equd Temperatures. 

Two portions of matter arc said to have equal temperatures when neither tends 
to communicate heat to the other. 


Corollary. 

All bodies ahsolutehj destitute of heat have equal temperatures. 

The ratio of the real specific heats of two substances is that of the 
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quantities of heat which equal weights of them possess at the same 
temperature. 

Theorem. 

The ratio of the real specific heats of any pair of substances is the same at all 
temperatures. 

For, suppose equal weights of a pair of homogeneous substances to be 
in contact, containing heat in such proportions as to be in cquilibrio. 
Then, let additional portions of each substance, of equal weight, and 
destitute of heat, be added to the original masses ; so that the quantities 
of heat in unity of weight may be diminished in each substance, but may 
continue to be in the same ratio. Then, if tlio equality of temperature do 
not continue, portions of heat which were in cquilibrio must have lost that 
equilibrium, merely by being transferred to other particles of a pair of 
homogeneous substances, which is absurd. Therefore, the temperatures 
continue equal. 

It follows, that the (juantity of heat in unity of weight of a substance 
at a given temperature, may be expressed by the product of a quantity 
depending on the nature of the substance, and independent of the 
temperature, multiplied by a function of the temperature, which is the 
same for all substances. 

Let r denote the temperature of a body according to the scale adopted ; 
K, the position, on the same scale, of the temperature corresponding to 
absolute privation of heat ; ft, a (piantity de})ending on the nature of the 
substance, and independent of temperature. Then the quantity of heat 
in unity of weight may be expressed as follows : — 

Q, = ^{ip . r — Ip . k). . . . (81.) 

54. If we introduce this notation into the formula (79), which expresses 
the proportion of the total heat expended which is converted into useful 
power by an expansive machine working to the best advantage, the 
quantity ft, peculiar to the substance employed, disappears, and \\ obtain 
Carnot’s theorem, as modified by Messrs. Clausius and Thomson — viz., 
that this ratio is a function solely of the temperatures at which heat is 
received and emitted respectively, and is independent of the nature of the 
subsjance ; or symbolically, 

— 9l“ ^ •'^ 2 . /g2 \ 

Heat expended Qj p . — \p . k' ' ^ 

65. Let us now apply the same notation to the formula (67) for the 
latent heat of a small expansion, d V, at constant heat, viz : — 

dT 



7^1! mxmAJsioAL AcrnoN qi^ beat. 


ra»liave -evidently 

_ 1 dP ^ 1_ dP 

dQ ~ dQ dr k'p' ■ r dr 
dr * 


( 88 .) 


find, consequently, the heat Avliich disappears by the expansion d V is 

di.} xp . T dr 

from which formula the »specific quantity ft has disappeared. 

Now, in the notation of Professor Thomson we have 

;// . r — <// . fc __ J 
1/.^ Tr “ “ 

where J i'i Joule’s cipiivalent, and (jl a function of the temperature, the 
same for all substances, to be determined empirically ; and, consequently, 


or, 


and 


hjp. log. (ip.T -xp.H) = r, 

j l^/xdr 


4' ■ r — \f/ . K = e 


1 rT 


U Mdr 

Q = ii (ip , r — xp . k) == il , € 


. (84.) 


These expressions Avill be recognised by those who ha\e studied Professor 
Thomson’s papers on the dynamical theory of heat. By introducing the 
value given above of the quantity of heat in unity of weight, into the 
formula? of the preceding articles of this section, they are at once trans- 
formed to those of Professor Thomson, and in particular, the formula (79) 
and (82) become the following : — 


Effect of Machine 
Heat expended 



€ 


(85;) 


= 1 - £ 



judr 


* It is to be observed, that in Professor Thomson's notation, heat is supposed to be 
measured by an arbitrary unit, whose ratio to a unit of mechanical power is denoted by 
J ; while in this paper, the same unit is employed in expiessing quantities of heat and 
of mechanical power. 
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Sub-Section 3. — On the Hypothesis of Molecular Vortices. 

56. The use of a nnechanical hypothesis in the theory of heat, as in 
other branches of physics, is to render it a branch of mechanics, the only 
^complete physical science ; and to deduce its jmnciples from the laws of 
force and motion, which are better understood than those of any other 
phenomena. 

The results of the investigations in the preceding part of this section 
are consistent alike with all conceivable hypotheses which ascribe the 
phenomena of heat to invisible motions amongst the particles of bodies. 

Those investigations, however, leave undetermined the relation between 
temperature and quantity of heat, except in so far as they show that it 
must follow the same law of variation in all substances. 

By adopting a definite hypothesis, we are conducted to a definite 
relation between temperature and quantity of heat ; which, being intro- 
duced into the formulae, leads to specific results respecting the phenomena 
of the mutual transformation of heat and visible mechanical power ; and 
those results, being compared with experiment, furnish a test of the 
soundness of the hypothesis. 

Thus, the hypothesis of molecular vortices, which forms the basis of the 
investigations in the first five sections of this paper, and in a paper on the 
centrifugal theory of elasticity, leads to the conclusion, that, if tempera- 
ture be measured by the expansion of a perfect gas, the total quantity of 
heat in a body is simply proportional to the elevation of its temperature 
above the temperature of absolute privation of heat ; or, in the notation 
of the preceding article, 

^ • r = r, . r = 1, 

and 

Q = h(r~ic), . . . . (86.) 


ft being the real specific heat of the body. 

If this value be substituted for the quantity of heat Q, in all the 
formulae, from (67) to (80) inclusive, which are founded simply on the 
definition of expansive heat, it reproduces all the formulae which, in this 
and « the other paper^ referred to, have been deduced directly from the 
hypothesis. In the sequel, I shall apply one of these formulae to the 
calculation, from the experiments of Professor Thomson and Mr. Joule on 
the heating of currents of air by fnction, of approximate values of the 
absolute temperature corresponding to total privation of heat, that the 
mutual consistency of those values may serve as a test of the soundness of 
the hypothesis, and the accuracy of the formulae deduced from it. 

67, Before proceeding further, it may be desirable to point out how far 

X 
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this hypothesis agrees with, and how far it differs from, that proposed by 
Mr. Herapath and Mr. Waterston, which supposes bodies to consist of 
extremely small and perfectly elastic particles, which fly about in all 
directions with a velocity whose half*sqiiare is that mechanical equivalent 
of the heat possessed by unity of weight, and are prevented frorii dispersing 
by their collisions with each other and with the particles of surrounding 
bodies. Let v be the velocity of motion, then 



represents the heat possessed by unity of weight, expressed in terms of 
the force of gravity. 

The expansive pressure due to such motions is found by conceiving a 
Iiard, perfectly elastic plane of the area unity to be opposed to the collision 
of the particles, and calculating the pressure which would be required to 
maintain its position against them. If all the particles were to strike and 
rebound from such a plane at right angles, the pressure would be 
represented thus : 

J 

// ’ V’ 


where V is the volume which contains so many particles as amount to 
unity of weight. But the particles are supposed to fly in equal numbers 
in all directions. Then, if Q denote the angle of incidence on the plane 


sin Q ilQ 



sin B dQ 


sin 6 d 0 


represents the proportion of the whole particles which fly in those direc- 
tions which make the angle 9 with the normal to the plane. Of this 
proportion, again, the fraction cos 0 only strikes the plane ; while the 
force of the blow also is less than that of a normal blow in the ratio 
cos 0:1. Hence, the mean force of collision is 



cos^ 0 sin 0d9 


1 

3 


of the force of $%erpendicular collision ; so that the expansive pressure is 
represented by 


3 j V 3 T 
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Hence, according to this hypothesis, we should have for a perfect gas 

or the product of the pressure and volume of a mass of a perfect gas 
equal to two-thirds of the mechanical equivalent of its total heat. 

It is known, however, that the product of the pressure and volume of a 
mass of sensibly perfect gas is only about four-tenths of the equivalent of 
its total heat. The hypothesis, therefore, requires moditication. 

By supposing the particles to attract each other, or to bo of appreciable 
bulk compared with the distances between them, tlic ratio in question is 
diminished; but either of these suppositious is inconsistent with the 
perfectly gaseous condition. 

It appears to me, that, besides this dilliculty connected with the gaseous 
condition, there exists also great ditiiculty in coiioeiviiig liow the hy[)othesis 
can be applied to the .soli<l condition, in winrh tlio particles preserve 
<lefinite aiTangemeiits, Tlie limited amount of time and attention, 
however, which 1 have hitlierto bestowed on tliis hypothesis, is not 
sufficient to entitle me to prononneo whcthoi* tlieso diJhculties admit of a 
solution. 

' 58. The idea of ascribing ex]^ansive elasticity to the centrifugal force of 
vortices oi‘ eddies in elastii^ atmospheres surrounding nuclei of atoms, 
originated with Sir Humphry Davy. The peculiarity of the view of the 
hypothesis taken in this paper consists in tlie function ascribed to the 
nuclei or central physical points of the atoms, which, besides retaining the 
atmospheres round them by their attraction, are supposed, by their actions 
on each other, to constitute tlie medium whicli transmits radiant heat and 
light ; so that heat is radiant or thermometric, according as it ahccts the 
nuclei or their atmovspheres. 

In this form the hypotliesis of molecular vortices is not a mere special 
supposition to elucidate the theory of expansive heat, but becomes 
connected with the theory of the elasticity of matter in all conditions, 
from solid to gaseous, and with that of the transmission of radiations. 

I have already investigated matliematically the consequences of this 
hypothesis by two different processes, which are necessarily somewhat 
complicated. 

When the question, however, is confined to the relations between tem- 
peratures and quantities of heat, a more simple process may be followed, 
analogous to that which has been applied in the prece^g article to the 
hypothesis of molecular collisions. ” 

If a mass of elastic fluid,. so much rarefied that the effect of molecular 
attraction is insensible, be entirely filled with vortices, eddies, or circu- 
lating currents of any size and figure, so that every particle moves with 



THE MECHANICAL ACTION OF HEAT. 


324 


the common velocity w, then, if the planes of revolution of these eddies 
be uniformly distributed in all possible positions, it follows, from reasoning 
precisely similar to that employed in the preceding article, that the 
pressure exerted by the fluid against a plane, in consequence of the cen- 
trifugal force of the eddies, has the following value in terms ot gravity : — 


1 ^ i 

3 ‘ ’ V ’ 

or two-thirds of the hydrostatic pressure due to the velocity of the eddies 
w ; V being, as before, the volume occupied by unity of weight. 

It is, however, reasonable to suppose, that the motion of the particles of 
atomic atmosj)heres does not consist merely in circulating currents ; but 
that those currents are accompanied with a certain proportionate amount 
of vibration, — a kind of motion which does not produce centrifugal force. 
To these we have to add the oscillations of the atomic nuclei, in order to 
obtain the mechanical equivalent of the whole molecular motions ; which 
is thus found to be expressed for unity of weight by 



( 88 .) 


2 h 

k being a specific coefficient. Hence it follows (denoting — - by N), that 

the expansive pressure due to molecular motions in a perfect gas is equal 
to the mechanical equivalent of those motions in unity of volume multi- 
plied by a specific constant 

Q 

V • • 




(89.) 


The coefiicient N has to be determined by experiment ; its value for 
atmospheric air is known to be between 0*4 and 0’41. 

In order to account for the transmission of pressure throughout the 
molecular atmospheres, it is necessary to suppose them possessed of a 
certain amount of inherent elasticity, however small, varying proportionally 
to density, and independent of heat. Let tliis be represented by 

h 

r 

then 

P=(NQ + /0-v, • • • (90.) 

is the total pressure of a perfect gas. 

Equilibrium of heat and pressure between portions of two different 
perfect gases in contact requires that the pressures independent of heat 
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and the pressures caused by heat, shall separately bo in equilibrio. Let 
the sufl&xes a and h be used to distinguish quantities relative to two 
different substances in the perfectly gaseous condition. Then the first 
condition of equilibrium is expressed as follows : — 

(v) » - (v) W. ■ • • 

that is to say, the densities of two perfect gases in eqniliMo are inversehj 
propmiioml to the coefficients of elasticity of their atomic atmospheres. 

The second condition is expressed as follows : — 

which, being taken in connection with the first condition, gives 

(fQ)(«) = (^<j)W- ■ ■ . W 

Now, by equation (90), we liave 


Hence the condition of equilibrium of heat between two perfect gases is 




\ A / 

II 


) (&). 


(93.) 


consequently, temperature may he measured hy the product of the pressure and 
volume of a perfect gas, divided hy a coefficient, lohich is proportional to the 
volume of the gas at a standard pressure and temperature. 

Temperatures thus measured are reckoned from the point known as the 
zero of gaseous tension, or absolute zero of a perfect gas thermometer, 274°‘G 
Centigrade below the temperature of melting ice. 

Let denote the volume of unity of weight of a perfect gas, at a 
standard pressure P^, and absolute temperature ; then any other absolute 
temperature has the following value : — 

■^0 ^0 ^0 

while the absolute temperature of total privation of heat is 

_ h 

^ — ^0 p V ’ 


. (94a.) 
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Hence it appears that quantit}^ of heat in unity of weight bears the 
following relation to temperature, — 

Q=:l(PV-/*) = ^«^j>(r-K), . . (95.) 

in which, if we substitute the symbol of real S 2 )ecific heat, 

6 = ^“);. . . . . ( 96 .) 

we obtain the formula already given (86) for the relation between heat 
and temperature.’^ 

59. The introduction of the value given above of the quantity of heat 
in terms of temperature, into the formula (67), gives for the latent heat 
of a small expansion d V at constant temperature 

. . . (97.) 

The formuhe (79) and (82), for the propoi*tion of heat rendered available 
by an expansive engine working to the greatest ad\^aiitagc, becomes 

. . . . (98.) 

Tj — 1C 

or the ratio of tlie difference between the temperatures of receiving and 
emitting heat, to the elevation of the former temperature above that of 
total privation of heat. This is the law already arrived at by a different 
process in Section V of this paper. 

When the same substitution is made in equation (80), which represents 
the total energy, whether as heat or as compressive power, which must be 
applied to unity of weight of a substance to produce given changes of 
heat and volume, the following result is obtained : — 

. 'P Q + . S = I ft + / (r) + ( r - k) / J V j r 

= . I ft r + / (r) + ((r - k ) - l) / P } . (99.) 

As it cannot be simplified, it is unnecessary here to recapitulate the 
investigation, which leads to the conclusion that the functions / (r) and 
/ (r) have the following values : — 

* See Appendix, Note A, p. 336. 
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/ (t) = fe N ^ic hyp. log. T + ; /' (t) = 6 N (99 A.) 

We have thus reproduced equation (26) of the paper formerly referred to, 
on tlie Centrifugal Theory of Elasticit}^ (See jp, 49.) 

The coefficient of the variation of temperature in the first form of 
equation (99) is the specific lieat of the substance at constant volume. 
Denoting this by Kv, the formula becomes 

(Z . .m . rZ r + (r — k) ^ ^ ~ P j- (Z V. . (100.) 


Sub-Section 4. — ^Thermic Phenomena of Currents of 
Elastk^ Fi.uids. 


60. When a gas previously compressed is allowed to escape through 
small apertures, as in the experiments of Mr. Joule and Professor Thomson, 
and has its velocity destroyed entirely by the mutual friction of its particles, 
without impediment from any other substance, and without conduction of 
heat to oi* from any other substance; then its condition is expressed by 
making 

d 0, 

that is to say, 



If we assume (as is really the case in the experiments) tliat the specific 
heat of the gas at constant volume does not sensibly vary within the 
limits of the experiments as to temperature and volume, so that is 
sensibly constant, and also that the variation of temperature is very 
small as compared with the absolute temperatures, then we have the 
following approximate integral : 



which represents the cooling effect of an expansion from the volume to 
the volume Vg. 

If it were possible to obtain any substance in the state of perfect gas to 
be used in experiments of this kind, the first integral in the above expres- 
sion would disappear, because for a perfect gas 
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and as the other term is negative, the result would he a slight heating 

dP ■ P 

effect As no gas, however, is perfect, and as always exceeds — , the 

U T T 

mode of reducing the experimental data is to calculate the value of the 
first term, which represents the effect of cohesion, from the known pro- 
perties of the gas, to subtract from it the actual cooling, and from the 
remainder to compute values of k, the temperature of absolute privation of 
heat, according to the following formula : — 

V 


K. 




1 f 

J y d T 


(103.) 


dV 


When the gas is nearly perfect, as in the case of atmospheric air, it is 
unnecessary to take into consideration its deviation from the perfect 
condition in computing the integral in the denominator, whose approxi- 
mate value is found to be 
P V V P 

^ ^ . hyp. log. N . hyp. log. ^ nearly (r being nearly constant), 
and Ky nearly = h. 

The value of the integral in the numerator is found as follows : — 

The centrifugal theory of elasticity indicates that the pressure of an 
imperfect gas may be represented by the following formula : — 


P 





. (104.) 


where is the volume in the perfectly gaseous state, at a standard 
pressure Po. and absolute temperature Tq, and A^, A^, &c., are a series of 
functions of the density, to be determined empirically. From this formula 
it is easily seen that 


dJP _ P 

dr T 


Vo/.Ao 
V I 




(106.) 


SO that the first term in the numerator of the expression (103) has the 
following value : — 


K, 


fY- 

/v \dT 



-PqVo 

- K, 


1 1 


in which 


1^0 

K, 


N Tq nearly. 
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In order to represent correctly the result of M. Eegnault’s experiments 
on the elasticity and expanaon of gases, it was found sufficient to use, in 
the formula for the pressure (104), the first three terms; and the functions 
of the density which occur in these terms, as determined empirically from 
the experiments, were found to have the following values, in which the 
unit of volume is the theoretical volume of unity of weight of air under 
the pressure of one atmosphere, at the temperature of melting ice, * and 
the values of the constants are given for the Centigrade scale. 


Ao 

V 




. (107.) 


Com. log. b = 3‘8181545 ; Com. log. a = 0'3176168. 

Hence it appears that the integrals in the formula (106) have the 
following values : — 


/; ^ i V = 2 J . A . ( ■ )i ; ? /; V = • » . ? . A . (^)A (107 A.) 


in which the common logarithms of the constants are 


Com. log. 2 6 -- 2 1101845 ; log. . - = 2-4017950 ; 

3 T(, 

and these values suit any scale of temperatures. 

In calculating, for use in these formulae, the densities ^ from the observed 

pressures, it is sufficiently near the truth, in the case of air, to use the 
approximate equation 

Y = . P (in atmospheres). 

The common logarithm of Tq, the absolute temperature of melting ice, 
for the Centigrade scale, is 2*4387006, 

The constant N for atmospheric air is 0*4 nearly ; therefore 

Com. log. (N X hyp. log. 10) =: 1*9642757. 

The following, therefore, is the approximate value of the formula (103) 
to be used (with the numerical constants already given) in reducing the 
experiments of Mr. Joule and Professor Thomson on atmospheric air, so 
as to obtaiA approximate values of the absolute temperature of total 
privation of heat : — 

*This unit of volume is greater than the actual volume of air, under the circum- 
stances described, in the ratio of 1*00085 to 1. 
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^ ^0 ( 3 *ro • ~ ^ ^ • ^^"0 - ( - ^ ’•> } 


4 - N hyp. log. 10 X A . com. log. 


f 


(108.) 


In using this formula, the mean absolute temperature should be taken 
as the value of r. 

The following table shows the values of the quantity k, computed from 
ten mean ex])er'imciital data, taken respectively from the first ten series of 
experiments described in the recent paper of Messrs. Joule and Thomson, 
in the supplementary number of the Philosophical Magazine for December, 
1852. The temperatures in the table, for the sake of convenience, are 
reduced to the Centigrade scale, because that scale has been used through- 
out the previous sections of this paper. 

The final pressure in each case was that of the atmosphere. 

Professor Thomson and JNIr. Joule have expressed the opinion, wliich is 
undoubtedly correct, that those experiments in which the largest quantities 
of air were used were the least liable to error from disturbing causes, such 
as the conduction of heat. 

Now, it may be observed in the table, that the calculated values 
of K are generally greatest, and the discrepancies amongst them least, 
for the experiments in which most air Avas used. To illustrate this, the 
results of the last eight series are arranged below in the order of the 
quantities of air employed. 


Cubic inches ) 

' 1-4 2-8 

D-6 

per second, J 

Values of k. 

1-683 1-762 

2-09 


5-6 

6-4 

8-4 

11-2 

11-2 

2-228 

l-.ll 

2-087 

2-34.') 

2-14 


It is further to be remarked, that the discrepancy between the highest 
and the lowest of the values of k is 


2°*345 - r*08 = 1^-205 Centigrade : 

a quantity which corresponds to a difference of less than one three-hundredth 
part in computing the proportion of heat converted into mechanical power 
by any ordinary expansive engine, according to the formula (98), which 
has been deduced from the hypothesis of molecular vortices. 

The experiments, therefore, may be considered as tending to prove, that 
the formulae deduced from this hypothesis are sufficiently* correct for 
practical purposes; and also as affording a strong probability that the 
principles to which it leads are theoretically exact, and that the tempera- 
ture of absolute privation of heat is a real fixed point on the scale^ 
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somewhat more than two Centigrade degrees above the absolute zero of a 
perfect gas-thermometer (which is, of course, an imaginary point) ; that is 
to say, about 272 J Centigrade degrees, or 4ffO J degrees of Fahrenheit, 
below the temperature of melting ice. 

If these conclusions be correct, it follows, that when the temperatures 
and Tg, between which an expansive engine works, are measured from 
the ordinary zero points of the Centigrade and of Fahrenheit’s scales 
respectively, the following are the utmost proportions of the total heat 
: upended which it can be made to convert into mechanical power : — 


For the Centigrade scale, 


For Fahrenheit’s scale. 


T — T 
±2 

+ 272 ^ 

T — T 

% + 458i J 


(109.) 


In the fifth section of this paper, where a comparison is made between 
the actual duty of the Cornish engine at Old Ford, as determined by Mr. 
Wicksteed, and the greatest possible duty which could be obtained from a 
given quantity of heat by a theoretically perfect engine working between 
the same temperatures, the constant k is treated as being so small that it 
may bo neglected in practice. If the value of k is really 2'^*1 Centigrade, 
as computed above, the calculate<l maximum theoretical duty in Section V 
is too small by about one oiie-hundred-and-ninetieth part of its amount, — 
a quantity of no practical importance in such calculations. 

61. It may be anticipated, that when Mr. Joule and Professor Thom- 
son shall have performed experiments on the thermic phenomena exhibited 
by air in more copious currents, and by gases of more definite composition, 
and more simple laws of elasticity, much more precise results will be 
obtained. 

When a gas deviating considerably from tlic perfectly gaseous condition, 
or a vapour near the point of saturation, is employed, it will no longer be 
sufficiently accurate to treat the specific heat at constant volume as a con- 
stant quantity, nor the cooling effect as very small. It will, therefore, be 
necessary to employ, for the reduction of the experiments, the integral 
form of equation (99) — that is to say, 

0 = A^ = A|feT + kNK ^hyp. log. t -f ^ 
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= - ri) + A - p)(n' 

- K I A ( </ V - h N (a . + A hyi.. log. r) J . (110.) 


62. Preliminary to the application of this equation, it is necessary to 
determine the mechanical value of the real .sp»‘cific heat h. Supposing the 
law which connects the pressure, den.sity, and teniperaturo of the gas to 
be known, it is sutticient for this purpose to have an accurate experimental 
determination, cither of the apparent ^pecifii' heat at constant pressure for 
a given temperature, or the velocit}^ of .sound in tlic gas under given 
circumstances. 

First, let us supjmse that tin* ap]:)areul sped tic heat at constant prc.ssure 
is known. 

The value of this coetlieicnt (Centrifugal TIumut of Elasticity, Art. 12) is 


Kp fc + (r - k ) 


f '•« 


r- .' tf T- 


d \ + - - 




d\ 


( 111 .) 


In order that the lower limit of tin? integral may eorresi>onil with the 
condition of perfect gas, it is convenient to transform it into one in terms 
of the density. Let I) be the weight of unity of volume, then 


f(r^r 

J dr’ 


d\ = 



d-’l 


dr- 


., dl). 


(Ill A.) 


If, then, we have the pressure of the ga.s under consideration expressed 
by the following approximate formula : — 


P 






The following will be the values of the functions of the pressure which 
enter into the above equation : — 
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f (iV — — h2 f* Al j) . 

_ == T)2'^ I* = P„V„D2 A. i- AoJ^ _ 1 ■'^iP I 

flfV rfl) Uo^ rfD t' (W )' 

(ht^y 


G^T 

_dp 

ilY 


= PoVo.- 


'0 

r d.A^D 

To 


1 d^A^p 
T ‘ dl) ' 


^.(lllB.) 


To illustrate the application of these formulae, let us calculate the 
diffe:^nce between the real specific heat and the apparent specific heat, at 
constant pressure, of carbonic acid gas, at the temperature of melting ice, 
and at the density which, if the gas were perfect, would correspond to a 
pressure of one atmosphere at the temperature of melting ice. Let tliis 
density be denoted by and its reciprocal by As the constants have 
been deduced from M. Kegnault’s experiments, the calculations will be 
made in French measures and for the latitude of Paris. 

The actual density of carbonic acid at 0° Centigrade, and under one 
atmosphere of pressure, exceeds the theoretical density, in tlie perfectly 
gaseous state, in the ratio of J‘0065 to 1 nearly. Hence, the height 
of a homogeneous atmosphere of actual carbonic acid at 0° Centigrade 

being . . . 5225*5 metres, 

the corresponding height in the state of perfect gas is ~ 5 2 5 9 *5 „ 

P V 

and ^ = 19*53 metres per Centigrade degree = 62*84 feet. 

T 

The functions which express the influence of density on the^deviation 
of carbonic acid gas from the perfectly gaseous state, have the following 
values : — 

A 7 A ^ 1 

-^0 ^0 


Com. log. h — 3*1083932; Com. log. a = 0*3344538 
Jrz 0*00128349 a = 2*16: 




= 2b. 


D 


A, D = 2a 


D 






Por the purposes of a first approximation, we may assume that the 
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value of K already found is sufficiently near the truth — viz., Centi- 

grade, so that, in the present instance, t—k — 272"^ -5 Centigrade. 

Then wo find the following results when r==rj^, and 

Metres. Feet. 

P V ft 

(r — k) ® ^ . -T, per Centigrade degree, . . 0*145 0*48 

f ( Ir P 

(r — f^)J II .y cl N — per Centigrade degree. . . 0*150 0*49 


Sum = Ky — ft = excess of apparent specilie heat at cmi- 
stant A^olunie above real s})ecitic 
Iieat 0*295 0*97 

(r — k) - ^ p = diiroreiK'C between apparent spcua'lie 
— ^ Y heats at constant vohinio and at. 

constant pressiin*. . . . 19*505 64*19 

K,. — k = excess of api)arent specific heat at con- 
stant pressure abo\'c real specilii*. 
heat, 10*860 65*16 

jy of the above quantities are of course tl\e corresponding quantities for 
Fahrenheit’s scale. 

Secondly, If the velocity of sound in the gas is given, let this = u. Then 
wc know that 


in which 


=z (J . 


dV K,. 
(/ T) ■ 


( 112 .) 




(112 A.) 


So that from the velocity of sound we can calculate the ratio of the specific 
heats at constant pressure and at constant volume. Let this ratio be 
denoted by y, and let 


then 


Ky — ^ c!>] Kp = k “b c ^ 


k-fc' , c' -- yc 

y ~ in~ > ^ = — V 

K + c y — 1 


. (112 B.) 
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in which d and c are to be calculated as above. 

63. In using the formula (110) for a gas whose pressure is represented 
by the formula 


P V 

P — _o _ ‘ 

~ "V 




the integrals may be transformed so as to be taken, with respect to the 
density, as in the preceding article. Thus we obtain 





ildD= - Po V, A (-^-hyp. log.D + (113.) 


For carbonic acid, the first of these formulae becomes simply 




and the second, 


+ 




)■ (113A.) 


APPENDIX. 

Note A, (to Article 58). — Since this section was read, the theoretical 
views relative to the relation between heat and temperature contained in 
it and the j^revious sections of this paper, have received a strong confir- 
mation by the publication by M. Eegnault of the fact, that he has found 
the specific heat of air to be sensibly constant at all temperatures 
from — 30° Centigrade to + 225°, and at all pressures from one to ten 
atmospheres (Camples £endusj April 18, 1853); so that equal lengths op 
the scale of the air thermometer represent equal quantities of heat. 

Note B. (to Article 62 ). — Until very recently, there existed no exact 


Sec Appendix, Note B. 



Table .Showing the Relations between the Preceding Formula: and 

Experimental Results. 
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experimental determination of the specific heat of any gas. The specific 
heat of air at constant pressure, as compared with that of water, was 
calculated theoretically in the previous part of this paper, from Joule’s 
equivalent and the velocity of sound, and found to be 0*24. This value 
has since been confirmed very closely by Mr. Joule’s experiments, whose 
mean result was 0*23, and still more exactly by M. Regnault’s experiments, 
already referred to, which give the value 0*2379. The table {Seep. SST)^ 
shows the results of the application of the formulae of this paper to the 
specific heats of five different gases at constant pressure, selected from M. 
Regnault’s table {Cmptes llendxis^ April 18), as being those in which the 
velocity of sound can be computed, and has been determined experi- 
mentally. The table shows also a comparison of the calculated and 
observed velocities of sound. This table appeared originally, in French 
measures, in the Philosophical Magadne for June, 1853; the metres are 
here reduced to feet. Kp, Kv, and K^, are expressed in feet of fall per 
Centigrade degree. (Joule’s equivalent) = 1389*6 

The real specific heat of carbonic acid gas is 235*5 feet of fall per 
Centigrade degree. That of the other gases does not differ from the 
apparent specific heat at constant volume by an amount appreciable in 
practice. 
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XX.— ON THE GEOMETRICAL REPRESENTATION OF 
THE EXPANSIVE ACTION OF HEAT, AND THE 
THEORY OF THERMODYNAMIC ENGINES.* 

Section I. — Introduction and General Theorems. 

1. The first api^lication of a geometrical diagram to represent the expan- 
sive action of heat was made by James Watt, when he contrived the 
well-known steam-engine indicator, subse(|uently altered and ira})roved 
by others in various ways. As the diagram described })y Watt's Indicator 
is the type of all diagrams representing the expansive action of heat, its. 
general nature is exhibited in Fig. 1. 

Let abscissae, measured along, or par- 
allel to, the axis 0 X represent the vol- 
umes successively assumed by a given 
mass of an elastic substance, by whose 
alternate expansion and contraction heat 
is made to produce motive power ; 0 V,^^ 
and 0 Vb being the least and greatest 
volumes which the substance is made to 
assume, and OV any intermediate vol- 
ume. For brevity's sake, these quantities 
will be denoted by V^^, Vj,, and V, respec- 
tively. Then Vb — V^ may represent the 
space traversed by the piston of an engine 
during a single stroke. 

Let ordinates, measured parallel to the axis 0 Y, and at right angles to 
0 X, denote the expansive pressures successively exerted by the substance 
at the volumes denoted by the abscissae. During the increase of volume 
from V^ to Vg, the pressure, in order that motive power may be produced, 
must be, on the whole, greater than during the diminution of volume from 
instance, the ordinates V and V Pg, or the symbols 

* Read before the Royal Societ/ of London on January l9, 1854, and iiublished in 
the Philoiophical Transactions for 1854. 
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and Pg* may represent the pressures corresponding to a given volume 
V during the expansion and contraction of the substance respectively. 

Then the area of the curvilinear figure, or Indicator-diagram, A Pj B Pg A, 
will represent the motive power, or “ potential energy,” developed or given 
out during a complete stroke, or cycle of changes of volume of the elastic 
substance. The algebraical expression for this area is 

X 

(Pi-P,)c?V. (1.) 

■’y. 

The practical use of such diagrams, in ascertaining the power and the 
mode of action of the steam in steam-engines, wliore the curve A B Pg A 
is described by a pencil attached to a pressure-gauge on a card whose 
motion corresponds with that of the piston, is sufficiently well known. 

2. It appears that the earliest application of diagrams of energy (as they 
may be called) to prove and illustrate the theoretical principles of the 
mechanical action of heat, was made either by Carn6t, or by M. Clapeyron 
in his account of CarnOt’s theory ; but the conclusions of those authors 
were in a great measure vitiated by the assumption of the substantiality 
of heat. 

In the fifth section of a paper on the IMcchanical Action of Heat, 
published in the Transactions of the Royal Society of Edinburgh {Seep, 
SOO), a diagram of energy is employed to demonstrate the general law of 
the economy of heat in thenriodynamic engines according to the correct 
principle of the action of such macliines — y\z., that the area of the diagram 
represents at once the potential energy or motive power which is de- 
veloped at each stroke and tlie mechanical equivalent of the actual energy, 
or heat, which permanently disappears. 

As the principles of the expansive action of heat are capable of being 
presented to the mind more clearly by the aid of diagrams of energy than 
by means of words and algebraical symbols alone, I purpose, in the present 
paper, to apply those diagrams partly to the illustration and demonstration 
of propositions already proved by other means, but chiefly to the solution 
of new questions, especially those relating to the action of heat in all 
classes of engines, whether worked by air, or by steam, or by any other 
material ; so as to present, in a systematic form, those theoretical principles 
which are applicable to all methods of transforming heat to motive power 
by means of the changes of volume of an elastic substance. 

Throughout the whole of this investigation, quantities of heat, and 
coefficients of specific heat, are expressed, not by units of temperature in 
a unit of weight of water, but by equivalent quantities of mechanical 
power, stated in foot-pounds, according to ^le ratio established by Mr. 
Joule’s experiments on friction {Phil. Trans., 1850); that is to say, 
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772 foot-pounds per d^ree of Fahr., or 
1389*6 foot-pounds per Centigrade degree, 


applied to one pound of liquid water at atmosplieric temperatures. 

3. Of Isothermal Curves, ami Curves of No Transmission of Heat, 

A curve described on a diagram of energy, such that its ordinates 
represent the pressures of a homogeneous substance corresponding to 
various volumes, while the total sensible or actual heat prfsent in tlie body 
is maintained at a constant value, tlenoted, for example, by Q, may bo 
called the Isothermal curve of Q, for the given substance (See Fig. 2). 
Suppose, for instance, that the co-ordinates of tlic point A, and 
represent respectively a volume and a pressure of a given substance, at 
which tlic actual heat is ; and the co-ordinates of the point B — viz., V„ 

at which the actual lieat is tho 


situated on the same isotlicnnal 


iibstance be allowed to expand from the 


and P,„ anotlier volume and pressure 
same; then are the points A and P* 
curve Q Q. 

On the other hand, let the 
volume and pressure P^, 
without receiving or emitting 
heat; and when it reaches a 
certain volume, V,,, let the 
pressure bo represented by 
P^, which is less tlian tho 
pressure would have been 
had tho actual heat been 
maintained constant, b(^caiis(» 
by expansion lieat is made 
to disappear. Then C will 
be a point on a certain curve 
N N passing through A, 
which may be called a Curve Fig. 2. 

of No Transmission, 

It is to b© understood, that ’during the process last <lescribed, the 
potential energy developed during the expansion, and wliicli is represented 
by the area AC is entirely cominimicated to external substances; 

for if any part of it were expended in agitating the particles of the 
expanding substance, a portion of heat would be reproduced by friction. 

If e 0 be a curve whose ordinates represent the pressures corresponding 
to various volumes when the substance is absolutely destitute of heat, then 
this curve, which may be called the Curve of Absolute Gold, is at once an 
isothermal curve and a curve of no transmission. 

So far as we yet know, the curve of absolute cold is, for all substances, 
an asymptote to all the otller isothermal curves and curves of no trans- 
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mission, which approach it and each other indefinitely as the volume of 
the substance increases without limit. 

Note. — ^The following remarks are intended to render more clear the 
precise meaning of the term Total Actual Heat. 

The Total Actual Heat of a given mass of a given substance at a given 
temperature, is the quantity of physical energy present in the mass in the 
form of heat undet^'the given circumstances. 

If, for the purpose of illustrating this definition, we assume the hypo- 
thesis that heat consists in molecular revolutions of a particular kind, 
then the Total Actual Heat of a mass is measured by the mechanical 
power corresponding to the vis viva of those revolutions, and is repre- 
sented by 

1 2 . m 

m being *the mass of any circulating molecule, and v^ the mean square of 
its velocity. 

But the meaning of the term Total Actual Heat may also be illustrated 
without the aid of any hypothesis. 

For this purpose, let us take the ascertained fact of the production of 
heat by the expenditure of mechanical power in friction, according to the 
numerical proportion determined by Mr. Joule; and let E denote the 
quantity of mechanical power which must be expended in friction, in 
order to raise the temperature of unity of weight of a given substance 
from that of absolute privation of heat to a given temperature r. 

During this operation, let the several elements of the external surface 
of the mass undergo changes of relative position expressed by the 
variations of quantities denoted generally byjp, and let the increase of each 
such quantity as p bo resisted by an externally-applied force such as P. 

Then, during the elevation of temperature from absolute cold to r, the 
energy converted to the potential form in overcoming the external pressures 
P will be 

2. J Vdp. 

Also, let the internal particles of the mass undergo changes of relative 
position, expressed by the variations of quantities denoted generally by r, 
and let the increase of each such quantity as r be resisted by an internal 
molecular force such as E : 

Then the energy converted to the potential form in overcoming internal 
molecular forces will be 


2. Rdn 
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Subtracting these quantities of energy converted to the potential form 
by means of external pressures and internal forces, from the whole power 
converted into heat by friction in order to raise the temperature of the 
mass from that of absolute privation of heat to the given temperatun? 
V, we find the following result : — 

Q = E- S. JPdp-E. Judr; ^ 

and this remainder is the quantity of energy which retains the fmn of heat 
in unity of weight of the given substance at the given temperature ; that 
is to say, the Total Actual Heat. 

It is obvious that Total Actual Heat cannot be ascertained directly ; 
first, because the temperature of total privation of heat is unattainable ; 
and, secondly, because the molecular forces R arc unknown. 

It can, however, be determined indirectly from the latent heat of 
expansion of the substance. For the heat >vhich disappears during the 
expansion of unity of weight of an elastic substance at constant actual 
heat from the volume to the volume V,„ under the constant or variable 
pressure P, is expressed (as will be shown in the sequel) by 



so that from a sufficient number of experiments on the amount of heat 
transformed to i)otcntial energy by the expansion of a given substance, 
the relations, for that substance, between pressure, volume, and total 
actual heat, may be determined. 

4. Proposition I. — Theorem. The mechanical equivalent of the heat 
absorbed or given out by a substance in qmssing from one given state as to 
pressure and volume to another given states through a series of states rep'esented 
by the co-ordinates of a given curve on a diagram of energy ^ is represented hj 
the area hicluded between the given curve and two curves of no transmission of 
head drawn from its extremities, and indefinitely prolonged in the direction 
representing increase of volume, 

(Demonstration: see Fig. 3.) Let the co-ordinates of any two points, 
A and B, represent respectively the volumes and pressures of the substance 
in any two conditions ; and let a curve of any figure, A C B, represent, 
by the co-ordinates of its points, an arbitrary succession of volumes and 
pressures through which the substance is made to pass, in changing from 
the condition A to the condition B. From the points A and B respectively 
let two curves of no transmission^^M, BN, extend indefinitely towards X; 
then the area referred to in the enunciation is that contained between 
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the pven arbitrary curve A C B arfd the two indefinitely prolonged curves 
of no transmission; areas above the curve AM being considered as 
representing heat absorbed by the substance, and those below heat 
given out. 

To fix the ideas, let us, in the first place, suppose the area M A C B N 



to be situated alcove A M. After the substance has reached the state B, 
let it be expanded according to the curve of no transmission B N, until 
its volume and pressure arc represented by the co-ordinates of the point 1)'. 
Next, let the volume Vj, l)c maintained constant, while heat is abstracted, 
until the pressure falls so as to bo represented by the ordinate of the 
point D, situated on the curve of no transmission A M. Finally, let the 
substance be compressed, according to this curve of no transmission, until 
it recovers its primitive condition A. Then the ai*ea ACBD'DA, which 
represents the whole potential energy developed by the substance during 
one cycle of operations, represents also the heat which disappears, that is, 
tho difference between the heat absorbed^ by the substance during the 
change from A to B, and emitted during the change from D' to D ; for 
if this were not ^o, the cycle of operations would alter the amount of 
energy in the universe, which is impossible. 

The farther the ordinate D D' is removed in the direction of X, the 
smaller docs the heat emitted during the change from D' to D become; 
and, consequently, the more nearly does the area A CED'D A approximate 
to the equivalent of the heat absorbed during the change from A to B ; 
to which, therefore, the area of the indefinitely prolonged diagram 
M A C B N is exactly e^ual Q. E. D. 

It is easy to see how a similar demonstration could have been applied, 
mutoHs mutandis, had the area lain below the curve A M. It is evident 
also^ that when this area lies, part abo]je and part below the line A M, 
the difference between those two parts represents the difference between 
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the heat absorbed and the heat emitted during different parts of the 
operation. 

5. Pint Corollary. — Theorem. The (lijlhrme hchvcen the irhok heal 
absorbed, and the whole ex^Hinsire power developed, during the oj>rration repre- 
sented by any curre, such as A C B, on a diayrfnn of energy, dipends on the 
initial and final co7idiiions of the substaiiee alone, and not on the intermediaU 
process. 

(Demonstration.) In Fig. draw the ordinates A V^, B V,j parallel to 
0 Y. Then the area A C B re[)re.sonts the expansive power 
developed during the operation A(M>; and it is evident that the difference 
between this area and the indelinitely-prolonged area M A (HI N, which 
represents the heat received by tJu^ Md)st aiic(‘, d(‘peiids simply on the 
positions of the points A and B, which d(‘nute t!ie initial and linal 
conditions .of the substance as to vohnne ainl prc'ssnre, and not on the 
form of the curve A OB. whi(^h i*(‘presents the intermediate ])roees.s. 

To express this result symbolically, it is to l)e eonsidtacd, that the 
excess of the heat or actual energy recat red. l)y tlio sul).stan(‘e above the 
expansive ])Ower or pot(mtial energy gtren ouf and exert(‘(l on ('xternal 
bodies, in passing from the condition A to tlie condition B, is e((ual to 
the whole energy dored vy in the substance dnrijig this oiau’ation, which 
consists of two parts, viz. — 

Actual energy; being the increase of the actual or semsibhi heat of the 
substance in passing from the comlition A to tin; eoudition B, wliich is to 
be represented by this expression, 

Potential energy; being the i)Ower wliich is stored up in producing 
changes of molecular arrangement during this pi oi'css; and which it appears 
from the theorem just proved, must be rcjireseiitcd, like the actual energy, 
by the difference between a function of the volume and pressure corre- 
sponding to A, and the analogous function of the volume and pressure 
corresponding to B; that is to say, by an expression of tlic form, 

A S - 8,. 

Let 

H^,„=r:areaMACBN 

represent the heat received by tlic substance during the operation 
AOB, and 

fV. 

P(ZV = areaV^ACBV„ 

•'V. 

Hie power or potential energy given out. 
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Then, the theorem of this article is expressed as follows : — 

.V3 

H*.„ - j Pc?V = Q 3 - Q, + S. - S,, = AQ + A . S, ( 2 .) 

being a form of the general equation of the expansive action of heat, in 
which the potential of molecular action, S, remains to be determined. 

6 . Second Corollary (see Fig. 4). — ^The Lcdent Heat of Expansimi of 
a substance from one given volume to another V^, for a given amount 
of actual heat Q; 



that is to say, the heat which must be absorbed by the substance in expand- 
ing from the volume to the volume V^, in order that the actual heat Q 
may be maintained constant, is represented geometrically as follows: 
Let QQ be the isothermal curve of the given actual heat Q on the 
diagram of energy; A, B two points on this curve, whose co-ordinates 
represent the two given volumes and ttie corresponding pressures. Through 
A and B draw the two curves of no transmission AM, BN, produced 
indefinitely in the direction of X. Then the area contained between the 
portion of isothermal curve AB, and the indefinitely-produced curves AM, 
B N, represents the mechanical equivalent of the latent heat sought, whose 
symbolical expression is formed from equation ( 2 ) by making Qb — Qa = 
and is as follows: — 

V. 

PdV-+S,-S,. 


Ha, b (for Q = const.) = J 


Section II. — Pkopositions Eelative to Homogeneous Substances. 

7. Pboposition II. — ^Theorem. In Fig. 5, let A^AjM, be 

any two curves of no transmission, indefinitely extended in the direction of X, 
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irUersected in tiie poiTits Aj, Bj, Aj, Bj, % two isothermal curves Q.j Aj Bj Qj, 
Q^AjBjQj) which are indefinitely near to each other; that is to say^ ivhkh 
cotrespond to two quantities of actual heaty Q2, differing by an indefinitely 

small quantity = SQ. 

Then the elementary quadrilateral areoy Aj^BjBoAo, bears to the whole 



indefinilely-prolonged area MA^B^N, the same projwrtioii which the inde/k 
nitely small difference of actual heat SQ bears to the whole actual heat Q^; or 

iirea A^ B^ Bg A^ S Q 
area M A^ B^ N ~ Q^ 

(Demonstration.) DraAV the ordinates A^ AaV^.,? BgV,,^. 

Suppose, in the first place, that 8 Q is an aliquot [>art of Qp obtained by 
dividing the latter quantity by a very large integer n, which wo arc at 
liberty to increase without limit. 

The entire indefinitely-prolonged area M A^ B^ N represents a (piantity 
of heat which is converted into potential energy during tlie expansion of the 
substance from V.. to in consequence of the continued presence of the 
total actual heat Q^ ; for if no heat were present no such conversion would 
take place. Mutatis mutandis, a similar statement may be made respecting 
the area MA2B2N. By increasing without limit the number n and 
diminishing 8 Q, we may make the expansion from Vj,2 as nearly 

as we please an identical phenomenon with the expansion from to 
The quadrilateral A^ B^ B2 Ag represents the diminution of conversion of 
heat to potential energy, which results from the abstraction of any one 
whatsoever of the n small equal parts 8 Q into which the actual heat Qi 
is supposed to be divided, and it therefore represents the effect, in 
conversion of heat to potential energy, of the f)resence of any one 
of those small portions of actual heat. And as all those portions 
8 Q are similar and similarly circxunstanced, the effect of the presence 
of the whole actual heat in causing conversion of heat to potential 
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energy, will be simply the sum of the effects of all its small portions, 
and will bear the same ratio to the effect of one of those small portions 
which the whole actual heat bears to the small portion. Thus, by 
virtue of the general law enunciated below and assumed as an axiom, 
the theorem is proved when 8 Q is an aliquot part of Q^; but SQ is 
either an aliquot part, or a sum of aliquot parts, or may be indefinitely 
approximated to by a series of aliquot parts; so that the theorem is 
universally true. (J. E. D, 

The syml^olical expression of this theorem is as follows : when the 
actual heat (Ji, at any given volume, is varied by the indefinitely small 
quantity 8 Q, let the pressure vary by the indefinitely small quantity 


'iZ 

dq 

sented by 


8 Q ; tlieii the area of the quadrilateral B^ will be repre- 


oQ. j 


rV„.. 


,IP 


V 

A, 1 


dV, 


and, consequently, that of tlic whole figure M A, B^ N, or the latent heat 
of expansion from j to V„ at Q„ by 


H 


1 - Qt f 

T 


dP 

dii 


dV; 


(4.) 


a result identical with that expressed in the sixth section of a paper 
published in the Traiisadions of the lloijal Society of Edinburgh. {Sec p. 310) 
The demonstration of this theorem is an example of a special application 
of the following 


General Law of the Transformation of Energy. 

The effect of the imsence, in a substance, of a quantity of actual energy, 
in causing transfm’mation of energy, is the sum of the effects of all its parts : — 
a law first enunciated in a paper read by me to the Philosophical Society 
of Glasgow on the 5th of January, 1853. {See p. 303) 

* 

8. General Equation of the Expansive Action of Heat. 

The two expressions for the latent heat of expansion at constant 
actual heat, given in equations (3) and (4) respectively, being equated, 
furnish the means of ^determining the potential energy of molecular action 
S, so far as it depends on volume, and thus of giving a definite form to 
the general equation (2). 

The two expressions referred to may be thus stated in words: — 
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I. The heat wliich disappears in producing a given expansion, while 
the actual heat present in the substance is maintained constant, is equiva- 
lent to the sum of the potential energy given out in the form of expansive 
power, and the potential energ}^ stored up by means of molecular attractions. 

II. It is also equivalent to the potential energy due to the action during 

the expansion of a pressure Q“J 7 T) each instant equal to what the 

pressure would be, if its actual rate of variation with heat at the instant 
in question were a constant cocfticicnt, expressing the ratio of the whole 
pressure to the whole actual heat present. 

The combination of these i)rinciplcs, expressed symbolically, gives the 
following result : 


IT A, H Q = const.) = (j> I 


A«^l> rK, 


* A ' A 

whence u-e deduce tlio following general value foi* tlu^ potential of mole- 
cular action : — 

s = f (q '! - r) (/ V + </> . Q, ■ . (!>.) 


iKi 


in W'hich 0.Q denotes some function of tlie total actual hei)t not d(*pending 
on the density of tlie sul)stance. This \alu(^ being introduced into 
equation (2), produces the following : — 

V. 

--Q, + S,~s, 

V. ^ 

= Q» - Q* + . Q„ - <l> • Q. + / "(Qf^ - I’)'? V = (6.) 

^ A 

The symbol Q + S is used to denote tbc sum of the actual energy 
of heat, and the potential energy of molecular action, present in the 
substance in any given condition. 

The above is the (tKNEiial Equation of thi: I^xpansivk Aciton of 
Heat in a Homogeneous Substance, and is the symbolical expression 
of the Geometrical Theorems I. and II. combined. 

When the variations of actual heat and of volunui become indefinitely 
small, this equation takes the following diflerential fonn : — 



= (l + Q+ Q^^/P Jv)iQ + (q^I - p)iV, 
othenrise 


:Q2 

K, 


J r\ ■ J \r 


V (7.) 
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The coefficient of d Q in the above expressions, viz. — 

|’=l + f.Q + Q^^3/p«!V, . . (8.) 

is the ratio of the api)arcnt specific heat of the substance at constant 
volume to its real specific heat ; that is, the ratio of the whole heat 
consumed in producing an indefinitely small increase of actual heat, to 
the increase of actual heat produced. 

These general equations are here deduced independently of any special 
molecular hypothesis, as they also have been, by a method somewhat 
different, in the sixth section of a paper previously referred to. Equations 
equivalent to the above have also been deduced from the hypothesis 
of molecular vortices, in the paper already mentioned, and in a paper on 
the Centrifugal Theory of Elasticity. (See p, 

9. Fini Corollary from Propodtkm II. — Theorem. If a succession of 
isothermal curves corresponding to quantities of heat diminishing by equal small 
differences SQ, he drawn across any pair of curves of no transmission, they will 
cut off a series of equal small quadrilaterals. 

Second Corollary, — Theorem. In Fig. 6 , let ADM, BCN he any two 
c^irves of no transmission, indefinitely prolonged in the direction of X, and let 



Fig. 6. 

any two isothermal curves Qj Qj, Q2> emresponding re^ectively to any two 
quantities of actual heat Qi, Q2, he drawn across them. Then will the 
indefinitely-prolonged areas M A B N, M D C N, hear to each other the simple 
ratio of the quantities of actual heat, Q,, Qg. 

Or, denoting those areas respectively by Hj, IL, — 


H2_.^ 

Hj-Q:- 


(9.) 


This corollary is the geometrical expression of the law of the maximum 
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efficiency of a perfect thermodynamic engine, already investigated by 
other methods. In fact, the area MABN represents the whole heat 
expended, or the latent heat of expansion, the actual heat at which heat 
is received being ; M D C N, the heat lost, or the latent heat of coin- 
.pression, which is carried off by conduction at the actual heat Qo ; and 
ABCD (being the indicator-diagram of such an engine), the motive 
power produced by the permanent disappearance of an equivalent quantity 
of heat ; and the efficiency of the engine is expressed by the ratio of the 
heat converted into motive power to the whole heat expended, viz. : — 


ABCD _ Hj - H, Qi - Q. 
M ABN '' Qi 


10. Third Cm'ollary (of Thermodynamic Functions). 

If the two curves of no transmission in Fig. G, A DM, B C N, be 
indefinitely close together, tlie ratio of the heat consumed in passing from 
one of those curves to the other to the actual heat present, will ho the 
same, whatever may be the form and position of the curve indicating the 
mode of variation of pressure and volume, provided it intersects the two 
curves of no transmission at a finite angle; because the area contained 
between this connecting curve and the two indefinitely-prolonged curves 
of no transmission will differ from an area whose upper boundary is an 
isothermal curve, by an indefinitely small area of the second order. 

To express this symbolically, let 


be the ratio in question, for a given indefinitely-close pair of curves of no 
transmission. Let the change from one of these curves to the other be 
made by means of any indefinitely-small changes of actual heat and of 
volume,. 8 Q, SV. Then by the general equation (7), the following 
(piantity — 


Q 


1 Q 


PrfV j- SQ 


+ 


dP 

dQ 


av = |^.8Q + JP8V, 


( 11 .) 


is constant for a given pair of indefinitely-close curves of no transmission, 
and is, therefore, the complete variation of a function, having a peculiar 
constant value for each curve of no transmission, represented by the, 
following equation ; — 
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p = = + (12.) 

This function, wliicli I shall call a thermodynamic function^ has the 
following properties : — 

n = j'QrfF, . . . . (13.) 

is equivalent to the general equation (6) ; 

^?F = 0, . . . . (U.) 

is the equation common to all curves of no transmission ; and 

F = a given constant, . . . (14 A.) 

IS the equation of a particular curve of no transmission. 

11. PnorosiTiON III. — I'roblem. Let it he siqyposed that for a given 
.suhstmicCf the forms of all pomhle isothermal mrves are known, hut of only one 
•curve of no transmissiou ; it is required to describe, hy the ^determination of 
points, another curve of no transmission, p>assmg through a given point, dtuated 
anywhere out of the known curve. 

(Solution: see Fig. 7.) Let IjM be the known curve of no trans- 
mission; B the given point. Through B draw an isothermal curve 
AB Qi, cutting L M in A. (Jj being the quantity of heat to which this 
curve corresponds, draw, indefinitely near to it, the isothermal curve q^, 
corresponding to the quantity of lieat Qj — S Q, where 8 Q is an indefinitely 
small quantity. Draw any other pair of indefinitely close isothermal 



curves Qg Q2, <72 ?2> corresponding to the quantities of heat Q2 Q2 — 8 Q; .8 Q 
Wiig the same as before. Let D be the point where the isothermal curve 
cuts the known curve of no transmission. Draw the ordinaiea 
A B Vg parallel to 0 Y, enclosing, with the isothermal curves of Qj 
md Qi — 8Q, the small quadrilateral AB ha. Draw the ordiiiato 
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parallel to 0 Y, intersecting the isothermal curve of Qj — S Q in A 
Lastly, draw the ordinate G in such a position as to cut off from tlie 
space between the isothermal curves of and — 8 Q a quadrilateral 
D C c d, of area equal to the quadrilateral A B h a. 

Then will C, where the last ordinate intersects the isotliennal curve of 
Q. 3 , approximate indefinitely to the position of a point in the t^urve of no 
transmission passing through the given point B, when the vaiiation of 
actual heat 8 Q is diminished without limit. And thus may be detennine<i 
to as close an approximation as we please, any number of points in the 
curve of no transmission N B K wliicli passes through any given point B, 
when any one curve of no transmission L M is known. 

(Demonstration.) For when the variation 8 Q diminishes indefinitely, 
the curves q^, q.^ q<^, approach indefinitely towards the curves Qi, Qjj 
respectively ; and the small quadrilaterals bounded endways by tlio^ 
ordinates approximate indefinitely to the small tpiadrilatorals l>ounded 
endways by the curves of no transmission ; which latter pair of quadri- 
laterals are equal, by the first corollary of Proposition 11. 

The symbolical expression of this proposition is as follows : — 

Let V^, Vg, V^., Vj,, be the volumes corresponding to tlie fom* points of 
intersection of a pair of isothermal curves with a \mv of curves of no 
transmission; A and B being on the isothermal curve of tjp C and D on 
that of Qo, A and D on oiui of the curves of no transmission, B and C on 
the other ; then 

'a ’ d 

or 

F — F = F — F 
The second form of this equation is in the present case identical, because 

p ^ p . p ^ p 

*■•1) — A > C B* 

12. Proposition IV. — Problem (see Fig. 8). The forms of ail 
isothermal curves for a given substance being given, letl^¥ be a curve of any 
form, representing an arbitrarily assumed succession of pressures o.nd volumes. 
It is required to find, by the determination of points, a corresponding curve 
passing through a given point B, such that the quantity of heat absorbed or 
emitted by the substance, in passing from any given isothermal curve to any other, 
shaU he the same, whether the p'essures and volumes be regulated acoordirig to 
the original carve E F, (W* according to the curve passing through the pomt R 
(Solution.) The process by which the latter cur^^e is to be deduced 

z 
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from the former is precisely the same with that by which one curve of no 
transmission is deduced from another in the last problem. 



(Demonstration.) Let G B H be the required curve. This curve, and 
the curve EF, in their relation to each other, may be called Curves of 
Equal Transmission. Through B draw the isothermal curve Qi Q^, inter- 
secting the curve E F in A. Draw also any other isothermal curve Qg Qg, 
intersecting E F in D and G H in C. Through A, B, C, D, respectively, 
draw the four indefinitely-prolonged curves of no transmission, AK, 
intersecting Qg Qg in il, B L, intersecting Qg Qg in c, C M, and D N. 
Conceive the whole space between the isothermal curves Qi, Qg Qg, to 
be divided by other isothermal curves, into a series of indefinitely-narrow 
stripes, corresponding to equal indefinitely-small variations of actual heat. 
Then, by the construction of the solution, the quadrilaterals cut from thosS 
stripes by the pair of curves E F, G H are all equal ; and so also are the 
quadrilaterals cut from the stripes by the pair of curves of no transmission, 
A K, B L. Therefore the area A B C D is equal to the area ABcd. The 
indefinitely-prolonged areas, M C D N, L c d K, are evidently equal ; 
therefore, adding this pair of equal areas to the preceding, the pair of 
indefinitely-prolonged areas L B A K, M C B A D N are equal. Subtracting 
from each of these areas the part common to both, ABE, and adding to 
each the indefinitely-prolonged area KRCM, we find, finally, that the 
indefinitely-prolonged areas K A D N, L B C M are equal. 

But the former of those areas (by Prop. I.) represents the mechanical 
equivalent of the heat absorbed by the substance in passing from the 
actual heat Qg to the actual heat Qj through a series of pressures and 
volumes represented by the co-ordinates of the curve E F ; and the latter, 
the corresponding quantity for the curve G H ; therefore those curves 
are, with respect to each other, curves of equal transmissionf which was 
required* 

The algebraical expression of this result is that the equation (15) holds 
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for any pair of curves of equal transmission, as well as for a pair of curv^es 
of no transmission ; or, in other terms, let F^, F^, F^ be the thermo- 
dynamic functions for the curves of no transmission passing through the 
four points where a pair of isothermal curves cut a pair of curves of equal 
transmission : A, B being on the upper isothermal curve ; C, D on the 
lower; A, D on one curve of equal transmission, B, C on the other; then, 

F,~F, = F,-^ F,. . . . ( 16 .) 

13 . Proposition V. — Theorem. The diference behceen the quantities 

of heat absorbed by a substance in passmg from one given amount of actual heat 
to another, at two different constant volumes, is equal to the difference between 
the two latent heats of e^panswn in passing from one of those volumes to the 
other at the two different amounts of actual heat respeetkehj, diminished hj the^ 
corresponding difference between the quantities of expansive po2ver given ouL 
(Demonstration: see Fig. 9 .) Let be the isothermal curve of the 
higher amount of actual heat; Q2Q2 that of the lower. Let V^, V„ be 



the two given volumes. Draw the two ordinates a A, b B, and the 
four indefinitely-prolonged curves of no transmission A M, a wi, B N, b n. 
the quantities of heat absorbed, in passing from the actual heat Qg to the 
actual heat Qj, at the volumes and V^,, are represented respectively 
by the indefinitely-prolonged areas MAarn, NB&n. Then adding to 
each of those areas the indefinitely-prolonged area 7^J>BAM (observing 
that the space below the intersection R is to be treated as negative), we 
find for their difference 

NB671 — MAam = NBAM — nbBAam =(NBAM — nbam) 
-.(V3BAV,-. V3JC.VJ; 

but NBAM and 71 6 am represent the latent heats of expansion from 
to Vb, at the actual heats and Qg respectively ; and V, B A and 
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Vj6a represent the power given out by expansion from to Vj at 
the actual heats and Q, respectively; therefore, the prc^Kxdtion is 
proved. Q. E. D. 

This proposition, expressed s 3 mibolically, is as follows : A Q being the 
difference of actual heat, — Q.^, let A (Q + S^) be the heat absorbed 
in passing from Q 2 to Qi at the volume V^, and A (Q + S^) the corre- 
sponding quantity at the volume V^; A and A S„ representing quantities 
of potential energy stored up in altering molecular arrangement. Then 

A(S,-SJ = A(Q/^^-l)fydV. . (17.) 

IL Of Curves of Free Expansion, 

In all the preceding propositions, the whole motive power developed 
by an elastic substance in expanding is supposed to be communicated 
to external bodies; to a piston, for example, which the substance causes 
to move and to overcome the resistance of a machine. 

Let us now suppose that as much as possible of the motive power 
developed by the expansion is expended in agitating the particles of the 
expanding substance itself, by whose mutual friction it is finally recon- 
verted into lieat (as when compressed air escapes freely from a small 
orifice); and lot us examine the properties of the curves which, on a 
diagram of energy, represent the law of expansion of the substance under 
these circumstances, and which may be called Curves of free Expansion, 

15. Proposition VI. — Theorem. If from two points on a curve of free 
expansion there he drawn tivo straight lines perpendicular to and terminatir ^ , 
at the axis of .ordinates, and also two curves of no transmission, indefinitely 
prolonged away from the origin of co-ordinates; then the area contained betvjeen 

the curve of free expansion, the two straight 
lines, and the axis of ordinates, will he 
equal to the area contained between the 
curve of free expansion and the two 
indefinitely-prolonged curves of no trans- 
mission, 

(Demonstration.) Let FF (Fig. 10) 
be a curve of free expansion ; G H 
any two points in it; GV^,, HVu 
ordinates ; G P^, H Pji lines per- 
pendicular to 0 Y ; G M, H N 
curves of no transmission, indefinitely 
prolonged in the direction of X. 
Then the indefinitely-prolonged area M G H N represents the heat which 
would have to be communicated to the substance, if the motive power 
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developed were entirely transferred to external bodies, while tlie area 
V<j G H Vh represents that motive power. The excess of the rectangular 
area H V„ 0 above the area G 0, is the power necessarily given 
out by the elastic fluid in passing from a vessel in which the pressure is 
P<j and volume V<j, to a vessel in which the pressure is P^, and volume Vj,. 
The remainder of the expansive power, represented by the area P^ G 11 P^, 
by the mutual friction of the particles of the expanding substance, is 
entirely reconverted into heat, and is exactly sufficient (by the definition 
of the curve of free expansion) to render the communication of heat to 
the substance unnecessary; from which it follows, that this area is equal 
to the area M G H N. i), E. D. 

The equation of a curve of free expansion is 

./(^ + PV) = 0. . . . (17 a.) 


16. Corollary , — In Fig. 11, the same letters being retained as in the 
last figure, through G draw an isothermal curve Qj Qj, which the line Pull 
produced cuts in /i ; 



Fig. 11. 


and from h draw the indefinitely-prolonged curve of no transmission, hn* 
Then because, by the proposition just proved, the areas P„ G H P^ and 
M G H N are equal, it follows that the indefinitely-prolonged area, M G A 
which represents the latent heat of expansion at the constant actual 
heat Qi, from the volume to the volume exceeds P^ G h P^, by the 
indefinitely-prolonged area N H A ti, which represents the heat which the 
substance would give out, in falling, at the pressure Pjj, from the actual 
heat Qi to the actual heat corresponding to the point H on the curve of 
free expansion passing through G. Subtracting from this area the excess 
of the rectangle P^ Yj^ above the rectangle P^ V^, we obtain the excess of 
the area MG above the area V^GA V^. 

This conclusion may be thus expressed : — Let be the actual heat for 
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the point H ; the ratio of specific heat at the constant pressure to 
real specific heat ; then 


/•^‘K 

/ -r-^^Q-PHV;, + P„V„ 

= (^3e 


otherwise 


/•Qi K 

^^dQ+ VrfP = Q,(F,-.F,) 


y . . ( 18 .) 


Equation ( 18 ) may be used, either to find points in the curve of free 
expansion which passes through G, when the isothermal curves and the 
curves of no transmission are known; or to deduce theoretical results 
from experiments on the form of curves of free expansion, such as those 
which have been for some time carried on by Mr. Joule and Professor 
William Thomson. 

Considered geometrically, these experiments give values of the area 
NHhn, The area 


P,, G k P,, = 



VdP 


is known in each case from previous experiments on the properties of 
the gas employed ; and this area, by Proposition VI., is equal to the area 
M G A H N ; to Avhich, adding the area NHh n, ascertained by experiment, 
we obtain the aiea M G n, that is, the latent heat of expansion from the 
volume Y^. to the volume at the constant actual heat Q^, denoted 
symbolically by 



Now the problem to be solved is of this kind. We know the differences 
of actual heat corresponding to a certain series of isothermal curves for 
the substance employed ; and we have to ascertain the aholute qmntUks 
of actual heat corresponding to those curves. Of the above expression 
for the area M G A w, therefore, the factor Qi is to be determined, while 
the other factor, being the difference between two thermodynamic 
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functions, is known ; and the experiments of Messrs. Thomson and Joule, 
by giving the value of the product, enable us to calculate that of the 
unknown factor, and thence to determine the point on the tliermoinetric 
scale corresponding to absolute privation of heat. 

17. Proposition VII. — PROBLm To determim the ratio of the apparent 
specific heats of a substance at aynstaiii volume and at constant pressure^ for a 
given pressure and volume; the isothermal curves and the cunes of no 
transmission being known, 

(Solution.) In Fig. 12, let A be the point whose co-ordinates represent 
the given volume and pressure P^; Q A Q the isothermal curve passing 



through A; qq another isothermal curve, very near to Q Q. Through A 
draw the ordinate V^ A a parallel to 0 Y, cutting q q in a ; draw also A B 
parallel to OX, cutting qq in B. From A, a, B, draw the three indefi- 
nitely-prolonged curves of no transmission A M, m, B N. 

Then the heat absorbed in passing from the actual heat Q to the actual 
heat q, at the constant volume V^, is represented by the indefinitely- 
prolonged area MAaTW, while at the constant pressure P^ it is represented 
by the area MABN. Let the curve qq he supposed to approximate 
indefinitely to QQ. Then will the three-sided area AaB diminish 
indefinitely as compared with the areas between the curves of no trans- 
mission AM, a B N ; and, consequently, the area MABN will approxi- 
mate indefinitely to the sum of the areas MAam and maBN; the 
ultimate ratio of which sum to the area M A wi is therefore the required 
ratio of the specific heats. Now ma BN, as qq approaches QQ, approxi- 
mates indefinitely to the latent heat of the small expansion at 

the actual heat Q, and this small expansion bears ultimately to the 
increment of pressure P^ — P^^, the ratio of the subtangent of the isothermal 
curve Q Q to its ordinate at the point A. 

The symbolical expression of this proposition is as follows : — ^Let S Q 
denote the indefinitely-small difference of actual heat between the 
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laoHiennal curves Q Q, g j ; 8 V the indefinitely-small variation of volume 
▼b ; 8 P the indefinitely small variation of pressure P^ — ; 

^SQ,f 8Q 


the quantities of heat required to produce the variation 8Q, at the 
constant volume and at the constant pressure respectively. 

Then 


and 


gV = 


8P 

1 

dV 


dP 

</Q 
_ dP 
dY 


SQ; 


consequently, 

K, ^ ft ^\dCi)_ 
K/ _ ^P 
(lY 



(lY 


y ( 19 .) 


equations agreeing with equation (31) of a paper on the Centrifugal Theory 
of Elasticity before referred to. 

18. First Corollary , — As the curves AM, am, BN approximate indefi- 
nitely towards parallelism, and the point a towards C, where am intersects 
A B, the ratio of the areas M A B N : M A a m, approximates indefinitely 
to that of the lines AB:AC, which are ultimately proportional, respectively, 
to the subtangents of the isothermal curve and the curve of no transmission 
passing through A. Therefore, 


Kj. Subtangent of Isothermal Curve ^ 

Ky Subtangent of Curve of No Transmission’ * * *' 

19. Second Corollary. — Velocity of sound. The subtangents of different 
curves at a given point on a diagram of energy being inversely proportional 
to the increase of pressure produced by a given diminution of volume 
according to the respective curves, are inversely proportional to the squaree 
of the respective velocities with which waves of condensation and rare- 
faction will travel when the relations of pressure to volume are expressed 
by the different curves. Therefore, if there be no sensible transmission 
of heat between the particles of a fluid during the paassg6 of sound, the 
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^uaare of the velocity of sound must be greater than it would have been 
had the transmission of heat been instantaneous in the ratio of the 
subtangent of an isothermal curve to that of a curve of no transmission 
at the same point, or of the specific heat at constant pressure to the 
specific heat at constant volume. 

This is a geometrical proof of Laplace’s law for all possible fluids. The 
same law is deduced from the liy[)othesis of molecular vortices in the 
paper before referred to on the Centrifugal Theory of Elasticity. 

20. Proposition YUL — Problem. The uothermal curves for a given 
substance being known,, and the quantities of heat required to produce all variations 
of acUial heat at a given constant volume ; it is required to fiml any mmher of 
points in a curve of no transmission passing through a given point in the m'dinatc 
corresponding to that volume. 

(Solution.) In Fig. 1 3 , let be the given ordinate ; Qj Qi, 
isothermal curves meeting it in Aj, Ao, respectively; and let it be required^ 



for example, to find the point where the curve of no transmission passing 
through Aj intersects the isothermal curve AjjQg. On the line AgAi, 
as an axis of abscissae, describe a curve C C, whose ordinates (such as 
AgCg, ^4^4, &c.) are proportional to the specific heat of the substance at 
the constant volume and at ^e degrees of actual heat corresponding 
to the points where they are erected, divided by the corresponding rate 
of increase of pressure with actual heat ; so that the area of this curve 
between any two ordinates {e.g., the area %) may represent the 

mechanical equivalent of the heat absorbed in augmenting the actual 
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heat from the amount eorresponding to the loVer ordinate to that corre- 
sponding to the higher {e.g,^ from the amount corresponding to to that 
corresponding to 

Very near to the isothermal curve Ag Q2, draw another isothermal curve 
Ug jgj and let the difference of actual heat corresponding to the interval 
between these curves be 8 Q. Draw a curve D D, such that the part cut 
off by it from each ordinate of the curve C C shall bear the same proportion 
to .the whole ordinate which the difference S Q bears to the whole actual 
heat corresponding to the ordinate ; for example, let 

Aj;c; : :: Qi : SQ 

: A^Dg : : Q2 : SQ, &c. 

Then draw an ordinate VgBJ, parallel to OY, cutting off from the 
space between the isothermal curves Ag Qg, a quadrilateral area 

Ag B 6 Ug equal to A^ Dj Dg Ag, the area of the curve D D between the 
ordinates at A^ and Ag. 

Then, if the difference 8 Q be indefinitely diminished, the points B will 
approximate indefinitely to the intersection required of the isothermal 
curve Ag Qg with the curve of no transmission passing through A^ ; and 
thus may any number of points in this curve of no transmission be found. 

(Demonstration.) Let Aj be the curve of no transmission required. 
Let UgCg, a4C4 be any two indefinitely-close ordinates of the curve CC, 
corresponding to the mean actual heat Q34. Let agWg, be curves of 
no transmission, cutting the curves ag ^g, Ag Qg, so as to enclose a small 
quadrilateral area e. Then, by the construction, and Proposition I., 

The area = the indefinitely-prolonged area 

and by the first corollary of the second proposition and the construction, 

the area ^ _ S Q _ area 
TWg ag ^4 w?4 “ Qg, 4 ” area dg Cg 


Therefore, the area e = the area dg d^ ; but the area A^ D^ Dg Ag is 
entirely made up of such areas as dg d^ to each of which there corre- 
sponds an equal area such as e; and when the difference 8 Q is indefinitely 
diminished, the area AgBSag approximates indefinitely to the sum of all 
the areas such as e, that is, to equality with the area Aj D^ Dg Ag. Q.E.D. 

The symbolical expression for this proposition is found as follows ; — 


The area Aj D^ Ag ultimately = 8 Q . 


A K, 


<ZQ(forV = VJ; 
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The 


V 

/ ' ® rf p 

d V (for Q = Qs) ; 

\r ^ y 

' A 


divide both sums by S Q and equate the results ; then, 


/!‘ ^ *5 = «“> - /! io " 'f" '■ = '■>>’ 


Q> 


which denotes the equality of tuo expressions for the difference, — F^, 
between the thermod^iiamic functions for the cui\e of no transmission 
Aj M, and for that passing through the point A_. 

When the relations between pressure, \olunie, and heat, for a given 
substance, arc known, the equation (21) ma> be transformed into one 
giving the volume Y„ coi responding to the point at which the required 
curve of no transmission cuts the isothermal cune of 
Suppose, for instance, that for a pci feet gas 


I 

p Y = NQ sensibly; and = I sensild} , 


(22.) 


N being a constant (whose ^alue for simple gases and for atmospheric air 
and carbonic oxide is about 0*41); then tlu* tlu i mod} uamic function for 
a perfect gas is sensibly 

F ” liyp. log. Q + N h}p. log. V, . . (22 a.) 

and equation (21) gives, for the equation of a cune of no transmission, 


whence 

Pn_ 

Pa*" 




Vq./ ’ 

• (23.) 

/V \ - 1 


(vl) 

. (24.) 


Equations (23) and (24) are forms of the equation of a curve of no 
transmission for a perfect gas, according to the supposition of Mayer ; 
and are approximately true for a perfect or nearly perfect gas on any 
supposition. 

According to the hypothesis of molecular vortices, the relations between 
pressure, volume, and actual hAt, for a perfect gas, are expressed by these 
equations : — 


PV = NQ + A; 


Kv _ I . NVtQ 
ft ~ ■*'(NQ + A)2’ 


• (25.) 
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where A is a very small constant, which is inversely proportional to the 
specific ffravity of the gas, and whose value, in the notation of papers on 
the hypothesis in question, is 

/i = NkK, . . . . ( 25 a .) 

K being the height, on the scale of a perfect gas-thermometer, of the point 
of absolute cold above the absolute zero of gaseous tension. Hence we 
find, for the thermodynamic function of a perfect gas, 


F = hyp. log. Q - 4- N byp. log. V, 

and for the equation of a curve of no transmission, 

Yn - /QAiSr .(NQs + /i N Qi + /i ) 

V* " vq,; • ® 


( 26 .) 


(27.) 


For all practicar purposes yet known, these equations may be treated as 
sensibly agreeing with equation (23), owing to the smallness tf A as 
compared with N Q. 


Section III. — Of the Efficiency of Thermodynamic Engines, 
Worked by the Expansion and Condensation of 
Permanent Gases. 

21. The efficiency of a thermodynamic engine is the proportion of 
the whole heat expended which is converted into motive power ; that is to 
say, the ratio of the motive power developed to the mechanical equivalent 
of the whole heat consumed. 

To determine geometrically the efficiency of a thermodynamic engine, 
it is necessary to know its true indicator-diagram; that is to say, the 
curve whose co-ordinates represent the successive volumes and pressures 
which the elastic substance working the engine assumes during a complete 
revolution. This true indicator-diagram is not necessarily identical in 
figure with the diagram described by the engine on the indicator-card ; 
for the abscissse representing volumes in the latter diagram include not 
only the volumes assumed by that portion of the elastic substance which 
really performs the woft by alternately receiving heat while expanding, 
and emitting heat while contracting, in sUch a manner as permanently to 
transform heat into motive power, but also the volumes assumed by that 
portion of the elastic substance, if any, which acts merely as a cushion for . 
transmitting pressure to the piston, undergoing, during each revolution^ a 



ON THEEMOBYNAMICS, 


3G5 


series of changes of pressure and volume, and then the same series in an 
order exactly the reverse of the former order, bo as to transform no lieat 
permanently to power. 

The thermodynamic engines to be considered in the present section, 
are those in which the elastic substance undergoes no change of condition. 
We shall, in the first place, investigate the efficiency of those which work 
wiihout the aid of the contrivance called an economiser " or “ regenerator,” 
and afterwards, those wliich work v:ith the aid of that piece of apparatus. 

22. Lemma. — Problem. To ddermine the true fnmi the apparent 
Micator-diajp'arn of a th^rmodijmnnk engine; the portion of the elastic 
mhstance which ads as a cushion being hnoivii, and the law of Us changes of 
pressure and volume. 


Y 



(Solution.) Ill Fig. 14, let abed be the apparent indicator-diagram. 
Parallel to OX draw H and Lc, touching tliis diagram in a and c 
respectively ; then those lines will be the lines of maximum and minimum 
pressure. Let HE and LG be the volumes occupied by the cushion at the 
maximum and minimum pressures respectively : draw the curve E G, 
such that its co-ordinates shall represent the changes of volume and 
pressure undergone by the cushion during a revolution of the engine. Let 
K F ^ & be any. line of equal pressure, intersecting this curve and the 
apparent indicator-diagram; so that K&, Krf shall represent the two 
volumes assumed by the whole elastic body at the pressure 0 K, and K F 
the volume of the cushion at the same pressure. On this line take 

& B = JD =XF; 

then it is evident that B and D will be two points in the true indicator- 
diagram ; and in the same manner may any number of points be found. 

The area of the true diagram A B C D is obviously equal to that of the 
apparent diagram abed. 
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23. Proposition IX. — Problem. The true MkcUor-diagram of a 
ihirmdymmic engine worked by the expansion and contraction of a suistance 
which does not change its condition, and without a regenerator, being given, it is 
required to determine the efficiency of the engine. 

(Solution.) In Fig. 15, let A«a' B J A be the given true indicator- 
diagram. Draw two curves of no transmission, AM, BX, touching this 
^ figure at A and B respec- 

tively, and indefinitely pro- 
duced towards X, Then 
during the process denoted 
by the portion Aa^t'B of 
the diagram the elastic sub- 
stance is receiving heat, and 
the mechanical equivalent of 
the total quantity received 
^ is represented by the in- 
Fig. 15 , definitely - prolonged area 

M A a a' B N ; during the 
process denoted by the portion B J' J A of the diagram, the substance is 
giving out heat, and tlie mechanical equivalent of the total heat given out 
is represented by the indefinitely-prolonged area M A & J' B N ; while the 
difference between those areas, that is, the area of the indicator-diagram 
itself, represents at once the heat which permanently disappears and the 
motive power given out. The efficiency of the engine is the ratio of 
this last quantity to the total heat received by the elastic substance during 
a revolution ) that is to say, it is denoted by the fraction, 

area A a a B & A 
area M A a B N* 



To express this result symbolically, find the limiting points A and B by 
combining the equation of the indicator-diagram with the general equation 
of curves of no transmission, viz. : — 

dF^O. 

Then draw two indefinitely-close and indefinitely-prolonged curves of no 
transmission, abm, a' V m', through any part of the diagram, cutting out of 
it a quadrilateral stripe, abV a\ Let be the mean actual heat corre- 
sponding to the uppli* end ao! of this quadrilateral stripe; Qg, that 
corresponding to the lower end, b h\ 

The area of this indefinitely-narrow stripe, representing a portion of 
the heat converted into motive power, is found, according to the principles 
and notation of the third corollary to Proposition 11. and of Proposition 
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III., by multiplying the difference between the actual heats by the 
difference between the thermodynamic functions for the curves of no 
transmission that bound the stripe, thus : — 

SE=: (Q,^Q,)SF: 

while the area of the indefinitely-prolonged stripe, m a a! representing 
part of the total heat expended, is, according to the same principles, 

SH, = Q,8F; 

and that of the indefinitely-prolonged stripe m h U rn, representing part 
of the heat given out, is 

Integrating these expressions we find the following results : — 


Whole heat expended, 







H, = 1 

' Q.rfF; 


J 


Heat given out, 




n= = i 



J 

F* 

Motive power given out, 


.F„ 

E = Hi 

- H, = 

J 

(Qx-Q,)rfF; 

'f. 

Efficiency, 


.F. 



I (Q,-Q,)rfF 


E 



Hx“ 

/ QirfF 

^F* J 


formulae agreeing with equation (28) of a paper on the Centrifugal Theory 
of Elasticity {Seep. 63); it being observed that the symbol F in the last- 
mentioned paper denotes, not precisely the same quantity which is denoted 
by it in this paper, and called a thermodynamic function, but the pro- 
duct of the part of that function which depends on the volume by the 
real specific heat of the substance. 

24. First Corollary. Maximum effiekiwy between given limits of actual heat. 

When the highest and lowest limits of actual heat at which the engine 
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cm work are fixed, it is evident that the greatest possible eflSciency of an 
engine without a regenerator will be attained when the whole reception of 
heat takes place at the highest limit, and the whole emission at the lowest; 
so that the true indicator-diagram is such a quadrilateial as is shown in 
Fig 6, and referred to in the second corollary of Proposition IL; bounded 
above and below by the isothermal curves denoting the limits of actual 
heat, and. laterally, by any paii of curves of no transmission. The 
efficiency in this case, as has been already proved in vaiious ways, is 
repiesented b> 


E _ Qi ~ 

Hi Qi ^ 


(29.) 


being the maximum efficiency possible between the limits of actual heat, 
and Qj. 

25. Second Cmollaiy — Piioblfm. To dutto the dMgmm of greatest 
4ijficw>ncy of a fhermodynamio engme v lilumt a k geneiatoi , when the extent of 
mriahon of vohme ii> lunik d, as mil as that of the lanation of actual heat, 

(Solution) In Fig. 16, let 
QiQi^QiQi isothermal 

curves denoting the limits of 
actual heat, V,, the limits 
of volume Diaw the ordinates 
A ^ D A, V„ C 1>, inteisectmg the 
isotheiinal cuivcs in the points 
A,B,C,D Thiough A and C 
respectively di aw the curves of 
no ti in mission, AM cutting 
(^)>()^ in 6/, and ( \ cutting 
in h 1 hen will A i C d be the 
(higiam leqiiiud. An anal- 
ogous construction would give the diagiam of gieatcst efficiency when the 
variations of pressuic and of actual heat arc limited; as in the air-engine 
proposed by Mr. Joule 

26. Of the use of the Economizer or Regenciatoi in Thei modynamic Engines. 

As the actual heat of the elastic substance vdnch works a thermo- 
dynamic engine requires to be alternately i u'^cd and loviered, it is obvious 
that unless these operations are perforuKd entirely by compression and 
•expansion, without leception or emission of lieat (as in the case of 
maximum efficiency described in the first corollary of Proposition IX.), 
part, at least, of the heat emitted during the loweiing of the actual heat 
may be stored up, by being communicated to some solid conducting 
substance, and used again by being communicated back to the elastic 
substance, when its actual heat is being raised. Tlie apparatus used for 
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this purpose is called an economiser or regenerator, and was first invented 
about 1816, by the Rev. Robert Stirling. In the air-engine proposed 
by him, it consisted of a sheet-metal plunger surrounded by a wire 
grating or network; in that of Mr. James Stirling, it is composed of thin 
parallel plates of metal or glass through which the air passes longitudinally, 
and in the engine of Captain Ericsson of several sheets of wire gauze. 

A regenerator may be regarded as consisting of an indefinite number 
of strata with which the elastic substance is successively brought into 
contact; each stratum serving to store up and give out the heat required 
to produce one particular indefinitely-small variation of the actual heat 
of the working substance. 

A ^perfect regenerator' is an ideal apparatus of this kind, in which the 
mass of material is so large, tlie surface exposed so extensive, and the 
conducting powers so great as to enable it to receive and emit heat 
instantaneously without there being any sensi})le difference of temperature 
between any part of the regenerator and the contiguous portion of the 
working substance; and from which no appreciable amount of heat is lost 
by conduction or radiation. In theoretical investigations it is convenient, 
in the first place, to determine tlie saving of heat effected by a perfect 
regenerator, and afterwards to make allowance for the losses arising from 
the non-fulfimcnt of the conditions of ideally perfect action; losses which, 
in the present imperfect state of our knowledge of the laws of the 
conduction of heat, can be ascertained by direct experiment only.’^' 

27. PnorosiTiON X. — Problem. The irue mdkaior-diagram of any 
thermodynamic engine being givens to determine the amount of heal saved by a 
perfect regenerator. 

(Solution.) Let A BCD (in Fig. 17) be the given indicator-diagram. 
Across it draw any two indefinitely-close isothermal curves, q^ inter- 
secting it in a, b, and q.^ intersecting it in c. To the stripe between 
those two curves, speaking generally, a certain layer or stratum of the 
regenerator corresponds, w^hich receives heat from the working substance 
during the change from b to c, and restores the same amount of heat 
during the change from d! to a. The amount of heat economised by the 
layer in question is thus found. Through the four points a, S, c, rf, draw 
the indefinitely-prolonged curves of no transmission, ak, bl, cm^ dn; then 
the smaller of the two indefinitely-prolonged areas, ZJem, kadn, represents 
the heat saved by the layer of the regenerator corresponding to the 
indefinitely-narrow stripe between the isothermal curves and g'g 

* It is true that the problem of the waste of heat in the action of the regenerator 
is capable of a hypothetical solution by the methods of Fourier and Poisson ; and I 
have by these methods obtained formulae which are curious in a mathematical point of 
view; but owing to our ignorance of the absolute values and laws of variation of the 
coefficients of conductivity contained in these formulae, they are incapable of being 
usefully applied; and I therefore for the present refrain firom stating them. 
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Draw two carves of no transmission, B L, DN, touching the diagram; 
and through the points of contact, B and D, draw the isothermal curves. 



the working substance is receiving heat, and during the whole of the 
change from B through C to I), emitting heat, the regenerator can have 
no action above the isotliermal curve Q^Qi, nor below the isothermal 
curve Qg Q^. 

The whole of the diagram between these curves is to be divided by 
indefinitely-close isothermal curves into stripes like ahed^ and the saving 
of heat effected by the layer of the regenerator corresponding to each 
stripe ascertained in the mariner described, when the whole saving may 
be found by summation or integration. 

The symbolical expression of this result is as follows : Let the points 
of contact, B, D, which limit the action of the regenerator, and the 
corresponding quantities of actual heat, Qj, Q^, be found, as in Proposition 
IX., by means of the eejuation cZ F = 0. 

Then, the saving of heat 




A.Y 


care being taken, when ~ has different values for the same value of Q, 
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eorrespondmg respectively to the two sides of the diagram^ to choose the 
smaller in i>erforming the integration. 

28. Corollary , — It is evident that the regenerator acts most efTcctually 
when the outlines of the indicator-diagram from A to 1), and from B to C, 
are portions of a }>air of curves of eqml trammisshu (determined as in 
Proposition IV.); for then, if the operation of the regenerator is perfect, 
the changes from B to C and from D to A will he efiected without 
expenditure of heat; the heat transmitted from the working substance 
to a given stratum of the regenerator, during any part, such as be, of the 
operation BC, being exactly sufficient for the corresponding part, da^ of 

d.F 

the operation D A. In this case - 7 — for each value of Q between Qi and 

( I 

Q 2 , has the same value at either side of the diagram. 

In fact, the eflect of a i)erfcct rogeneratoi* is, to confer upon any pair of 
curves of cfiml transmhmn the i)ropcrties of a pair of curves of no 
trwnsnmsion. 

29. Proposition XT. — Theorem. The grented offi deucy of a thermo- 
dynamic engine, ivorling between given IhniU of actual heat, tdth a ])erfcct 
regemraior, is equal to the greatest el/idency of a thermodynamic engine, working 
between the same limits tf actual heat v'ithout a regenerator. 

(Demonstration.) In Fig. 18, let Qp be the isothermal curves 
denoting the given limits of actual heat. Let A D, BU ])c a pair of 
curves of equal transmission of any form. Then ])y tlie aid of a ])erfcct 
regenerator, the whole of iha heat given out l)y the (‘last ic; substam^e during 
the operation BC may be stored up, and given out again to that substance 
in such a manner as to ha exactly sufficient for the operation D A ; so 
that the whole consumption of heat in one revolution by an engine whose 



Fig. 18. 

indicator-diagram is A B C D, may be reduced simply to the latent heat 
of expansion during the operation AB, which is represented by the 
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indefinitely-prolonged area M A B N, A M and B c N being curves of no 
transmission. The efficiency of such an engine is represented by 

the area A B C D 
tlie area M A B N* 

Now the maximum cfliciency of an engine without a regenerator, 
working between the same limits of actual heat, is represented by 

the area A B c _ Qi — Q 2 
the area M A B N ” Qi ’ 

and from the mode of construction of curves of equal transmission, 
described in Proposition IV., it is evident that 

the area A B C D = the area AB cd; 

hence the maximum efficiencies, working between the given limits of actual 
heat, Qj and Q 2 , are equal, with or without a perfect regenerator. Q.E.D. 

30. Advantage of a llcgenerator. 

It appears from this theorem that the advantage of a regenerator is, not 
to increase the maximum efficiency of a thermodynamic engine between 
given limits of actual heat, but to enable that amount of efficiency to be 
attained with a less amount of expansion, and, consequently, with a 
smaller engine. 

Suppose, for instance, that to represent the isothermal curves, and the 
curves of no transmission, for a gaseous substance, we adopt the approxi- 
mate equations already given in Article 20, viz. ; — 

For the isothermal curve of Q, P V 

V 

For a curve of no transmission = 

^ 1 

and let us compare the forms of the indicator-diagrams without and with 
a regenerator, for a perfect air-engine, working between given limits as to 
actual heat, defined by the isothermal curves Q^, Q 2 *Q 2 in Fig. 19. 

The amount of expansion at the higher limit of heat being arbitrary, 
let us suppose it to be from the volume V^ to the volume Vj, corre- 
sponding respectively to the points A and B, and to be the same in all 
cases, whether with or without a regenerator. 

The engine being without a regenerator, the diagram corresponding to 
the maximum efficiency has but one form, viz., AB cd, where Be, Ad are 
curves of no transmission. Hence, in this case, there must be an additional 
expansion, from the volume V^ to the volume 
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for the purpose merely of lowering the actual heat of the air without loss 
of heat ; and the engine must he made large enough to admit of this 
expansion, otherwise heat Avill be wasted. 



On the other liand, if the engine be provided with a ptnfect regenerator, 
any pair of curves of equal transmission passing through A and B will 
complete a diagram of maximum elKcicncy. The propcHy of a pair of 
these curves being, as shown in Proposition IV., that the difference of their 
thermodynamic functions, 



d V, when (i is constant 


is the same for every value of Q, it follows, that for a gas, according to 
the approximate equation (23), the property of a pair of curves of equal 
transmission is, that the volumes corresponding to the intersections of the 
two curves by the same isothermal curve, are in a ratio which is the same 
for every isothermal curve. Thus, let V^, be such a pair of volumes^ 
then this equation 




V„ 

v; 


. (33.) 


defines a pair of curves of equal transmission. From this and from 
equation (31) it follows, that for such a pair of curves 
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If one of the curves, or lines, of equal transmission is a straight line of 
equal volumes, that is, an ordinate A D parallel to 0 Y, then the other is 
an ordinate B 0, parallel to O Y also. Then A B C D is the diagram of 
maximum eflSciency for an air-engine with a perfect regenerator, when the 
air traverses the regenerator without alteration of volume; and by adopting 
this diagram, the additional expansion from to is dispensed with. 

If one of the curves, or lines, of equal transmission is a straight line of 
equal pressures A D' parallel to 0 X, then the other also is a straight line 
of equal pressures B C'. The diagram thus formed, A B C' D', is suitable, 
when the air, as in Ericsson’s engine, has to traverse the regenerator 
without change of pressure. 

It must be observed, tliat no finite mass, or extent of conducting 
surface, will enable a regenerator to act with the ideal perfection assumed 
in Propositions X. and XI., and their corollaries. 

Owing to the want of a general investigation of the theory of the action 
of the regenerator based on true principles, those who have hitherto 
written respecting it have either exaggerated its advantages or unduly 
depreciated them. From this remark, however, must be excepted a 
calculation of the expi^nditure of heat in Captain Ericsson’s engine, by 
Professor Barnard of the University of Alabama.'" 

31. General Remarks on the ^preceding Projmitiom. 

The eleven preceding pro])ositions, with their corollaries, are the 
geometrical representation of the theory of the mutual transformation of 
heat and motive power, by means of the changes of volume of a homo- 
geneous elastic substance which docs not change its condition. All these 
propositions are virtually comprehended in the first two, of which, perhaps, 
the most simple enunciations are the following : — 

I, The mechanical equivalent of the heat absorbed or given out by a 
substance in passing from one given state as to pressure and volume to 
another given state, through a series of states represented by the co- 
ordinates of a given curve on a diagram of energy", is represented by the 
area included between the given curve and two curves of no transmission 
of heat drawn from its extremities, and indefinitely prolonged in the 
direction representing increase of volume. 

II. If across any pair of curves of no transmission on a diagram of 
energy there be drawn any series of isothermal curves at intervals corre- 
sponding to equal differences of actual heat, the series of quadrilateral 
areas thus cut off from the space between the curves of no transmission 
will be all equal to each other. 

These two propositions are the necessary consequences of the definitions 
of isothermal curves and curves of no transmission on a diagram of energy, 
and are the geometrical representation of the application to the particular 
* Sllliman's Journal, September, 1853. 
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case of heat and expansive power, of two axioms respecting Energy in the 
abstract, viz. : — 

L The sum of Energy in the Universe is unalterable. 

II. The effect, in causing Transformation of Enei^, of the whole 
quantity of Actual Energy present in a substance, is the sum of the effects 
of all its parts. 

The application of these axioms to Heat and Expansive Power virtually 
involves the following definition of expansive heat : — 

Expansive Heat k a species of Actual Energif, the presence of which in a 
substance affects^ and in general incrcaseSy its tendencji to expand. 

And tliis definition, arrived at by induction from experiment and 
observation, is the foundation of the theory of the ex[)ansive action of 
heat. 


Section IV. — Of TKMrEUATuitE, the Mechanical 11yi»othesis of 
Molecular Vortices, and the Numkuicat. CoiMPUTATiON 
OF the EFFtCIEN(;Y OF AiK-EN(3INES. 

32, In order to apply the propositions of the prccecling articles to 
existing substances, besides experimental data sufficient for tlio determina- 
tion, direct or indirect, of the isothermal curves and curves of no 
transmission, it is necessary also to know the relation, for the substance in 
question, between the quantity of heat actually ])rcsent in it under any 
circumstances, and its temperature ; a quantity measured by the product 
of the pressure, volume, and specific gravity of a mass of perfect gas, when 
in such a condition that it has no tendency to communicate heat to, or to 
abstract heat from, the substance whose temperature is ascertained. 

The nature of the relation between heat and temperature has l>een 
discussed in investigations already published, as a consequence deducible 
from a hypothesis respecting the molecular constitution of matter, with 
the aid of data supplied by the experiments of Messrs. Thomson and 
Joule and of M. Eegnault. Nevertheless, it seems to me desirable to 
add here a few words respecting the giounds, independent of direct 
experiment, for adopting the hypothesis of molecular vortices as a probable 
conjecture, the extent to which, by the aid of this hypothesis, the results 
of experiment were anticipated, and its use, in conjunction with the results 
of experiment, as a means of arriving at a knowledge of the true law of 
the relation between temperatures and total quantities of heat 

To introduce a hypothesis into the theory of a class of phenomena, is to 
suppose that class of phenomena to be, in some way not obvious to the 
senses, constituted of some other class of phenomena with whose laws we 
are more familiar. In thus framing a hypothesis, we are guided by some 
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analogy between the laws of the two classes of phenomena : we conclude^ 
from this analogy of laws, that the phenomena themselves are probably 
alike. This act of the mind is the converse of the process of ordinary 
physical reasoning; in which, perceiving that phenomena are alike, we 
conclude that their laws are analogous. The results, however, of the 
latter process of reasoning may bo certainly true, while those of the former 
can never be more than probable ; for how complete soever the analogy 
between the laws of two classes of phenomena may be, there will always 
remain a possibility of the phenomena themselves being unlike. A 
hypothesis, therefore, is incapable of absolute proof; but the agreement 
of its results with those of experiment may give it a high degree of 
probability. 

The laws of the transmission of radiant heat are analogous to those of 
the propagation of a transverse oscillatory movement. The laws of 
thermometric heat are analogous to those of motion, inasmuch as both 
are convertible into mechanical effect; and motion, especially that of 
eddies in liquids and gases, is directly convertible into heat by friction. 
If, guided by these analogies, we assume as a probable hypothesis that 
heat consists in some kind of molecular motion, we must suppose that 
thermometric heat is such a molecular motion as will cause bodies to tend 
to expand; that is to say, a motion productive of centrifugal force. Thus 
wo are led to the hypothesis of Molecular Vortices. 

This hypothesis, besides the principles already enunciated, of the 
mutual transformation of heat and motive power in homogeneous sub- 
stances, leads to the following special conclusion respecting the 

Relation between Temperature and Actual Heat: — 

When the temperature of a suhstancey as measured by a perfect gas ther- 
mometer, rises by equal increments, the actual heat present in the substance rises 
also by equal increments — a principle expressed symbolically by the equation 

Q = ft (r — If), . . . . (35.) 

where Q is the actual heat in unity of weight of a substance, r its 
temperature, measured from the absolute zero of gaseous tensioUj k the 
temperature of absolute cold, measured from the same point, and ft the 
real specific heat of the substance, expressed in terms of motive power.* 

The enunciation of this law was originally an anticipation of the results 
of experiment; for when it appeared no experimental data existed by 
which its soundness could be tested. 

Since then, however, one confirmation of this law has been afforded 

^ The hypothesis of Mayer amounts to supposing that a = 0, or that the zero of 
gaseous tension coincides with the point of absolute cold. 
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by the experiments of M. Regnault, showing that the specific heat of 
atmospheric air is sensibly constant at all temperatures and at all densities 
throughout a very great range; and another, by the experiments of Messrs. 
Joule and Thomson, referred to in Proposition VI., on the thermic 
phenomena of gases rushing through small apertures, which not only 
verify the theoretical principle, but afford the means of computing approxi- 
mately the position k* of the point of absolute cold on the thermometric 
scale. 

According to this relation between temperature and heat, every 
isothermal curve on a diagram of energy is also a cuitc of equal tempera- 
ture. The isothermal curve, for example, corresponding to a constant 
quantity of actual heat, Q, corresponds also to a constant absolute 
temperature. 


= f + w 

The curve of absolute cold is that of the absolute temperature #c. 

Any series of isothennal curves at intervals corresponding to equal 
differences of heat, correspond to a series of equidistant temperatures. 

Hence we deduce 

Proposition XII. — Theorem. Everything that hax been 2^re(Ucatefl, in 
the propositions of the pjreccding articles^ of the mutual proportions of quantities 
of actual heat and their differemes, nmj he predicated also of the mutual 
proportions of temperatures as measured from the point of absolute coldy and 
their diferenm. ♦ 

The symbolical expression of this theorem is, that in all the equations* 
of the preceding sections, we may make the following substitutions: — 

^2 ^ Q ^ (A, g , or cT) T 

Ql Tj K T K 

This theorem is not, like those which have preceded it, the consequence 
of a set of definitions. It is a law known by induction from experiment, 
aided by a hypothesis or conjecture, with the results of which those of 
experiment have been found to agree. 

It is true that the theorem itself might have been stated in the form of 
a definition of degrees of temperature; but then induction from experiment 
would still have been required, to prove that temperature, as measured in 
the usual way, agrees with the definition. 

By substituting symbols according to the above theorem, and making 
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the general equation of the expansive action of heat is made to take the 
following form; — 

= A.H- |Pf?V = AQ + A.S = fe.Ar + A/.r 

which agrees with the equation deduced directly from the hypothesis of 
molecular vortices, if we admit that 


iind, consequently, 


/. T = ft N K (^hyp. log. r + 


(STA.) 


The differential form of equation (37) is 

d.^=:d.H-PdV = dQ + d.S = Ivdr 


where 


K,,=r:ft+/'.r + (r-K) 


The expression for the thermodynamic function denoted by F takes 
the form 


1 


A u ’ f ' 1 fjp 


(39.) 


but a more convenient thermodynamic function, bearing the same relation 
to temperature as reckoned from the point of absolute cold, which the 
function F does to actual heat, is formed by multiplying the latter by lie 
real specific heat ft, thus: — 

which, being introduced into the general equation, transforms it to 

A . ■^ = (r — k) d $ — J P d V. . 


. (40a.) 
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33. Of ilie Numerical Comjpuiatian of tlie Efficiency of Air-Enfhm, with or 
mthout a perfect Regcmraior, 

The relation between temi>eratiire and heat being known, the jn’oeeding 
propositions can be applied to determine the efficiency, and other circum- 
stances relative to the working of thermodynamic engines. To exemplify 
this application of the theory, let the substance working the engine ho. 
atmospheric air, and let the real indicator-diagram be siu li as to develop 
the maximum efficiency between two given absolute temperatures and r.„ 
being a quadrilateral, as in Fig. 19, of whi<‘h two sides are jiortions of the 
isothermal curves of those temperatures, and tin* other two ])ortions of a 
pair of curves of equal transmission, of such a form as may be best suited 
to the easy working of tlie engine. Should these curves }>e curves of no 
transmission, a regenerator may be dispensed Avith. In every otlujr case a 
regenerator is necessary, to prevent Avaste of heat; and for the presenl. 
its action Avill be assumed to be perfc(‘t, as the loss Avhich occurs from its 
imperfect action cannot l)e ascertained except by direct (^xperinumt. 

In this iiiA^estigation it is unnecessary to use formuke <Af minute 
accuracy; and for practical ])Uiposes those Avill bo found sufficient Avhich 
treat air as a perfect gas, Avhose thermometric; zero of pressure coincides 
with the point of absolute cold, viz. — 


2721° Centigrade, or 
490i° Fahrenlieit, 


l>elow meltinu 


ice 


whose real specific heat is equal to its specific heat at constant volume, being 


I 234-(> feet of fall per Centigrade degree, or 
I 130*3 feet of fall p(*r degree of Fahrenheit; 


whose specific heat at constant pressure (as determined by M. Kcgnault) 
is 0*238 X the specific heat of liquid Avater ; or 


^330*8 feet of fall per Centigrade degree, or 

K, = \ 

(. 183*8 feet of fall per degree of Fahrenheit; 
the ratio of these two quantities being 


£-'! = 1+ N = 1-41, 

K 

as calculated from the velocity of sound. 


* This estimate of the position of the point of absolute cold is to be considered as 
merely approximate, recent experiments and calculations having shown that it may 
possibly be too high by about IJ® Centigrade. It is, however, sufficiently correct for 
all practical purposes. 
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The volume occupied by an avoirdupois pound of air, at the temperature 
of melting ice, under the pressure of one pound on the square foot, as 
calculated from the experiments of M. Regnault, is 

= 2C214*4 cubic feet. 

This represents also the length in feet of a column of air of uniform 
density and sectional area, whose weight is equal to its elastic pressure on 
the area of its section at the temperature of melting ice. 

It will be found convenient, in expressing the temperature, as measured 
from the point of absolute cold, to make the following substitution : — 

T — K = T +T(„ .... (41.) 

where T represents the temperature as measured on the ordinary scale 
from the temperature of melting ice, and T^y the height of the teAperature 
of melting ice above the point of absolute cold, as already stated. 

Then we have 

I> V 

Nb = (41 a.) 

According to these data, the equation of the isothermal curve of air for 
any temperature T is 

P V = P, V„ . ^ = N fe (T + To). . (42.) 

The thermodynamic functions are — 

For quantities of actual heat, 

F = hyp. log. Q + N hyp. log. V ; 

For temperatures, 

$ = b F + constant = {hyp. log. (T + TJ + X hyp. log. V} 

= K, hyp. log. (T + To) + . hyp. log. V; 

' -^0 

consequently, the equation of any curve of no transmission is 

$ =: constant ; 

otherwise 

(T + Tq) . = const. ; orP . V ^ ^ ^ = const. ; 

or 

(T + T^) . pi + ^ = constant ; 
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in which ' 


N = 0-41, 1 + N - 1-41, 


N 

1 + N 


= 0-2008. 


The maximum possible efficiency between any two teniiwratures Tj and 
Tj is given by the universal formula, 


K H, - I1-. _ T, - T, 
H. - H, “ T. + T,; 


(44.) 


The latent lieat of expansion of unity of weight of air at a given 
constant temperature Tj, from tlie volume \\ to the volume Vj, is sensildy 
equivalent simply to the expansive power (leveloi)ed, being given by the 
following formula : — 


H, = (T. + T„) . (.!>„ .I*,) ^ 1*., \'„ . . hyp. log. 'z 


I " P,/ \' 

• V. 


. (45.) 


Let V^and V,Jre the volumes corresitomling to the points at which any 
isothermal curve intersects a given pair of curves of no tr.ansmission, or of 
equal transmi.s.«ion ; then the ratio of these volumes, 


(««•) 

is constant for every such pair of points on the given pair of curves ; 
because the dificrence of tlie thcrniodynaniic functions, ’svliich is pro- 
portional to the logarithm of this ratio, is constant. ^ 

Hence, if in Fig. 19 a, two isotliermal curves, be tlie upper 

and lower boundaries of an 
indicator-diagram of maximum 
energy for an air-engine, A a D 
an arbitrary curve bounding 
the diagram at one side, and B 
the other limit of the expan- 
sion at the higher temperature; 
the fourth boundary, being a 
curve of equal transmission to 
AaD, may be described by 

this construction; draw any Fig. 19a. 

isothermal curve 1 1 cutting A a D in a, and make 



V. : V. : : V„ : V, 


(47.) 
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then will J be a point in the curve sought, B J C. 

Suppose, for example, that the form assumed for A a D is a h 3 rperbola, 
concave towards 0 Y, and having the following equation : — 

^a = ■ ■ • (^7 A.) 

V 

in which a and ^ are two arbitrary constants ; and let the ratio = r. 

^ ji 

Then must the curve B J C bo another hyperbola concave towards 0 Y,. 
having for its equation 


P 


b 


- V,; 


(4tB.) 


The total expenditure of heat, per pound of air per stroke, in a perfect 
air-engine, is the latent lieat of Expansion from to V^,, given by 
equation (45). 

The heat to be abstracted by refrigeration is the latent heat of com- 
pression from to and is found by substituting in the same 
equation the lower temperature Tg for the higher temperature T^. 

The indicated work per pound of air per stroke, being the difference 
between those two (piantitics, is found by multiplying the range of 
temperature by the difference of the thermodynamic functions $ for the 
curves AD, BC, or by multiijlying the latent heat of expansion by the 
efficiency, and has the following value : — 


E 


= Hi -Il3=(T,-T, ).($„-$,) 
T — T V 

• » 0 A 


(48.) 


The heat alternately stored up and given out by the regenerator 
(supposing it to work perfectly), is to be computed as follows : — Let the 
arbitrary manner in which volume is made to vary with temperature, on 
either of the curves Da A, Ch B, be expressed by an equation 


V = . T, 


then the thermodynamic function ^ takes the form 

# = K, hji). log. (T + T„) + Wo hyp, log. ^ . T; 

and the total heat stored up and given out per pound of air per stroke, is 



ON THEBMODTKAMICS. 


383 


[^1 d ^ 

J (T + T„)"^dT = IvCT,-T,) 

P,V, /•Ti(T + T„)>P'.T 

+ T„ 7^ ^.f 


For example, if, as before, 

P — ^ 

" V„ 

be the equation of the curve D A, then 

y = ... + . 

T + T„ (. + “ )•■ 

and the heat stored u|> per pound of air per stroke, is 

r 'I'l + (j + j> ”y ) 

K, (T, - T,) + « . hyp. loj;. ^ Lo^y .L 


(49.) 


(19 a.) 


33 A. Nummcal Examides. 

To illustrate the use of these foirnidie, let us take the following 
example : — 

Temperature of receiving heat, 

Tj — 3 4 3*^* 3 Centigrade. 

Tj + To = G15°-8 Centigrade. 

Temperature of emitting heat, 

Tg = 35'^-4 Centigrade. 

Tg + To = 307'^*9 Centigrade. 

Ratio of Effective Expansion, 

Vb ^ Yc P. ^ _ 3 

V,-V,-P3“P„ 2- 

From these data are computed the following results : — 
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Maximum Efficiency, — 

3 07°-9 _ 1 

els^-s ~ 2‘ 

Heat expended, or latent heat of expansion. — 

„ ^ 615-8 , , 3 

Hi = Po Vo X X hyp. log. 2 


= 24020 foot-pounds per pound of working air per stroke. 

Heat abstracted by refrigeration, — 

„ _ -^OT-O , , 3 

H., = Po Vo X X hyp. log. - 

= 12010 foot-pounds per pound of working air per stroke. 

Work i)erformed, — 


11 XT xr 307*9 , , 3 

11, - Ha ^ Po Vo X X hj-p. log 2 

= 12010 foot-pounds per pound of working air per stroke. 


To exemplify the computation of the heat stored by a perfect regenerator, 
let it be supposed, in the first place, that the indicator-diagram resembles 
A B C' D' in Fig. 1 9, where the curves of equal transmission are represented 
by a pair of lines of constant pressure. Then tlie heat to be stored is 

Kp (Tj — Tg) = 101,800 foot-pounds per pound of working air per stroke. 

Secondly, let the diagram resemble A B C D in Fig. 1 9, where the 
curves of equal transmission are represented by a pair of lines of constant 
volume. Then the heat to bo stored is 

Kv(Ti — Tg) = 72,233 foot-pounds pound of working air per stroke. 

Thirdly, let the curves of equal transmission, as in a recent example, be 
hyperbolas, concave towards 0 Y, and let the arbitrary constant a have 
the following value, — 

a = Pq^o ~ 26214*4 foot-pounds; 

then the heat to be stored, according to equation (49 a), is 

88S*3 

72,233 + 26214-4 X hyp. Iog. 7 r= = 72,233 +11,167 

uoU'4 

= 83,390 foot-pounds per pound of working air per stroke. 
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The large proportions borne by these quantities jto the whole heat 
expended, show the importance of efficient action in the regenerator to 
economy of fuel. The quantity of heat to be stored, however, becomes 
smaller, as the curves of equal transmission approach those of no trans- 
mission, for which it is null The additional expansion requisite in this 
last case is found by the following computation : — 


V. 

Vh 


_ /Ti + TA]s,' _ 

V, - Vt, + iV 


1 

== 5*423, 


the result of which shows the great additional bulk of engine required, in 
order to obtain the maximum efficiency without a regenerator. 

Supposing one pound of coal, by its combustion, to be capable of coni> 
municating heat to the air working in an engine corresponding with the 
above exam^de, to an amount equivalent to 


(1,000,000 foot-pounds 


(an amount whicli would evaporate about 7 lbs. of water), the maximum 
theoretical duty of one pound of such coal in such an engine, without 
waste of heajj^or power, would be 


correspondiiig to 


3,000,000 foot-pounds, 


3,000,000 

12,010 


= 249 stroke.s of a pound of working air, with the effective 


. 3 

expansion - . 

The deductions to l)e made from this result in practice must, of course, 
be determined by experience. 


Section V. — Propositions Relative to a Heterogeneous Mass, <jr 
Aggregate, especially in Vapour-Engines. 

34. The heterogeneous mass to which the present investigation refers, 
is to be understood to mean an aggregate of portions of different in- 
gredients, in which each ingredient occupies a space, or a number of 
spaces, of sensible magnitude. 

The results arrived at ar^ not applicable to mixtures in which there is a 
complete mutual diffusion of the molecules of the ingredients, so that every 
space of appreciable magnitude contains every ingredient in a fixed pro- 
jportioiL A mixture of this kind, when the relations between its pressure, 

2 B 
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volume; heat, and temperature are known, may be treated, so far as regards 
the expansive action of heat, as a homogeneous substance. 

The ingredients of an aggregate are heterogeneous with respect to the 
expansive action of heat, when either their specific heats, or their volumes 
for unity of weight at a given pressure and temperature, or both these 
classes of quantities, are different. 

Hence a portion of a liquid, and a portion of its vapour, enclosed in 
the same vessel, though chemically identical and mutually transformable, 
are heterogeneous, and are to be treated as an aggregate, with respect to 
the expansive action of heat. 

M. Clausius and Professor William Thomson have applied their formulae 
to the aggregate composed of a liquid and its vapour, and have pointed out 
certain relations which must exist between the pressure and density of a 
liquid and its vapour, and the latent heat of evaporation. 

I shall now apply the geometrical method of this paper to the theory 
of the expansive action of heat in an aggregate, especially that* consisting 
of a liquid and its vapour. The total volumes are, for the present, 
supposed not to be large enough to exhibit any appreciable differences 
of pressure due to gravitation. 

35. Proposition XIII. — Theorem. In an aggregate in eguilibriOy the 
pressure of each ingredient must he the same ; and the quantity of heat in unity 
of weight of each ingredient must be inversely proportional to its real specific 
heat; that is to say, the temperature must he equal. 

The following is the symbolical expression of this theorem, with certain 
conclusions to which it leads : — 

Let r — jc be the common temperature of the ingredients, as measured 
from the point of absolute cold ; 

P, their common pressure ; 

proportions by weight, in unity of weight of the 

aggregate; 

^ 2 ’ % the respective volumes of unity of weight of the several 
ingredients. 

V, the volume of unity of weight of the aggregate ; 

^^*5 the respective quantities of actual heat in unity of weight 
of the several ingredients; 

^2? 63) &c., their respective real specific heats ; 

Q, the quantity of heat in Unity of weight of the aggregate ; 

a thermodynamic function for the aggregate. 
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Hien these quantities are connected by the following equations; — 


S.n = 1 (no.) 

V = 2.«i’. . . . ■ (51.) 


- ic = = &c 

K , — - — cvt. . 


fei "k, 

Q — I. nr/ = (r 


«) . S . « 6. 


r — 1 C Jar 


(52.) 

(r>3.) 

(51) 


It is evident that all these etjuations hold, Avhethor the proportions of 
the ingredients &c., arc constant, as in an aggrt'g.ite of chcmicall)' 
distinct substances, or \ariahle, as in the aggregate' of a liquid and its 
vapour. 

Let SII 1)0 the heat A\hioh disappears in consequence of a small 
expansion of aggregate at constant temperature', lepresented hy 

.... (r>5.) 

S u representing any one of the parts arising from the changes undergone 
by the different ingredients, of which the wliole expansion of tlic aggregate' 
8 V is made up. 

Then 

gll = j , . . (5C)‘ 


but the pressure P is the same for every ingredient, as well as the tern 

cZP 

perature ; therefore, the factor (r — k) -r is the same for every ingredient, 

(I T 

and, consequently, for the whole aggregate ; that is to say, 


flV 

SH = (r - . 8V - (r ~ ic)84>. (57.) 


This equation shows that the relation of temperatwy to the mutual 
transformation of heat and expansive power is the same in an aggregate' 
as in a homogeneous substance. 

Consequently, if we define isothermal curves for an aggregate to be curcc^ 
of constant temperature^ we arrive at the following conclusion: — 

Proposition XIV, — Theorem. Isothermal curves on the diagram of 
mergg of an aggregate have the same properties, with reference to the mxUuat 
Irtm^ormatian of heat emd eapansive power, with those on the diagram of energy 
of a homogeneous substance. 

It is unnecessary to enunciate separately a similar proposition for 
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curves of no transmission; for the demonstration of Proposition I., on 
which all their properties depend, is evidently applicable to an aggregate, 
constituted in any manner. 

Hence it appears, that if the isothermal curves for an aggregate be drawn 
according to the above definition, all the propositions proved in this 
paper respecting homogeneous substances become true of the aggregate. 

36. Proposition XV. — Theorem. Every isothermal line for an aggre- 
gate of a liquid and its vapour , is a straight line of equal pressure, from the volume 
corresponding to complete liquefaction to the volume corresponding to complete 
evapoivtion. 

This is a fact known by experiment. The theorem is equivalent to 
a statement, that the pressure of a liquid and its vapour in contact with 
each other is a function of the temperature only. 

Corollary. — Theorem. At any given temperature, the volume of an aggre- 
gate of liquid and vapour is arbitrary between and up to the limits of total 
liquefaction and total evaporation. 

To express this symbolically, let P be the pressure of an aggregate of 
liquid and vapour corresponding to the absolute temperature t; and 
unity of weight being the quantity of the aggregate under consideration, 
let V ^be the volume corresponding to complete liquefaction, v' that 
corresponding to complete evaporation, and V the actual volume at any 
time; let n be the proportion of liquid, and 1 — n that of vapour, corre- 
sponding to the aggregate volume V ; then 

V =: 71 -f (1 — v'? • • • (^8.) 

and V may have any value not "less than v nor greater than v\ while P 
and T remain constant; the proportion of liquid, n, being regulated 
according to the foregoing equation. 

37. Proposition XVI. — Problem. The density of a liquid and of its 
vapour, when in contact at a given temperature, being given, and the isothermal 
lines of the aggregate, it is required to determine the latent heat of evaporation 
of unity of weight of the fluid. 

(Solution.) The densities of the liquid and of its vapour are respectively 
the reciprocals of the volumes of total liquefaction and total evaporation 
of unity of weight, above-mentioned. In Fig. 20, let the absciss® Ov, Ov' 
represent these volumes, and the equal ordinates, vA, v'l&, the pressure 
corresponding to the given temperature; so that AB, parallel to OX, is 
the isothermal line of the aggregate for that temperature. Suppose two 
curves of no transmission AM, BN, to be drawn from A and B respectively, 
and indefinitely prolonged towards X; then the indefinitely-prolonged 
area MABN represents the mechanical equivalent of the latent heat 
sought, and this area is to be computed in the following maimer : — ^Draw 
a second isothermal line, a 6, indefinitely near to AB, at an intenrld 
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corresponding to the indefinitcly-sniall difiercnce of temperature dr\ then, 
ultimately, 


(It : r -- K : : area A Bba : area JVI A 15 X ; 
or, symbolically, 


dP 

L — latent heat of evaporation = (r — k) y- (f/ — r). 

(I T 


This is simjdy the application of I’ropositions L and II, to the aggregate 
of a liquid and its vapour, mukttis mutandis, 

{Bemarks ,) — The existence of a necessary relation between the density, 
pressure, and temperature of a vapour and its liquid in contact, and the 
latent heat of evaporation, was first shown by Cam6t. If for r — k in 
the preceding equation be substituted, according to Professor Thomson’s 

notation, J being “Joule’s equivalent” and /a “Carnot’s function,” the 

equation is transformed into that deduced by Messrs. Clausius and 
Thomson from the combim\tion of Carnot’s theory with the law of the 
mechanical convertibility of heat. 

38. Corollary , — ^The volume occupied by unity of weight of vapour at 
saturation may be computed from its latent heat of evaporation by means 
of the inverse formula, — 


V — V =. — 

(r 

the latent heat, Jj, being, of course, always stated in units of motive power. 

The want of satisfactory experiments on the density of vapours of any 
Miii^ has hitherto prevented the use of the direct formula (69). 


L 




dr 


. (60.) 
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It is otherwise, however, with the inverse formula (60), at all events 
in the case of steam; for, so far as we are yet able to judge, the experi- 
ments of M. Eegnault have determined the latent heat of evaporation of 
water with accuracy throughout a long range of temperature. 

M. Clausius, applying to those experimental data a formula founded on 
the supposition of Mayer (that is to say, similar to the above, with the 
exception that k is supposed = 0), has calculated the densities of steam 
at certain temperatures, so as to show how much they exceed the densities 
calculated from the pressures and temperatures on the supposition that 
steam is a perfect gas. From these calculations he concludes, that 
either the supposition of Mayer is erroneous, or steam deviates very much 
at liigli densities from the condition of a perfect gas. 

In the following table, the value of k is supposed to be 2®'l Centigrade, 
and use has been made of the formula for calculating the pressure of steam 
and other vapours at saturation, first published in the Edinburgh New 
Philosophical Journal for July, 1849 {See p, i), viz. — 

log. P = a - ^ . . . (61.) 

T T"‘ ^ 

This table exhibits, side by side, the volume in cubic feet occupied by 
one pound avoirdupois of steam at every twentieth Centigrade degree, 
from — 20° to -f 2G0° (that is, from —4° to + 500° Fahrenheit) — first, as 
extracted from a table for computing the power of steam-engines, in the 
Transactions of the Royal Society of Edinburgh, Vol. XX. {See p. S82), which 
was calculated on the supposition that steam is a perfect gas; and, secondly, 
as computed by c(j[uation (GO) from the latent heat of steam as determined 
by M. Eegnault. The excess of the former (Quantity above the latter is 
also given in each case, with its ratio to the second value of the volume. 

For convenience sake, a column is added containing the pressures of 
steam corresponding to the temperatures in the table in pounds per 
square foot. 

The fourth column of this table could easily be extended and filled up, 
so as to replace the column of volumes of steam for every fifth Centigrade 
degree in the taWe previously published; but it would be unadvisable to 
do so at present, for the following reasons : — 

First, the value of the constant k is still uncertain.’’^ 

Secondly, the results of M. Eegnault's direct experiments, on the density 
of steam and other vaj;)ours, may soon be expected to appear. 

** It is probable that k may be found to bo inappreciably small; in which oAse the 
numbers in column (4) will have to be diminished to on extent vaiying &<m xH 
to of their amount. 
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Table of Computed Volumes op 1 lb. Avoirdupois of Steam. 


Temperatore 

Volume sup- 
posed a Per- 

Volume com* 
puted from 

DifToronce* 

llfttio of 
Diffeiemeto 

Pressure 




Fahreahieit. 

Centigrade 

feet Oas 

Latent Ueat 


of Volume 


Deg. 

Deg 

Cubic feet 

Cubic foot 

Cubic feet 


U> per square 
foot 

- 4 

-20 

15767 

1.5718 

39 

0*0025 

2 4799 

+32 

0 

3390 4 

3377 2 

13 2 

0 00.19 

12 431 

68 

+ 20 

930 81 

9.34 50 

2 31 

0 0025 

48-265 

104 

40 

314 88 

.313 56 

1 32 

0 0042 

153.34 

140 

60 

12.1 65 

122 o:i 

1 02 

0 008.1 

415*33 

176 

80 

55 05 

54 19 

0 86 

0 0158 

988 67 

212 

100 

27 1(»6 

26 178 

0 688 

0 0260 

2116 4 

248 

120 

14 596 

14 076 

0 520 

0 0.169 

4149*3 

284 

140 

8 420 

8 004 

0 416 

0 0502 

7557*0 

320 

160 

5 158 

4 838 

0 .120 

0 0661 

12931 

356 j 

180 

.1 326 

.3 071 

0 25.5 

0 0830 I 

20979 

392 

200 

2 241 

2 0.1.1 

0 208 

0 102.1 

32512 

428 

220 

1 508 

1 100 

0 172 

0 12.12 

48425 

464 

240 

1 134 

0 990 

0 144 

0 1455 

(»0680 

500 

200 

0 84.1 

0 722 

0 121 

0 1676 

97275 

Col . (1 ) 

(2) 


(4) 

(">) 

(0) 

(7.) 


Thudhj, it is possible that the values of the latent heat of evaporation 
of water, as deduced fiom SI. Ecgnault b experiments, may still have to 
undergo some coriectioii, because, actoidiiig to the tlicoretical definition 
of the latent heat of evapoiation, the lujuid is supposed to be under the 
pressure of an atmosphere of its own \apour, which atmosphere, as it 
increases in bulk, performs woik of some kind, such as lifting a piston; 
whereas, in M. Regnault's experiments, the water is pressed by an atmo- 
sphere of mingled steam and air, whose united piessure is that corre- 
sponding to the temperature of internal ebullition of the water, so that the 
pressure of the steam alone on the surface of the water, which regulates 
the superficial evaporation, may be less than the maximum pressure 
corresponding to the temperature of ebullition, and this steam, moreover, 
has no mechanical work to perform, except to piopel itself along the 
passage leading to the calorimeter, and to agitate the water in the latter 
vessel. Under these circumstances, it is possible, though by no means 
certain, that the latent heat of evaporation of water, as deduced from M. 
Begnault*s experiments, may be eomewhat smaller than that which corre- 
sponds to the theoretical definition, especially at high pressures; and a 
doubt arises as to the precise applicability of the formulae (59) and (60) 
to those experimental results, which cannot be solved except by dkect 
experiments on the density of steam. 

Notwithstanding this doubt, however, the preceding table must be 
legjxtded as adding a reason to those already known, for believing that 
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satuf^ted steam of high density deviates considerably from the laws of 
the perfectly gaseous condition.* 

39. Proposition XVII. — Problem, The isothermal lines for a liquid and 
Us vapour^ and the apparent specific heat of the liquid at all temperatures heing 
given, and the expansion of the liquid by heat being treated as inappreciably 
small: to determine a curve of no transmission fm* the aggregate, passing 
through a given point on the ordinate whose distance frofn the origin approxi* 
mately represents the volume of the liquid. 

(Solution.) In Fig. 21, let Ov represent the volume of the liquid 
assumed to be approximately constant for all temperatures under con- 
sideration j let be an ordinate parallel to* OY, and let the heat 


Y 



consumed by the liquid in passing from the temperature corresponding to 
any point on this ordinate to that corresponding to any other point, be 
known; let the isothermal lines for the aggregate of liquid and vapour, 
all of which are straight lines of equal pressure parallel to 0 X, such as 
AT^, aBTg, be known. Then to draw a curve of no transmission through 
any point A on the ordinate vA, the same process must be followed as in 
Proposition VIII. 

To apply to this case the symbolical representation of Proposition VIIL, 
viz., equation (21), let be the absolute temperature corresponding to 
the point A (that is, to the isothermal line AT^); that corresponding 
to any lower isothermal line a B Tg; V^ the volume of the aggregate of 
liquid and vapour corresponding to the point B, where the curve sought^ 
AM, intersects the latter isothermal line; Kj, the apparent specific heat 

* Evidence in favour of this opinion is afforded by the experiments recorded by 
Mr. C. W. Siemens (CivU Engineer and Architects Journal), A remarkable cause, 
however, of uncertainty in all such experiments has lately been investigated by 
Professor Magnus (Poggendorff’s Anndlen, 1853, No. 8), viz,, a power which sohd 
bodies have of condensing; by attraction on' their surfaces, appreciable quantities 
of gases. 
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of the liquid; then, making the proper substitutions of the symbols of 
temperature for those of heat, and observing that the operation 

V. 

(lY 

V. 

is in this case equivalent to multiplication by A'g — r, we have 


r) (for 


rr=r,)-r= f ^ 


being an equation between two expressions for the difference between the 
thermodynamic functions $ for the curve A B, and for that wliich passes 
through a. 

If the specific heat of the li<|uid is approximately constant, this 
equation becomes 

A $ = (Vg - r) (for r r ,) K, hyp. Jog. (63.) 

40« Corollary , — Problem. The same data being given as in the jmceding 
prohlemy and the expansion of the liquid by heat neglected ^ a mass of liquid ^ 
having been raised from the absolute temperature to the absolute temperature ti, 
is supposed to he allowed to evaporate partially^ under pressurCy without receiving 
or emitting heat, until its temperature falls again to Tg, at tvJiirh tem 2 )erature it 
is liquefied under constant pressure by refrigeration : it is required to find the 
pomr developed, 

(Solution.) The i)ower developed is represented by the area of the 
three-feided diagram of energy in Fig. 21, A B re ; that is to say, by 



which, if Kj, is nearly constant, becomes 


(64.) 


K,p hyp. log. . rfr = K, { (r, - k) 

'^2 

- (rj -k) . (i + hyp. log.^“-^) j-. . . (65.) 

41. ■ Numerical Example. 

Let one pound avoirdupois of water be raised, in the liquid state, from 
T, = 40“ Centigrade to = 140“ Centigrade. Then 
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Ti -- IC = Ti + To = 140° + 272J° =z 412J° Centigrade, 
ra ic = Tg + To == 40° + 272^° = 312J° Centigrade. 

The mean apparent specific heat of liquid water between those tem- 
peratures is 

Kj, = (or Joule's equivalent) x 1*000 = 1398 feet per Cent, degree; 

consequently, tlie heat expended is equivalent to 139,800 foot-pounds. 

The other numerical data arc, — 

dP* 

— at 40° Centigrade = 8*2075 lbs. per square foot j^er Cent, degree; 

V = mean volume of 1 lb. of liquid water = 0*0L7 cubic foot nearly. 

Let it be required to find, in the first place, V^, the volume to which 
the water must be allowed to expand by partial evaporation under 
pressure, in order that its temperature may fall to 40° Centigrade; and, 
secondly, how much pow’er will be developed in all, after the water has 
been totally reliquefied by refrigeration at constant pressure, at the 
temperature of 40°. 

Firsty by the equation (63), 

A # = (V„ -v)= 1398 X hyp. log. = 402-624 ; 

divide hy ^ = 8-2075 j then Y„ -v= 49-055 cubic feet. 

add t; = 0*017 , „ 

Aggregate volume of water and steam at 40°, Vj, = 49*072 ,, 

As the volume of one pound of steam at 40° Centigrade, according to 
the fourth column of the table in Article 38, is 313*56 cubic feet, it 
appears from this calculation that somewhat less than one-sixth of the 
water will evaporate. 

Secondly, it appears, from equation (65), that after the water has been 
restored to the liquid state by refrigeration at 40° Centigrade, the whole 
power developed — that is to say, the area A B a — will be 

1398 foot-pounds X 412°*5 — 312°*5^1 + hyp. log. } 

= 1398 ft. lbs. X 10° Centigrade = 13,980 ft. lbs., 

or one-tenth of the equivalent of the heat expended. The otiier idne- 
tenths constitute the heat abstracted during the reliquefaction at 
Centigrade. 
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This calculation further shows, that in order that one pound of water 
and steam at 40® C. may bo raised to 140® C. solely by compressing it 
into the liquid state, it must occupy at the commencement of the operation 
the volume Vp = 49 07 2 cubic feet; and that the power expended in the 
compression will be as follows : — 

Foot-pounds. 

Area of the curvilinear triangle ABrt, Fig. 2 1 , as already calculated, 1 3,980 
Area of the rectangle uB V„ « = P. (V^ — r) = . . . 7,522 

Total 21,502 

42. Proposition XVTIL — Problem. Ilavhifj the mnie data as in the 
last proposition y it is required to draw a curve of no transmission thnnigh any 
point on the diagram of energy for the aggregate of a liquid and its vapour, 

(Solution.) Ill Fig. 22, through the given point B draw tlic straight 
isothermal line AB corresponding to the ahsulute temperature Tj, and 
cutting the ordinate corresponding to the volume of total liquefaction in A. 
Through A, according to the last proposition, draw the curve of no trans- 
mission, ADM. Let -EDO be any other iKSotliermal line, corresponding 
to the absolute temperature and cutting the curve A M in* D. Draw 
isothermal lines a hy edc at indefinitely-small distances from A B, E D C 



respectively, corresponding to the same indefinitely small difference of 
temperature 8r. Draw the ordinates V^dD, V^JB; then draw the 
ordinate VoCC at such a distance from VpdD, that the indefinitely-small 
rectangles DOed, AB6a shall be equal. Then, as the difference Sr is 
indefinitely diminished, C approximates indefinitely to a point on the 
required curve of no transmission, B N. 

This is Proposition III. applied to aggregates, mutatis mutandis. 
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The .symbolical representation of this proposition is as follows : — ^let Pj 
and Pg b^ the pressures of the aggregate of liquid and vapour corresponding 
respectively to the temperatures Ti and xg; then the following expressions 
for the difference between the thermodynamic functions $ of the curves 
A M, B N are equal, 

A $ = i?? (V, - V„) = (V. - f). . (66.) . 

43. Corollary, {Absolute Maximum Efficiency of Vapour-Engines,) 

If the volume V,, be that corresponding to complete evaporation at the 
temperature Xi, that is to say, if 




then the curve B C N will represent the mode of expansion under pressure, 
of vapour of saturation in working an engine, and will he defined by the 
equation 


V — V 

* f! » II 


rnpi 

d T 


{v — v) 


d T 


(67.) 


If in this equation be substituted the value of v' — Vy in terms of the 
latent heat of evaporation at the higher temperature, given by equation 
(60), it becomes 


Vc 


V.,=: 


T^i 


\ ^ P 2 


( 68 .) 


In this case the diagram A B C D, Fig. 22, is evidently that of a vapour- 
engine working with the absolute maximum of efficiency between the 
absolute temperatures Xi and xg. The heat expended at each single stroke, 
per unit of weight of fluid, is the latent heat of evaporation at the higher 
temperature, or L^; the area of the diagram is given by the following 
equation : — 

E = (ri-r2)A$ = ^^.L,. . . (69.) 

This is the mechanical power developed at each single stroke by a unit 
of weight of the substance employed. The efficiency is represented by 


E _ Ti y- X 2 

Li “ T,- k’ 



ViAing the expression for the maximum efficiency of themodynamic 
engines in general. 
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The conditions of obtaining this efficiency are the following : — 

Firsts That the elevation of temperature from to tj, during the 
operation represented by the curve D A on the diagram, shall be produced 
entirely by compression. The volume at which this heating by compression 
must commence is given, according to Proposition XVII., by tlie following 
equation 

‘“S- r’ - ) 

d T 


Secondly^ That the expansive working of the vapour shall bo carried on 
until the temperature falls, by expansion alone, to its lower limit ; that is 
to say, until the volume reaches the following value, obtained by adding 
together equations (G8) and (71) : — 




1 

II 

dr 



44. Numerical Ejwnjde, 

To exemplify this numerically, let the same data l)e employed as in 
Article 41, the substance working being one pound avoirdupois of water. 
These data, with some additional data deduced from them, are given in 
thfe following table : — 

* “ At upper limit At lower limit 

of Actual Heat. 

Temperature in Centigrade Degrees : — 


f Above melting ice (T), 

. 140° 

o 

O 

Above zero' of gaseous tension (r), 

. 414-6 

314-6 

Above absolute cold (r — k), * . 

. 412-5 

312-5 

« 

Pressure in pounds per square foot (P), . 

. 7557 

153-34 

„ ' „ per square inch. 

52-5 

1-065 


Inilial Volitme of scUurated steam, Vj, = 8*004 cubic ft. per lb. 

Latent Heat of Evaporation : — 

In degrees, applied to one pound of liquid water, SOO""*! Centigrade. 
In foot-pounds (Li), . . . . 707,445*36 


Prom these data are deduced the following results : — 
AhsolvU Maximum Efficiemy ; = 0 2 42 4 
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Didy of om pound of water; being the area 
of the diagram A B C D, 

Volvme at whkh the compression must 
commerce; calculated as in Art. 41, . 

• Volume to which the expansion must he car- 
ried ; calculated by equation (72), . 

Ratio of Expavsiony .... 


171,484-76 ft. lbs. 


Vj, = 49*1 cubic ft. per lb 
Vp = 258*1 cubic ft. per lb 


Ve _ 25^1 
~ 8*004 


32*25. 


*45. Liquefaction of Vapour by Expansion under Pressure. 

In Fig. 22, let the abscissae of the curve BFE indicate the. volumes 
corresponding to complete evaporation at the pressures denoted by its 
ordinates. For most known fluids, a curve of no transmission, B C N, 
<lrawn from any point B of the ’curve of complete evaporation in the 
direction of X, falls within that curve ; so tliat by expansion of saturated 
vapour under pressure, a portion in most cases will be liquefied. 

To ascertain whether this will take place in any particular case, and to 
what extent, equation (60), which gives the volume of unity of weight of 
saturated vapour at the temperature is to be compared with equation 
(72), which gives the volume at the same temperature of unity of weight 
of an aggregate of liquid and vapour, which has expanded under pressure 
from a state of complete evaporation at the temperature Ti. The difference 
between the volumes given by these equations is as follows (neglecting, as 
usual, the expansibility in the liquid state) : — 




That this quantity is almost always positive appears from the following 
considerations. The latent heat of evaporation L, is in general capable of 
being represented approximately by an expression of this form : 

L = a-~&(r~fc), . . . . (74.) 


(For water, a = 796° Centigrade x = 1,106,122 ft. lbs. ; 6 = 0*695 
X = 965*772 ft. lbs. per Centigrade degree). 

Hence, the second factor in equation (73) is nearly equal to 


Now 



Kj . hyp. log.-‘- 
^2 “ 


K 

K 


hyp. log. 



l2 

K ’ 


( 76 .) 



m isaaraiQDTiiAiacs. 


S9D 


Therefore, the expression (75) is poaNave so long as 


a 


Ti-* 


exceeds K„ the specific heat of the liquid. . 


(76 a.) 


For water this condition is fulfilled for all temperatures lower than 
523^"" Centigrade (at which — k- = 796® Centigrade) ; and there is 
reason to believe that it is fulfilled also for other fluids at those tempera- 
tures at which their vapours can bo used for any practical purpose. 

To determine the proportion of the fluid which is liquefied by a given 
expansion under pressure, we have the following formula, deduced from 
equation (58) : — 


n = 


V,^ 
r'., ~ ‘ 


. (76.) 


As a numerical example, wc may take the case of Art. 44, where 
saturated steam at 140® Centigrade is supposed to be expanded muler 
pressure until its temperature falls to 40® Centigrade. The volume of one 
pound of water and steam at the end of the exfiansion has already been 
found to be 

V<, = 258*1 cubic feet. 


While, according to tlie table in Art. 38, the volume of a ])Ound of 
steam at that temperature is 

r'y =■ 313*50 cubic feet. 


Consequently, the fraction liquefied by the expansion is 

_ 3 - 13-56 ~ 258*1 _ 55*46 
, ™ ~ 313-56 - 0-016 ~ 313-544 “ 

This conclusion was arrived at contemporaneously and independently, 
by M. Clausius and myself, about four years since. Its accuracy was 
subsequently called in question, chiefly on the ground of experiments, 
which show that steam, after being expanded by being wire-drawn,” that 
is to say, by being allowed to escape through a narrow orifice, is super- 
heated, or at h higher temperature than that of liquefaction at the reduced 
pressure. Soon afterwards, however, Professor William Thomson proved 
that those experiments are not relevant against the conclusion in questipn^ 
by showing the difference between the free expansion of an elastic fluid, in 
which all the power due to the expaa|iDn is expended in agitating the 
particles of the fluid, and is reconvertea into heat, and the expansion of 
the same fluid under a pressure equal to Us own eJmiidiy^ when the power 
developed is rfl communicated to external bodies, such, for example, as the 
piston of an engine. 
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The free expansion of a vapour will be considered in the sequel 
46* Efficiency of a Vapour-Engine mthmt heating by compressum. 

The numerical example of Art. 44 sufiEiciently illustrates the fact,' 
that the strict fulfilment of the condition specified in Ari 43, as 
necessary to the attainment of the absolute maximum of efficiency of a 
vapour-engine, is impossible in practice. 

Let us consider, in the first place, the effect of dispensing with* the 
process D A, during which the fluid is supposed to have its high tempera- 
ture restored solely by compression. 

The effect of this modification is evidently to add to the heat expended 
that which is necessary to elevate the temperature of the liquid from rg to 
Ti, and to add to the pgwer developed an amount represented by. the area 
ADE(Fig. 22). 

To express this symbolically, we have — 

The latent heat of evaporation at tj, as 

before, ...... Lj 

The additional heat expended (Kj, being 
the mean specific heat of the liquid 
between and rg), . . . (ri — Tg) 

Total heat expended, . . (r^ — rg) (7 7.) 

Then, for the power developed, we have 

The area A B C D, as in Art. 43, = ^ 

Tj - fC 

the area AD E, as in Art. 40, equation (65), 

= K, { (ri - k) - (r^ - k) (l + hyp. log. } 

the sum of which quantities is the total power developed, . . (78.) 

The efficiency may be expressed in the following form ; — 

Power developed _ Vj ■— rg 
Heat expended — k 

Li + Kj (tj - Tj) 

jdx e<]nation which shows at once how far the efficiency falls short o( the 
absolute maxinmm. 
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For a iHim»icid example,-'tJie same data may bo takcm as ia Arts. 
41 and 44. Then the heat ' expended, per povmd of steam, is thus 
made up ; — 

Foot'pottnds. 

Latent la^eat of evaporation, as in Art. 44, . * 707,445*36 

Heat required to raise the water 100° C., as in Art. 41, , 139,800*00 

Total heat expended per lb. of water, . 847,245*36 

The power developed consists of,— 

Foot<*poiind8. 

The area A B C D, as in Art. 41. . . . 1 71,484*75 

The area AD E, as in Art. 41, . . . . 13,980*00 

Total jiowor de\ eloped per lb. of water, 185,464*75 


Efficiency 


185,i81*75 

847,245-30 


Absolute maximum efficiency, as in Art. 1 1, 


0*2189 

* 

0*2424 ^ 


Loss of efficiency by omitting the luMtiiig by compression, 0*0235 

or about one-tenth pari of the absolute uiaxi)mini. 

47. Effic inicjj of a Vapinir-Encjmc Kith Inaunjthte/ijyfmioo. 

It is in general impossible in practice to continue the expansion of the 
vapour down to the temperature of final licpicfaction ; and fioni this cause 
a further loss of efficiency is incuiTcd. 

Let it be supposed, for example, that while the pressure of evaporation 



Fig. 23. 


Pj corresponds to the line A B, in Fig. 23, and the pressure of liouefaetionp 
to the line ED C, the pressure at which the expansion terminates, P 2 , 

2 c 
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corresponds to an intermediate line HLG, Let A, t;/ B, as before, be 
the ordinates corresponding to complete liquefaction and to complete 
evaporation, at the pressure Pi. 

Draw, as before, the curves of no transmission A M, B N, cutting HLG 
in L and G, and EDO in D and C; draw also the ordinate V^KG, 
cutting E D C in K. 

Then the expansion terminates at the volume Vg, and ABGKE is the 
indicator-diagram of the engine. 

To find the power represented by this diagram, the area A L H is to be 
found as in Art. 40, the area ABGL as in Art. 43, and the rectangle 
H G K E by multiplying its breadth — z; (found as in Art. 43) by ite 
height H E, which is the excess of the pressure at the end of the expansion 
Pq, above the pressure of final liquefaction, P 3 . 

Hence, wo have the following formula for the indicated power developed, 
per unit of weight of fluid evaporated — 


E = area ABG KE = K,,| (r^ - k) - (t^ - k) 'j 


(1+ hyp. log. 

+ (!■.- Po) aV, { + K. hjT. log. } 


dr 


> («»■) 


The heat expended is of course Lj + (ri — 73 ). 

To illustrate this numerically, let the fluid be water; let the temperature 
of evaporation be 140° Centigrade, and that of liquefaction 40°, as in the 
previous examples; and let the expansion terminate when the pressure 
has fallen to 100 ° Centigrade. 

The numerical data in this case are the following 



1 . 

During the 
evaporation.. 

2 . 

At the end of 
the expansion. 

3. 

During the 
final liquefaction* 

Temperature in Cent, degrees : — 

Above melting ice, 

0 

0 

0 

0 

0 

0 

0 

' Above zero of gaseous ten- 

sion, T = . 

414-6 

374-6 

314-6 

Above absolute cold, t — k, 

412-5 

372-6 

312-5. 

Presme, in lb. per square foot, P = 

7667 

2116-4 

163-34 

Pri^autt, m lb. per square inch, . 

62-5 

.14-7 

1-065 
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“ in lb. per square foot per 
Centigrade degree, 

InUial Volume of steam in cubic 
feet i^er 11)., 

Latent heat of evaporation, Iji, in 
foot-pounds per lb. of steam, 

Total heat expended, in foot-pounds 
per lb. of steam, 

Mean specific heat of liquid water — 
Between 40® and 140® Cent., 
Between 100® and 140® Cent. 


1 . 2 . 3 . 

Daring the At the end of During the 
evaporation. « the expansion, linal liqn^action. 

214-10 7rrG17 8*207J 

8001 

707,115-30 

847,245*30 

1398 feet of fall. 

1409 


Applying equation (80) to tliese data, wc obtain the following results 


Foot-pounds. 

AreaALH, 2,818 

Area ABO L, 08,001 

Area H G K E = (l\ — P^) . (V^, — r) = 1 9G3 lbs. per 

square foot x 24'58 cubic feet, , , . — 18,250 


Total power developed by 1 lb. of water evaporated, 119,009 


Efficiency ; 


110,609 
847,245 ’ 

Efficiency computed in the last article, 


Difference = loss of efficiency by incomplete expansion, 

V 24*00 

Ratio of expansion ~ 3*07 nearly. 

V 8*004 ^ 


-0*1413 
• 0*2180 
0*0770 


If the power of the same engine be now computed by the tables and 
formulas published in the twentieth volume of the Tramadbns of the liofjal 
Society of Edinburgh (Seep. 878), which were calculated on the -supposition 
that steam is sensibly a perfect gas, the following results are obtained : — 

Ratio of e3epansion, = 2-921 = 3 in tables. * 
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Foot-pounds. 

“Action at full pressure ” (PiVj in tables), ' ' . . 63,633 

“ Coefficient of gross acti6n ” (Z in tables) for the ex- 
pansion 2*921, . .* . . . . 1*98 

Gross action (Pi Vi Z), . . . 125,993 

Deduct for back-pressure of liquefaction, PsV^ = 153*34 

X 24*G, 3,772 

Power developed per lb. of steam, . 122,221 

Tliis result is too large by about one forty-seventh part, a difference to 
be ascribed chiefly to the error of treating steam as a perfect gas. This 
difference, however, is not of material consequence in computing theoreti- 
cally the power of a steam-engine, being less than the amount of error 
usually to bo expected in such calculations. 

48. My object in entering thus minutely into the theory of the efficiency 
of vapour-engines is, not so much to provide new formulaj for practical use, 
as to illustrate the details of Ihe mechanical action of heat under varied 
and complicated circumstances, and to show with precision the nature and 
influence of the circumstances which prevent the production, by steam- 
engines, of the absolute maximum of efficiency corresponding to the tem- 
peratures between which they work. 

To illustrate the results of these calculations with respect to the con- 
sumption of coal, let it be assumed, as in Art. 33, that each pound of 
coal consumed in the furnace communicates, to the water, or air, or other 
elastic substance which performs the work, an amount of heat equivalent 
to 6,000,000 foot-pounds, which corresponds to a power of evaporating, in 



Efficiency. 

Effect per pound of coal 
in foot-pounds. 

Absolute Theoretical Maximum, being 
the same for every perfect thermo- 
dynamic engine working between 
* the same limits of temx^erature, 
340® - 40® 

140® + 2724® . . . • 


0*2424 


1,454,400 

I 

Deductions:— 

For raising the temperature of the 
feed-water from 40* to 140® Cent., 
For stopping the expansive working 
at 3*07 times the initial volume 
instead of 32 times, . 

00235 

0-0776 

0*1011 

141,000 

465,600 

ecl6,'60o' 




Seduced Efficiency and Effect, 

... 

0-1413 


847,800 
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round numbers, about seven times its weaght of water. Then the foliowing 
calculation shows the theoretical indicated duty of one pound of such coal, 
when the limits of working temperature are 140^ and 40® Centigrade, at 
the absolute maximum of theoretical efficiency, and at the reduced 
efficiency, computed in the preceding article, on the supposition that the 
expansive working ceases at the atmospheric pressure. 

The last of these quantities corresponds to a consumption of about 2*34 
lbs. of coal per indicated horse-power per hour. 

The conditions of the preceding investigations arc very nearly fulfilled 
in steam-engines witli valves and steam-passages so large, and a velocity of 
piston so moderate, that the pressure in the cyliiidcT during the admission 
of the steam is nearly the same with that in the boiler. 

In many steam-engines, however, the steam is more or less ‘‘wire- 
drawn ; ” that is to say, it has to rush through the passages with a velocity, 
to produce wliicli there is required a considerable excess of pressure in the 
boiler above that in the cylinder. The power developed during the 
expansion of the steam from the pressure in the l)oiler to that in the 
cylinder is not altogether lost; for, as already stated in Art. 45, it is 
expended in agitating the particles of the steam, and is ultimately con- 
verted into heat by friction, so that the steam begins its action on tho 
piston in a superheated state; and both its initial pressure and its 
expansive action are greater than those of steam of saturation of tho samo 
density. The numerical relations of the temperature, pressure, and density 
of superheated steam are not yet known with sufficient precision to 
constitute the groundwork of a system of exact formiilso representing its 
action. Some general theorems, however, will be proved in tho sequel, 
respecting superheated vapours, which may bo found useful when the 
necessary experimental data have been obtained. 

Calculation and experiment concur to prov(* that in Cornish single- 
acting engines the initial pressure of tho steam in the cylinders is very 
much less than the maximum pressure in the boilers ; generally, indeed, 
less than one-half.* It is doubtful, however, whether this arises altogether 
from wire-drawing in the steam-passages and valves ; for when it is con- 
sidered that in such engines, even at their greatest speed, the steam-valve 
remains shut nearly the whole of each stroke, being opened during a small 
portion of the stroke only, it may be regarded as probable that the sudden 
Opening of this valve causes a temporary reduction of temperature and 
pressure in the boiler itself. 

49. Composite Vapom-Engims, 

The steam-and-ether engine of M. du Trembley is an example of what 
be called a empo^ mporwr-mqimy in which two fluids are em- 

* Set Mh Foie’s werk cm tbe Coniiaii Engine, and Art. 36 of a paper on tbo 
Medianieal AotJoii of Heat, Trms^ 8oc, o/Edinn, Yol XX. (Ylde p, fiBL) 
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ployed, a less and a more volatile; the heat given out during the lique- 
faction of the less volatile fluid serving to evaporate the more volatile 
fluid, which works an auxiliary engine, and is liquefied in its turn by 
refrigeration. 

Let the efficiency of the engine worked by the less volatile fluid be 
expressed in the form 



flo that is the fraction of the whole heat expended which is given out to 

the more volatile fluid. Let the efficiency of the engine worked by the 
more volatile fluid be 


1 



then the efficiency of the combined engines will bo 



nn' 


(81.) 


If both the engines are perfect thermodynamic engines, let be the 
absolute temperature at which the first fluid is evaporated; that at 
which it is condensed, and the second fluid evaporated ; and r, that at 
which the second fluid is condensed ; then, 



being equal to the theoretical maximum efficiency of a simple thermo- 
dynamic engine working between the limits of temperature Tj and 

Composite vapour-engines, therefore, have the same theoretical maximum 
•efficiency with simple vapour-engines, and other engines moved by heat, 
working between the same temperatures; but they may, nevertheless, 
enable the same efficiency to be obtained with smaller engines. 

50. Curves of free expansion for nascent vapour. 

By nascent vapour is to be understood that which is in the act of 
rising from a mass of liquid. If this vapour be at once conducted to a 
condenser, without performing any work, and there liquefied at a tempera-, 
ture lower than that at which it was evaporated, its expansion, from the 
pressure of evaporation down to the pressure of liquefaction, will take 
place according to a law defined by a curve analogous, in some respects, but 
not in all, to the curve of free expansion for a homogeneous substance^ 
referred to in Proposition- VI. To determine thebretically the form of this ' 
curve, it is necessary to know the properties of the isothermal curves and 
curves of no transmission for the fluid in question in the gaseotis state. 
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when above the temperature of saturation for its pressure. Having these 
data, we can solve numerically the following problem : — 

Proposition XIX. — I^roblem. To draw tlie cum of free expansion for 
vapour nascent under a given pressure, 

(Solution.) In Fig. 24, let AB, parallel to OX, bo the isothermal line 
of an aggregate of liquid and vapour at the pressure of evaporation 
corresponding to the temperature Tj : let A B vf be ordinates parallel to 
OY; so that is the volume of unity of weight of the liquid at this 



temperature, and that of unity of weight of the vapour at saturation. 
Let D F bo a line drawn i)arallel to 0 X, at a distance representing any 
lower pressure corresponding to the temperature Tg. It is required to 
find the point where the curve of free expansion drawn from B inter- 
sects DF. 

Let be the volume of unity of weight of the liquid at the lower 
pressure and temperature, an ordinate parallel to OY, and DA a 
curve representing the law of expansion of the liquid as tlie pressure and 
temperature increase. Draw the curves of no transmission D N, B L 
indefinitely prolonged towards X; ascertain the indefinitely-prolonged 
area LBADN; draw a curve of no transmission MC, cutting DF in C, 
such that the indefinitely-prolonged area M C D N shall be equal to the 
indefinitely-prolonged area L B A D N ; then will C be the point required 
where the curve of free expansion B C intersects the line D F. 

(Demonstration.) Unity of weight of the fluid being raised in the 
liquid state from the temperature rg and corresponding pressure Pg, to the 
temperature and corresponding pressure P^; then evaporated com- 
pletely at the latter pressure and temperature; then expand^ed withoht 
performing work, until it falls to the original pressure then cooled at 
this pressure till it returns to the original temperature r 2 , at which it is 
fini !^7 liquefied; the area A BCD represents the expansive power 
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developed during this cycle of operations, which, as no work is performed^ 
must be wholly expended in agitating the fluid, and reproducing by 
friction the heat consumed by the free expansion represented by the 
curve B C, which heat is measured by the indefinitely-prolonged area 
M C B L, which area is therefore equal to the area A B C D. Subtracting 
jfrom each of these equal areas the common area B U C, and adding to 
each of the equal remainders the indefinitely-prolonged area LUDN, 
we form the areas MCDN, LBADN, which are consequently equal 
Q. E. D. 

51. Of the total heat of evaporation. 

The symbolical expression of the preceding proposition is formed in 
the following manner. The area LBADN represents the total heat of 
evaporation^ at the temperature from the temperature rg, and is composed 
of two parts, as follows : — 

LBADN = pK.rfr + Iq, • . (82.) 

of which the first is the heat necessary to raise the liquid, whoso specific 
heat is Kp from rg to and the second is the latent heat of evaporation, 
at T^. 

Let v,i be the volume of unity of weight of the vapour at the pressure 
Pg and temperature of saturation rg; draw the ordinate Vg'E, meeting DP 
in E, through which point draw the indefinitely-prolonged curve of no 
transmission EK: then is the area MCDN divided into two parts, as 
follows : — 


MODN = MCEE-bEEDN= L,, . (83.) 

in which equation denotes the temperature corresponding to the point 
C on the curve of free expansion, and Kp the specific heat of the vapour, 
at the constant pressure Pg when above the temperature of saturation; 
so that the first term represents the heat abstracted in lowering the 
temperature of the vapour from to the temperature of saturation Tg, 
at the constant pressure Pg; and the second term, the latent heat of 
evaporation at rg abstracted during the liquefaction. 

By equating the formulse (82) and (83), the following equation m 
obt^ed: — 


pKJr + h- 



m 
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whielifW the symbolical solution of [^position XIX., and shows a relation 
between the total heat of evaporation of a fluid, the free ox]>ansion of its 
^pour, and 'the spcci||c heat of that vapour at constant pressure. 

62. Approximate law for a rapiyur wkith h a perfect gas. 

If the vapour of the fluid in question bo a perfect gas, and of very 
^eat volume as compared with the fluid in the liquid state, the curve 
BC will be nearly a hyperbola, and will neiirly coincide with the 
isothermal curve of the higher temperature r,, to which, consequently, 
Tp will be nearly equal; and the following equation wll be approximately 
true; 


+ pK,,/r, . . (83.) 

‘ r> Ti 

which, when the difference between the higher and lower temperatures 
diminishes indefinitely, is reduced to the following: — 

. • ( 86 .) 


that is to say; — 

Corollary. — Theorem. JFlien a rajmr ?•> a perfat ga^, and very buikp 
as compared with ih liquid, the rate of increase of the total heal of riaporaiion 
ioith temperature is imrhj equal to the specific heat of the vapour at constant 
pressure. 

This was demonstrated by a different process, in a paper read to the 
Koyal Society of Edinburgh in 1850. It has not yet been ascertained, 
however, whetlier any vapour at satmation approaches sufficiently near to 
the condition of perfect gas to render the theofem applicable. 

53. Concluding Bemarks. 

^ In conclusion, it may be observed, that the theory of the expansive 
action of heat embodied in the propositions of this papey contains but one 
principle of hypothetical origin — viz., Proposition XII., according to which 
the actual heat present in a substance is simply proportional to its 
temperature measured from a certain point of absolute cold, and multiplied 
by a specific constant; and that although existing experimental data may 
not be adequate to verify this principle precisely, they are still suffleient 
to prove that it is near enough to the truth for all purposes connected 
with thermodynamic eni^es, and to afibrd a strong probability that it is 
an exact physical law. 
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XXL— ON FORMULA FOR THE MAXIMUM PRESSURE 
AND LATENT HEAT OF VAPOURS * 

1. It is natural to regard the pressure which a liquid or solid and its 
vapour maintain when in contact with each other and in equilibirio, as the 
result of an expansive elasticity in the vapour, balanced by an attractive 
force which tends to condense it on the surface of the liquid or solid, and 
which is very intense at that surface, but inappreciable at all sensible 
distances from it. According to this view, every solid or liquid substance 
is enveloped by an atmosphere of its own vapour, whose density close to 
the surface is very great, and diminishes at first very rapidly in receding 
from the surface ; but at appreciable distances from the surface is sensibly 
uniform, being a function of the temperature and of the attractive force in 
question. 

2. Many years since I investigated mathematically the consequences 
of this supposition, and arrived at the conclusion, that although it is 
impossible to deduce from it, in the existing condition of our knowledge 
of the laws of molecular forces, the exact nature of the relation between 
the temperature and the maximum pressure of a vapour, yet that if the 
hypothesis be true, it is probable that an approximate formula for the 
logarithm of that pressure for any substance will be found, by subtracting 
from a constant quantity, a converging series in terms of the powers of 
the reciprocal of the absolute temperature, the constant and the coefficients 
of the series being determined for each substance from experimental data. 
Such a formula is ^represented by 

Log, P = A — ? — ^ — &c., 

T ' T" 

ifhffre P denotes the pressure, r the absolute temperature, that is, the 
temperature as measured from the absolute zero of a perfect gas-ther- 
mometer, A the constant term, and B, G, &c., the coeffickats of th® 
converging series. 

3. On applying this formula to M. Eegnault’s experiments on the 
pressure of steam, it was found that the first three terms were sufficient to 

Bead before the British Association at Liverpool, September, 1854, and published , 
in the Phihsophical Magazine, Deoemher, 18H. 
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represent the results of these experiments with minute accurac'y through- 
out their whole extent; that is to say, between the temperatures of 

— 30® and + 230® Centigrade 
= — 22'’ and 446® Fahrenheit, 

and between the pressures of of an atmosphere, and 82 atmospheres. 

Formulie of three terms were also found to re})reseut the results of 
Dr. Urc*s experiments on the vapours of alcohol luid ether, and formulae 
of two terms those of his ex})oriments on the vapours of turpentine and 
petroleum, as closely as (‘ould be ex]>octed from the degree of precision of 
the experiments. A formula of two terms was found to represent accu- 
rately the results of M. Kegnault s experiments on the vapour of mercury. 

4. These formuhe, witli a com])arison between their results and those of 
the experiments referred to, were published in the Edlnhurgh JNva^ Philo- 
sophical Journal for July, 1810, in a paper the substance of which ia 
.summed up at its conclusion in the following pioposition (*SVr p. 1 )\ — 

If the maximum eladicity of any vapour in contact Kith ita liquid he asrer- 
taimd for three points on the scale of the ah dhennometcr, then the constants of 
an equation of the form 

Loq-P =A - 

r r- 

may he 'determined^ which equation will gicc^ for that vapour, with an accuracy 
limited only hy the errors of ohser ration, the relation hetureu the temperature (r), 
measured from the absolute zero, and the maximum elasticity (P), at* all 
tewperatures betiveen those three points, and for a considerable range beyond 
them. 

5. In the case of water and mercury, the precision of the experimental 
data left nothing to be desired. I have, however, in tlic table of constants 
at the end of this paper, so far modified the coefficients for water and 
mercury as to adapt them to a 2 )osition of the absolute zero (274® Centi-, 
grade, or 493®‘2 Fahrenheit below the temperature of melting ice), which 
is probably nearer the truth than that employed in the original paper, 
which was six-tenths of h Centigrade degree lower. This modification, 
however, produces no practically appreciable alteration in the numerical 
results of the formulie. 

6. It was otherwise with respect to the other fluids mentioned, for 
which the experimental data were deficient in precision, so that the values 
of the constants could only be regarded as provisional. 

7. A summary published in the Comptes Bendus for the 14th of August, 
1854,^ of the extensive and accurate experiments of M. Begnault on the 

♦ See Phil. Mag., Series A, Vol. VIIL, p. 269. 
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elasticifciesof tlie vapours of ether, sulphuret of carbon, alcohol, chloroform^ 
and essence of turpentine, has now supplied the means of obtaining 
formulie, founded on data as precise as it is at present practicable to 
obtain, for the maximum pressures of these vapours. 

A synopsis of these formulae, and of the constants contained in them, is 
annexed to this j^aper. The constants, as given in the table, are suited 
for millimetres of mercury as the measure of pressures, and for the scale 
of the Centigrade thermometer; but logarithms are given, by adding 
which to them they can be easily adapted to other scales. 

The limited time which has elapsed since the publication of M. Regnault*s 
experiments prevents my being yet able to bring the details of the 
investigation of the formula), and of the comparison of their results with 
those of experiment, into a shape suited for publication ; but I shs-ll here 
add some remarks on their degree of accuracy and the extent of their 
applicability. 

8. M. Eegnault explains, that his experiments were made by two 
methods ; at low temperatures, by determining the pressure of the vapour 
in vacuo ; at high temperatures, by determining the boiling-point under 
the pressure of an artificial atmosphere. For each fluid the pressures 
determined by both those methods were compared throughout a certain 
series of intermediate temperatures. 

For all fluids in a state of absolute purity, the results of those two 
methods agreed exactly (as M. Eegnault had previously shown to be the 
case for water). 

The presence, however, of a very minute quantity of a foreign substance 
in the liquid under experiment was sufficient to make the pressure of the 
vapour in vacuo considerably greater than the pressure of ebullition at 
a given temperature ; and it would appear, also, that a slight degree of 
impurity affects the accuracy even of the latter method of observation, 
although by far the more accurate of the two when they disagree. 

9. The degree of precision with which it has been found possible to 
represent the results of the experiments by means of the formulae, cor- 
responds in a remarkable manner with the degree of purity in which, 
according to M. Eegnault, the liquid can be obtained. 

Sulphuret of Carbov, M. Eegnault states, can easily be obtained perfectly 
pure. For this fluid, the agreement of the pressures computed by the 
formula with those determined by experiment throughout the whole range 
of temperature from — 16° Centigrade to + 136°, is almost as close as 
in the case of steam. 

Ether and Alcohol are less easy to be obtained perfectly ‘pure. The 
discrepancies between calculation and experiment m these cases, thou^ 
stiU small, ore greater than for sulphuret of carbon. 

For ether the formula may be considered as practically correct through* 
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out^the whole range of the experiments, from — 20'' €6ntigrad6 to 
+ 116"; but for alcohol below 0" Cehtigrado, the discrepancies, though 
absolutely small quantities, are large relatively to .the entire pressures; 
and the formula can be considered ap]>licablc above this temperature only. 

Essence of TurpeMine has been discovered by M. liegnault to imdcrgo a 
molecular change by continued boiling. For this fluid the agreement 
between the formula and the experiments is satisfactory above 40" 
Centigrade, and up to the limit of the experiments, 222", but not 
below 40". 

It is impossible to obtain Chloroform free from an admixture of foreign 
substances. Accordingly, M Uegnault has found that the two methods 
of determining the pressure of the vapour of this fluid give widely diflerent 
results, neither of which can be represented accurately by the formula 
now proposed below the temperature of 70 (\uit. From this temperature, 
however, up to 130" Cent, the limit of the exporiinents, the agreement 
is close. 

10. In the cases of alcohol and turpentine, llu‘ dis(‘repancics between 

the formula) and the experiments at low tempiTatun's are such 

as^to indicate that they might be removed by introducing a fourth tenn 
into the formula), inversely proportional to the eul>e of the absolute 
temperature; but the trifling and uncertain ad\antage to 1)0 thus obtained 
would be outweighed by the inconvenience in ealculation, and (*8])ecially by 
the necessity for solving a cubic equatioir in eoniputing th(‘ temperature 
from the pressure; whereas, with fonrniUv of tlirec teniis, it is only 
necessary to extract a square root, as the formula No. 2 shows. 

11. Although, for the mere determination of the maximum pressure of 
a vapour at a given temperature, or its temperature at a given pressure, 
a table, or a curve diwu on a diagram may ])o sufficient, still there are 
many questions of thermodynamics respecting vapours for the solution 
of which a formula is essential. 

Amongst these is the computation of the latent heat of evaporation, 
which is equivalent to the potential energy or work exerted by the 
vapour in overcoming external pressure, added to that exerted in over- 
coming molecular attraction. For unity of weight of a given substance, 
this is a function of the pressure, temperature, and density ; but for a 
quantity of the substance such that its volume when evaporated exceeds 
its volume in the liquid or solid state by unity of cubic space, the latent 
heat of evaporation is simply the differential coefficient of the pressure 
with respect to the hyperbolic logarithm of the absolute temperature, as 
shown in the formula No. 3; so that, although the densities of the 
vapours of the seven fluids referred to in this paper are yet known by 
conjecture only, and not by direct experiment, we can, from the relation 
between the pressure and the temperature, determine accurately how much 
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heat muBt be expended in' the evaporation of so much of each of them as 
is necessary in order to propel a piston through a given space under a 
given constant pressure, and thus to solve many problems connected witii 
engines driven by vapours of different kinds. 

12. It is somewhat remarkable, that the coefficients of the reciprocal of 
the temperature (B) in the foimulse for ether, sulphuret of carbon, and 
alcohol, are nearly equal; as also those of the square of the reciprocal of 
the temperature (C) for ether and sulphuret of carbon. 

In consequence of this, the pressure of the vapour of ether, and its 
latent heat for unity of space, as above defined, at a given temperature, 
exceed the corresponding quantities for sulphuret of carbon at the same 
temperature, in a ratio which is nearly, though not exactly, constant, anil 
whose average value is somewhat less than 1 *5. 


Synopsis of the Foumul^e, tV:c. 

Notation, 

T = absolute temperature = temp. Cent. + 274° C. 

== temp. Fahr. + 461°*2 F. 

P = maximum pressure of vapour at the absolute tempera- 
ture T. 

V = volume of unity of weight of the liquid. 

V = volume of unity of weight of saturated vapour. 

L = latent heat of evaporation of unity of weight of the fluid 
expressed in units of work. 

A, B, C, constants. 


Fornmkv. 

1. To find the maximum pressure from the temperature, 


Com. log. P = A — 

r r“ 

2. To find the temperature from the maximum pressure, 

1 / f A — com. log. P , B^ \ B 

0 “^4 02/ 2C* 
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3. To find the latent heat of evaporation (expressed in units of vork) 
of so much of the fluid that its bulk when evaporated exceeds its bulk in 

I 

flie liquid state by an unit of space, that is to say, of the weight 

of fluid. In this formula the pressure must be ex|iresscd in units of 
weight per square unit 


L 

V - i- 


dP . ->C\ , , 

T = P + T- / 


(Hyp. log. 10 = 2-3O2.'i8.j00, 
the common logarithm of which is 0';K>221.>7.) 

Units of work arc reduced to units of heat (ih'grecs in unity of weight 
of liquid water) by dividing by Joule’s e»|uivalent of the specific heat of 
liquid water, which has the following values, according to the units of 
tem[)orature and length employed : — 

Logarithmfi. 

Centigrade scale, and mitres, . . 423*5 4 2*C2G89C9 

Centigrade scale, and feet, . . 1389*G 3*1428898 

Fahrenheit’s scale, and feet, . . 772*0 2*88 7G 173 


Constants in the Foumuhe for PiiEssruFs in Mii.EiMfcniKs of 
Mercury, and Tempekatujies in Centi(;rade Dkiirees. 


Fluids. 

A. 

Log. B 

Log. i\ 

II 

iic' 

B3 

4C8' 

Ether, 

7*1284 

3*0596504 

4-7003130 

0 011275 

0*00012712 

Sulphuret of carbon, . 

0*8990 

3*0520049 

4*7078426 

0*011044 

0*00012197 

Alcohol aljove 0® C. , . 

7*5259 

3*0570610 

5*2426805 

0-0032010 

0:000010634 

Water, 

7*8143 

3*1811430 

5*0881857 ! 0*0061934 

1 

0*000038358 

Essence of turpentine ) 
above 40® C., . . \ 

6*2522 

2*9625209 

5*3712167 

* 

0*0019511 

0*0000038067 

Chloroform above 70® C., 

5*8075 

2*4007279 

5*3919420 

0*00051022 

0*00000026032 

Mercury np to 358® C., 

7*6243 

1 

3*4676637 





To adapt the formulae to other scales of pressure, add the following 
logarithms to the constants A : — 
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For inches of mercury, 2’59617 

For kilogrammes on the square m6tre,’ . . 1 '13341 

For pounds avoirdupois on the square foot, , . 0'44477 

To adapt the formulae to the scale of Fahrenheit’s thermometer 
multiply B by 1'8, and C by (1'8)® = 3'24 ; that is to say. 

Add to log. B, 0-2562725 

Add to log. C, , ... 0-6105450. 
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XXII.— OX THE OKXSITY OF STEAM. ^ 

1. The object of the provseut paper is to draw a com]!)arison between the 
results of the mechanical theory t»f Jicuit, and tlioso of the recent experi- 
ments of Messrs. Fairbairn and Tatt^ on tlio tlonsity of steam, published in 
the Philosophical Transact ion < for 18(»(). 


General Ia^uaiiun of Thermodynamics. 

2. The equation which cxpi'esscs the general law of the relations between 
heat and mechanical energy in elastic substances was arrived at indepen- 
dently and contemporaneously by Profe.ssor (daiisius and myself, having 
boon published by him in Poggendorff’s AnnaUn for February, 1850, and 
communicated by me to the Royal Society of Edinburgh in a paj>er which 
was received in December, 1840, and read on the 4ih of February, 1850 
(See p- Q84). The processes followed in the two investigations Avero very 
different in detail, though identical in principle and in results ; Professor 
Clausius having deduced the law in question from the equivalence of heat 
and mechanical energy as proved experimentally by Mayer and Joule, 
combined with a principle which had been previously applied to the theory 
of substantial caloric by Sady Carnot, while by me the same law was 
deduced from the hypothesis of molecular vortices,” otherwise called the 

centrifugal theory of elasticity.” 

3. Although, since the appearance of the paper to which I have rcfeited, 
the notation of the general equation of thermodynamics has been improved 
and simiplified in my own researches, as well as in those of others, I shall 
here present it, in the first place, precisely in the form in which * I first 
communicated it to tliis Society, in order to show the connection between 
that equation in its original form, and the law of the density of steam, 
which has since been verified by the experiments of Messrs. Fairbairn and 
Tate. The equation, then, as it originally appeared in the twentieth 
volume of the Transactions of the Boyal Society of Edinburgh (See p, 

is as follows . — 

^ Bead be:fo(re the Royal Society of Bdiaburgh on April 28, 1882, and pnbliihed in 
Voh'XXlXL of the Tremmstiom of that Society. 

2 D 
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8Q'= - 


T — K 

CmM 




in which the symbols have the following meanings : — 

Tf the absolute temperature of an elastic substance as measured from 
the zero of gaseous tension^ a point which was then estimated to be 
at 274®'6 Centigrade below that of melting ice, but which is now 
'considered to be more nearly at 274® Centigrade, or 493®'2 Fahr. 
below that temperature ; 


K, A constant, expressing the height on the thermometric scale of the 
temperature of total privation of heat above the zero of gaseous 
tension. This constant was then only known to be very small ; 
according to later experiments, it is either null or insensible ; 

n M, The ideal or theoretical weight, in the perfectly gaseous state, of 
an unit of volume of the substance, under unity of pressure, at the 
temperature of molting ice ; 

C, The absolute temperature of melting ice, measured from zero of 
gaseous tension (that is to say, accoiding to the best existing data 
C = 274® Centigrade, or 493®'2 Fahr.) ; 

V, The actual volume of unity of weight of the substance ; 

8 V, An indefinitely small increment of that volume; 

Sr, An indefinitely small increment of temperature; 

U, A certain function of the molecular forces acting in the substance ; 

+ 8 Q', The quantity of heat which appears^ or — 8 Q', the quantity 
of heat which disappears^ during the changes denoted by 8 V and 
8 T, through the actions of molecular forces, independently of heat 
employed in producing changes of temperature ; such quantity of 
heat being expressed in equivalent units of mechanicdl energy. 

The equation having been given in the above form, it is next shown 
(See p, 26^^ that the differential coefiicients of the function U have the 
following values : — 


(/U_ 1 
dV*” V 


-CnM 


dJP 

dr’ 


-C«M dv.-: 






dr 


. 2 ‘ 


• (2.) 

. (3.) 


4. The physical law of which the general equation just cited is the 
qrmholioal expression, may be thus stated in words : — Thft mviuai frane* 
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formoMm of heat and mechankal eturgy during any indefinitely snuxU change in 
the density and temperature of an elastic subsiancsy is eqtial to the temperoim^ 
redmed from the zero of absolute coldy multiplied by the complete differential of 
a certain function of the pressure^ density ^ and temperature; trhich function is 
either nearly or exactly egml to the rede of variation tcilh temperature of the 
work performed by indefinite expansion at a constant temperature. 

5. It may be remarked tliat the quantity, — 

^ = fe liyi). log. r + ^, (hyp. log. V - 1’) | 

y • (J) 

filV 

= ft hyp. log. T + I V 

(ft beiqg the real Specific heat of the substance in units of mechanical 
energy), is what, in later investigations, 1 have called the “ thermo- 
dynamic f mutton;^' and that by its use, and by making k = 0, 
’equation (1) is reduced to the simplified form, 


-8Q' = r8^-~kgr; . . (5.) 

but the following notation is more convenient : Lot o A denote the 
whole heat absorbed by the mbstancCy not in units of mechanical 
energy, ljut in ordinary thermal units, and J the value of an 
ordinary thermal unit in units of mechanical energy, commonly 
called “Joule’s equivalent,” so that 


J8A = ft8T-8ti'; 


then the general equation of thermodynamics takes the form 

JSA-tS^ (6.) 

6. For the puri)Oses of the present paper, the most convenient form of 
the thermod 3 nlamic function is that given in the second line of equation 
(4); but it may nevertheless be stated, that in a paper read to this Society 
in 1866, and which now lies unpublished in their archives, it was shown 
that another form of that function, vis.: — 

^=(ft + ?o^o)i,yp.iog.r-/^JrfP, . . (7.) 

P V 

tras tueful in solving certain questions; denoting the same thing 

■With /TTi equation (1). 

C fiM 
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Application op the (teneral Equation op THERMODYNAMtcs to 
THE Latent Heat and Density op Steam. 

7. At the time when the general equation (1) wa» first published, 
sufficient experimental data did not exist to warrant its application to the 
computation of the density of a vapour from its latent heat. But very 
soon afterwards, various points, which had previously been doubtful, were 
settled by the experiments of Mr. Joule and Professor William Thomson; 
and in ])articular Mr. Joule, by his experiments, published in the Philoso- 
phical Transactions for 1850, finally determined the exact value of the 
mechanical equivalent of a British unit of heat, to which he ‘had been 
gradually approximating since 1843, viz.: — 

J — 772 foot-pounds; 

and Messrs. Joule and Thomson in 1851, 1852, and 1853, made experiments 
on the free expansion of gases, especially dry air and carbonic acid, which 
established the very near, if not exact, coincidence of the true scale of 
absolute temperature with that of the perfect gas-thermometer ; that is to 
say, those experiments proved that k in the equation (1) is sensibly = 0. 
When, with a knowledge of these facts, equation (1) is applied to the 
phenomenon of the evaporation of a liquid under a constant pressure, and 
at a constant temperature, it takes the following form : — 

. . . ( 8 .) 

whore 

J denotes Joule's equivalent, or 772 foot-pounds per British unit of 
heat (a degree of Fahrenheit in a pound of liquid water) ; 

A, The heat which disappears during the evaporation of J lb. of the 
liquid; that is, its latent heat of evaporation in British units; 

r. The absolute temperature (= temperature on Fahrenheit's scale 
+ 46r*2 Fahr.); 

P, The pressure under which the evaporation takes place ; 

V, The volume of 1 lb. of the vapour ; 

V, The volume of 1 lb. of the liquid. 

Am the latent ^at of evaporation of various fluids is much' mxjir^ 
accurately known ^direct experiment than the volume or density of their 
vapours, the most useful form in which the equation (8) can be ie 
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that of a formula for computing the volume of a vapour from its latent 
heat, viz.: — 




+ 


J// 

(IV 


. < 9 .) 


8. Results of this formula were calculatetl by Messrs. Joule aud Thomson, 
and by Professor Clausius for steam, and showed, as liad been exi)ected, a 
greater density and less volume than the law of the perfectly gaseous 
condition would give. Sonic n'sults of the same kind, ami leading to the 
same conclusion, were also computed by mo, and published in the Philoso- 
phical Tramictions for 1853-54. But for some years no attempt was mado 
by any one to make a table for practical use of the volumes of steam from 
equation (9); because the scientifu* world were in daily expectation of 
the publication of direct experimental r(‘scarclies on that subject by 
M. Eegnault. 

9. At length, in the sjmng of 1855, ha\ii)g occasion to d(*liver to tho 
class of my predecessor, Profc<?sor (lordon, a (‘ourse of lectures on tho 
mechanical action of heat, and tinding it necessary to provide the students 
with a practical table of densities of steam founded on a more trustworthy 
basis than the assumption of the laws of tlie perfectly gaseous condition, I 
ventured upon the stop of preparing a table of tin* densities of steam for 
every eighteenth degree of Fahrenheit’s scale, from 80^" to 410® inclusive, 
with tho logarithms of those densities and their differences, arranged so as 
to enable the densities for intennediate temperatures, to be calculated by 
interpolation. Those tabWs were published in a litliographcd abstract of 
tho course of lectures before mentioned, which is now out of print. The 
same tables, however, have since been rc\ ibcd, aud extended to every ninth 
degree of Fahrenheit, from 32® to 428®, and have ])cen printed at tho end 
of a work On Prime Movers* An account of th(^ original tables was read 
to the British Association in 1865.*" 

10. In tho unpublished paper before mentioned as having been read 
to this Society in 1864, the densities of the vapours of ether and bisulphurot 
of carbon, under the pressure of one atmosphere, as computed by equation 
(9), are shown to agree exactly with those calculated from the chemical 
composition of those vapours. 

11. The method .of using equation (9) to calculate the volume of one 
pound of steam, is as follows: — 

I. Calculate the total heat of evap(yration of steam from 32®, at a given 
temperature T® on Fahrenheit's scale, by Regnault's well-known formula^ 

* The resacm for using 9** Fahr. as the interval of tempera||tre is, that it is equal to 

and to 4* Keamnur, so that the.iahles with ease to any 
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1091-7 + 0-305 (r - 32") . . . (10.) 

11. From that total heat subtract the heat required to raise 1 lb. 
of water from 32" to T® Fahr., viz., 



cdT; 


c being the specific heat of water, the remainder will be the latent heat 
of evaporation of 1 lb. of steam at T"; that is to say, 


A = 1091-7 + 0*305 (T - 32°) - cdT. . (11.) 

^32® 

In computing the value of the integral in this formula, use has been 
made of an empirical formula foutided on M. Kegnault's experiments on 
the specific heat of water, as to which, see the Transactions of this 
Society for 1851, viz. ; — 




c rfT = T - r + 0 000000103 {(T - 39°-l)* - (T - 39*-l)»} 


(11 A.) 


III. The absolute temperature is given by the formula, 

r = T + 461°-2 Fahr. . . . (12.) 


IV. The value of t is deduced from the following formida, first 
published in the Edinburgh Philosophical Journal for July, 1 849 {See p. 1) ; — 

Com. log. P = A-^-^ 2 ; . . . (13.) 

from which it follows that 


dP 
d r 


2-3026 P 




(14.) 


the values of the constants for steam being, — 

A, for pounds of pressure on the square foot, ‘ 8'2591 

log. B for Fahrenheit’s scale . . =3*43642 

log. C „ „ . . . =5-59873. 

V. The volume of a pound of liquid water at the ‘temperature T may 
be computed with sufficient accuracy for the present purpose by the 
following formula : — 

V nearly = 0 00801 . . (15.) 

VI. These preliminary calculations having been made, the formula 9 
can now be applied to the calculation of the volume of one pound of 



TH£ DENSITY OF STEAM. 423 


eteam (making J =: 772); mid by this process tlie tables already mentioned 
irere computed. 


Comparison op the Results of Theory with those of Messrs. 

• Fairbairn and Tate’s Experiments. 

12. The experiments of Messrs. Fairbairn and Tate on the density of 
eteam are described in a paper which was read to tlio Royal Society of 
London, as the Bakeriau Lecture, on the 10th of May, 1860, and published 
in the Philosophical Traimciions for that year. The results of those 
experiments give what is called the ‘‘ relative volume ” of steam : that is, 
the ratio which its volume bears to that of an equal weight of water at 
the temperature of greatest density, 39^*1 Fahr.; but in the following 
table of comparison, each of those relative volumes is divided by 62*425, 
the weight of a cubic foot of water at 39'’1 in lbs., so as to give the 
volume of 1 lb. of steam in cubic feet. The numbers of the experiments 
are the same as in the original paper; those made at temperatures below 
212® being numbered from 1 to 9, and those made at temperatures above 
212® from 1' to U'. 

Comparison of the Theory with the Experiments of Messrs. 

Fairbairn and T.\te. 


Numljer of 
Experiment. 

Temperature 

Fahrenheit. 

Volume of One 
In Culj 

By Theory. 

’ountl of Steam 
ic Feet 

By Exper. 

Difforcnco. 

DilTercnce 

ExiMjr. Vol. 

1 

1.30-77 

182-20 

132 -IK) 

-0-40 

*“ hW 

2 

165-33 

85*10 

85-44 

~0-34 

“ ih 

3 

159-36 

77-64 

78-86 

-1-22 

“■ A 

4 

170-92 

60-16 

59-62 

+0-54 

-^lb 

5 

171-48 

99-43 

59*51 

-008 

-lU 

6 

174 92 

55-18 

55-07 

+ 0*11 


7 

182-30 

47*28 

48-87 

-1*59 

“ 8^ 

8 

188-30 

41-81 

42-03 

-0-22 

~ t1 1 

9 

198-78 

33-94 

.34-43 

-0-49 

- * 

1' 

242-90 

15-61 

15*23 

+0-12 

4- 

• ^ 

244-82 

14*77 

14-55 

+0-22 

+ A 

3' 

245-22 

14-67 

14-30 

+ 0-37 

A 

4' 

255*50 

12.39 

12-17 

+0*22 

+ A 

5' 

263-14 

10-96 

10-40 

+0-66 

+ A 

W 

267-21 

10-29 

10-18 

+0-11 

+ A 

r 

. 269-20 

9 977 

9-703 

+0-274 

+ A 

S' 

274-76 

*9-158 

9-361 

-0*203 

- A 

O' 

273-30 

9-367 

8-702 

+0*665 

+ A 

10' 

279-42 

8-539 

8-249 

+0-290 

+ A 

11' 

282-58 

8*145 

7*964 

+0-181 

+ A 


287-25 

7*603 

7*340 

+0-263 

4- A 

IS 

292-53 

7-041 

6-938 

+0-103 

+ A 

14' 

288*25 

7*494 

7-201 

+0*293 

+ A 
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Remarks on the Differences between the Theoretioal and 
Experimental Results. 

13. The differences between the theory and tlie experiments as to the 
volumes of steam at temperatures below 212° are, with few exceptions, 
of very small relative amount; and they are at the same time so irregular 
as to show that they must have mainly arisen from causes foreign to the 
data used in the theoretical computations. 

14. Above 212° also, the differences show irregularity, especially in th^ 
case of experiments 8' and 9', where a fall of temperature is accompanied 
ty a diminution instead of an increase in the volume of one pound of 
satui'ated steam, as determined by experiment. But still those differences, 
presenting as they do, in every case but one, an ex;pess of the theoretical 
above the experimental volume, show that some permanent cause of 
discrepancy must have been at work; although they may not be regular 
enough to determine its nature and amount, nor large enough to constitute 
errors of importance in jiractical calculations relating to steam-engines. 

15. So far as it is possible to represent those differences by anything 
like a formula, they «agreo, in a rough way, with a constant excess of about 
0*24 of a cubic foot in the theoretical volume of one pound of steam 
above the experimental volume; and this also represents, in a rough way, 
the difference between the curves whose ordinates express respectively 
the results of the theoretical formula and those of an empirical formula 
deduced from the experiments, so far as those curves, as shown in a plate 
annexed to the paper referred to {See Plate IL), extend through the limits 
of actual experiment on steam, above 212°. 

16. As the principles of the mechanical theory of heat may now be 
considered to bo established beyond cpiestion; it is only in the data of the 
formula that we can look for causes of error in the theoretical calculation. 
I shall now consider those data, with reference to the i)robability of their 
containing numerical errors. 

I. Total Heat of Evaporation, — It is very improbable that this quantity, 
as computed by M. Eegnault’s formula, involves any material error. 

II. Sensible Heat of the Liquid Water, — The empirical formula from 
which this quantity is computed was determined from experiments by 
M. Regnault which agree extremely well amongst themselves. (For the 
investigation of the formula, see Ttam, Hoy, Soc, Edin,^ Vol. XX., p. 441). 
The subtraction of the sensible heat from the total heat leaves the btent 
heat^ upon which the increase of volume depends; hence> to ac<^a8t lor 
on error in excess of the formula for the volume by means of an error in 
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the computation of the sensible heat, it must be supposed that tlie specific 
heat of liquid water above 212® increases much more rapidly than M. 
Begnault’s experiments show, so as to produce a correspondingly more 
rapid diminution in the latent heat of evaporation. It is easily computed,, 
for example, that to account for an error in excess of 0*24 of a cubic foot 
in the volume of one pound of steam at 2C6®, by an error in defect in 
the sensible heat, wo must suppose that error to amount to about 21 
British thermal units per pouml of water ; but such an error is altogether 
improbable. 

III. Absolute Temiteraiuir , — The position of the abaoliito zero may be 
considered as established witli a degrcf' of accuracy which leaves no room 
for any error sufficient to account for tlie diflVrcnces now in rpiestioii. 


P , 

IV. Function r ^ . — The same may un<|UCstionably be said of this 

function; which represents the mechanical etfuivaleiit of the latent heat of 
evaporation of so much water as fills om* (iibic foot more in tluj vaporous 
than in the liquid state. 

V. The volume of ou( imml of (hi lu/ttbl imiUr is itself too small to 
affect the question. 


VI, The received value of the meiliauical eijukahut of a unit of heat 
cannot err by so much as part (»f its amount. 


< V)N(’LCMONS. 

1 7. It appears, then, that none of the data from which the theoretical 
calculations are made are liable to errors of a magnitude sufficient to 
account for the differences between the results of those calculations and 
the results of Messrs. Fairbaini and Tate’s experiments, small as those 
differences are in a practical point of view. Neither does there appear 
to have been any cause of enror in the mode of making the experiments. 
There remains only to account for those differences, the supposition that 
there was some small difference of molecular condition in the steam whose 
density was measured in the experiments of Messrs Fairbaim and Tate> 
above 212®, and the steam whose total heat of evaporation, as measured 
by M. Begnault, is the most important of the data of the theoretical 
fonmila, — difference of such a nature as to make a given weight of 
steam in Messrs. Fairbairn and Tate’s experiments occupy somewhat less 
spacer and therefore require somewhat less heat for its production, than 
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the same weight of steam in M. Regnaalt’s experiments at the same 
temperature. That difference in molecular condition^ of what nature 
soever it may have been, was in all probability connected with the fact, 
that in the experiments of Messrs. Fairbaim and Tate the ste^m was at 
rest, whereas in those of M. Regnault it was in rapid motion from the 
boiler towards the condenser. It is obvious, however, that in order to 
arrive at a definite conclusion on this subject, further experimental 
researches are required. 
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XXIIL-OX THE SECOND LAW OF THERMODYNAMICS 

1. It has long ))een established that all the known relations between heat 
and mechanical energy are summed up in two laws, called respectively 
the first Jaw and the sccoml law of thermodynamics ; viz.— 

First Law. — Quantities of heat and of mechanical energy are con- 
vertible at the rate very nearly of 772 foot-pounds to the British (or 
Fahrenheit-avoirdupois) unit, or 421 kilogrammetres to the French (or 
Centigrade-metrical) unit of heat. 

Second Law. — The quantity of energy wliich is converted from one 
of those forms to the other during a given change of dimensions and 
condition in a given body, is the product of the absolute temperature into 
a function of that change, and of the kind and condition of the matter of 
the body. 

By absolute temperafure is here to be understood temperature measured 
according to a scale so graduated that the temperature of a homogeneous 
body shall var}' in the simple proportion of the quantity of energy it 
possesses in the form of sensible or thermometric heat. 

2. The laws of thermodynamics, as here stated, are simply the 
condensed expression of the facts of experiment. But they are also 
capable of being \ iewed as the consequence of the supi>osition, that the 
condition of bodies which accompanies the phenomena of sensible heat 
consists in some kind of motion amongst their particles. 

3. The first law would obviously follow from the supposition of any 
kind of molecular motion whatsoever, and it therefore affords of itself no 
reason for preferring one supposition as to the kind of molecular motion 
which constitutes sensible heat to another. 

4. But if there be molecular motions in bodies, it is certain that, 
although all such motions are capable of conversion into that which 
constitutes sensible lieat, some of them are not accompanied by sensible 
heat For example, the motion (supposed to be vibratory and wave-like) 
which constitutes radiance, whether visible or invisible, is not accompanied 
by sensible heat, and onl/ produces sensible heat by its absorption; that 

* Bead before the British Associatioii at Birmingham, September, 1835, and 
pnblishjdd in the PhXUmphkal Magazine^ October, 1865. 
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is, in the language of hypothesis, by its conversion into some other kind 
of motion; while, on the other hand, in the production of radiance 
sensible heat disappears. 

6. The object of the present paper is to give an elementary proof of 
the proposition, that the secoml law of thermodymmics follows frm the 
supposition that sensible heat consists in any kind of steady molecular motion 
within limited spaces, 

6. The term steady motion” is here used in the same sense as .in 
hydrodynamics, to denote motion, whether of a continuous fluid or of a 
system of detached molecules, in which the velocity and direction of 
motion of a particle depend on its position only; so that each particle of 
the scries of particles which successively pass through a given, position 
assumes in its turn the velocity and direction proper to that position. 
In other words, steady motion may be defined as motion in a set of 
streams of invariable figure. 

When steady motion takes place in matter that is confined within a 
limited space, the streams in which the particles move must necessarily 
return into themselves, and bo circulatmj streams^ being in that respect 
of the nature of whirls, eddies, or vortices. 

7. Steady motion keeps unaltered the distribution of the density of 
the moving matter; and it therefore keeps unaltered the forces depending 
on such distribution, whether of the nature of pressure or of attraction. 
In that respect it differs from unsteady motion, such as Vibratory and 
wave-like motion. 

8. Conceive a limited space of any figure whatsoever to bo filled with 
matter in a state of steady motion. The actual energy of any particle of 
that matter is the product of its mass into the half-square of its velocity; 
and the actual energy of the .whole mass of matter is the sum of all those 
products; and because of the steadiness of the motion, the actual energy 
of the particle which at any instant whatsoever occupies a given position 
is some definite fraction of the whole actual energy, depending upon that 
position, and upon the distribution of matter within the space; but the 
scale of absolute temperature is defined as being so graduated that the 
whole actual energy of the matter within the space is the prodoet of 
the absolute temperature, 4he mass of matter, and some function of the 
sort and distribution of the matter ; therefore, the half -square of the velocity 
of the particle which cU any instant ocmipies a given portion in the spam eour 
sHered^ is equal to the Absolute temperature multiplied by same function of tiwt 
position^ and of the sort and distrUmtion of the matter, 

9. Suppose now that the dimensions of the limited space in whi^h <the 
moving matter is enclosed, and the distribution of that matter, imdexgo* 
an indefinitely small change by the application of suitable forces, and 
that iafter that process the motion becomes ‘isteady as it was be&re* 
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Then the dimensione and position of each circulating stream will have 
been altered; and the work done in effecting that alteration will consist 
of energy converted between the forms of potential energy o£ the applied 
forces, and actual energy of the molecular motions — that is, between the 
forms of mechanical energy and of heat. Consider now a jioint in one 
of the circulating streams befoi'e the change, tmd let fall from it a 
perpendicular upon the same stream after tlie change. The work done 
in shifting the path of tho particle which at any instant occupies that 
jmint, is tho product of the perpendicular displacement of the stream 
into the force exerted along that perpendicular. But the perpendicular 
displacement of tlie stream is a function of tho position of the point 
shifted, ‘the distribution of matter in the space, and the change of 
dimensions and distribution; and the foice is (‘(pial and opposite citlier 
to tho centrifugal force of the particle oi to one of its components, and 
is therefore proportioiiil to the square of the \ elocit) of tho particle, and 
to some function of its position, and of tlie sort and distribution of 
matter in the body. Therefore, flu iungy iiati^fonmd in whiffing the inih 
of any particle h propodwnal to the bgimre of ih ivlonty, and to some function 
of its jmsUion, of the sort and distributm of matte r in the comidered^ and 
of the change in diraensions of that 'space and in the distribuiior of the matter. 

10. But tlio squai’e of the velocity of the particle uhich at any instant 
occupies a given position has already been shown to bo proportional to 
the absolute temperature, and to some function of that position and of 
tho sort and distribution of the matter ; ther(‘fore, if semibk heat cmimts 
in any kind of steady nudecudar motion mthin hmikd hpace^, fjie conversion of 
energy during any chomge in the dimensions of such spares, and in the dldri- 
bvtion of matter in them, is the product of ih^ absolute temperature into some 
function of that change and of the so} i and distribution of the matter. 

11. In a paper “On the Mechanical Action of Heat,” published in tho 
Transactions of the ItoyaJ Society of Edinburgh for 1850 {See p, tho 
author deduced the second law of thermodynamics, in tho form above 
stated, from tho hypothesis of a particular sort of stca<ly molecular motion 
— viz., revolution in circular streams or vortices. In a paper “ On tho 
Centrifugal Theory of Elasticity,” published in the same Transactions for 
1851 {See p. JfS), he deduced the same law from the hypothesis of steady 
molecular motion in circulating streams of any figure whatsoever, being a 
proposition substantially identical with that set forth in the present paper; 
but as the demonstration in the paper of 1851 involved tedious and intri- 
<?ate symMical processes, he has written tho present paper in order to 
show that the demonstration can be effected very simply. 

12. It is obvious that the sUadinm of the supposed molecular motions 
is the essential condition which makes the second law of thermodynamics 
d^ucible from a mechanical hypothesis; and that no kind of unsteady 
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motion, such as vibratory or wave-like motion, would lead to the same 
results. If, then, it be admitted as probable, that the phenomena of heat 
are due to unseen molecular motions, it must also be admitted, that 
while the motions which constitute radiance may be vibratory and wave- 
like, the motions which constitute sensible or thermometric heat must be. 
steady and like those of circulating streams. 

13. The function by which the absolute temperature is multiplied in 
calculating the conversion of energy between the mechanical and the 
thermic forms, is the variation of what the author has called the mta- 
maiyhic function* being one term of the thermodynamic function^^ which 
corresponds to what Professor Clausius calls cntropie.X 


APPENDIX. 

The following is the symbolical expression of the demonstration given 
in the paper. 

Let m stand for the specific properties of the sort of matter which is 
in a state of steady motion within a limited space ; 

/ for the figures and dimensions of that space, and of the paths 
described by the particles contained in it ; and S / for any indefinitely 
small change of such figures and dimensions ] 
p for the position, relatively to the centre of the matter contained in 
the space, of a point which is fixed so long as 8/ = 0. Because the 
motion is steady, each particle of matter which successively arrives at the 
point p assumes the velocity, direction, and curvature of motion proper 
to that point. Let v be that velocity, and r the radius of that curvature ; 
then for a particle of mass unity, in the act of traversing p, 

Actual energy of mass 1 = ^ = /jr, . . (1.) 

where r is a quantity upon whose uniformity throughout the space the 
steadiness of the motion depends, and k a function of {rn,f,p); and 

^,2 2 kr 

Centrifugal force of mass 1 = ^ = -y- j . . (2.) 

2 k 

in which r, and consequently are functions of (w,/, jp). 

• ■ 

* See ** On the Science of Energetics,'’ pctge S09, 
f PhUoeophical Transactions^ 1854. 

X UtktT verscluedmefilr die Anweniung bequtme Pormen der Hauptgkkhungen der 
mecKmMm Wdrmdhcfyrie^ April, 1865. 
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^ Now, let the change denoted by 3/ take place, and let the steadiness of 
motion be restored: let 8 » be the length of a line drawn through the 
original position of the point so as to be perpendicular to the path of 

^ A 

the stream of particles which formerly traversed p: and let rn be the 

angle made by 8 w with r. Then 8 « and r n are both functions of 
(m, /, p, 8 /). Also, the w'ork done, or energy converted, for a unit of 
mass at the point p, while the path of tlie particles tliat traverse p is 
shifted through 8 n, is as follows : — 


. S n. 


cos r n = 


2 /• r . 8 » . cos r 


= r X function of (wi,/, 8 /). (3.) 


The energy converted during the change 8/, throughout the wdiolc space 
considered, is the sum of the quantiticb of energy converted for each unit 
of mass within the sj>ace. But r by definition is unifoi m ; and the sum 
of a set of functions of p is a function of J an<l m ; therefore, the whole 
evergy ronirrM is 

^ A 

r.S. ^ = X functions of (///, / c/): . (t.) 

and because 8^ is indefinitely small, the preceding exj>re5sion is e<iuivnlent 
to the following : 


Energy converted ~ r . function {nij ) . cy = t . 8 F {rn,f). (5.) 

Let r be called absolute Jeniperaiure, and this is the second law of 
dynamics, • It is to be observed that / may be, and often is, a function of r. 
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XXIV.— ON THE WANT OF POPULAK ILLUSTRATIONS OF 
THE SECOND LAW OF THERMODYNAMICS.* 

1. The science of thermodynamics is based on two laws, the first of 
which states the fact of the mutual convertibility of heat and mechanical 
energy, while the second shows to what extent the mutual conversion of 
those two forms of energy takes place under given circumstances. In the 
eourse of the last few years the first law has been completely ‘‘popularised;” 
it has been amply explained in books and lectures,! composed in a clear 
and captivating style, and illustrated by examples at once familiar and 
interesting, so as to make it easily understood by those who do not make 
science a professional pursuit. 

2. The second law, on the other hand, although it is not less important 
than the first, and although it has been recognised as a scientific principle 
for nearly as long a time, has been much neglected by the authors of 
popular (as distinguished from elementary) works;! and the consequence 
is that most of those who depend altogether on such works for their 
scientific information remain in ignorance, not only of the second law, 
but of the fact that there is a second law ; and knowing the first law 
only, imagine that they know the whole principles of thermodynamics. 
The latter is the worst evil of the two : “ a little learning ” is not “ a 
dangerous thing ” in itself, but becomes so when its possessor is ignorant 
of its littleness. 

3. In the present paper I do not pretend to supply that want, but 
rather to point out its existence to authors who possess the faculty of 
popularising; in order that they, by means of lectures, writings, and 
lecture-room experiments, may convey a general knowledge of the nature 
and results of the second kw of thermodynamics to those Vho feel an 
interest in science without making it a regular study. 

4. Before considering how the second law can best be stated and 
, explained, it may be well to point out how far it is possible to proceed 

* From The Engineer of Juiie‘28, 1867. 

f Such, for example, as Dr. Tyndall’s Heat Considered as a Mode of MoUon, 
f The explanation of the second law of thermodynamics in Dr. Bdfoor Stewart’s 
exodlent treatise on heat is elementary ; but it is not, nor does it profess to be, poj^iilar^ 
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with the solution of questions in thennodynamics by means of the first 
law alone, without the aid of tlie second law. The fii'st law informs us 
that when mechanical - work is done by means of heat, a quantity of heat 
disappears, bearing a constant ratio to the quantity of work done — viz., 
that of one British unit of heat (or one degree of Fahrenheit in a pound 
of water) for every 722 foot-poimds of mechanical work done. In order, 
therefore, to calculate how much heat will disappear during a given 
change in the dimensions of a substance under the action of given forces, 
it is necessary to know the quantity of work done during such change ; 
and the cases in which the expenditure of heat can bo calculated by 
means of the first law alone, are those and those only, in which the work 
done can- be directly meiisured; that is to say, in which the work 
is sensibly altogether erkrnal, or done against forces eveited between the 
body under consideration and other Indies, and in wliich no part or no 
sensible part of tlie work infernal, or done against forces exerted upon 
each other by the particles of the body, and tlicrefore incapable of direct 
measurement 

5. The only phenomenon uhicli fultils that comlition is the expansion 
of a j)erfect or sonsi])ly perfect gas ; that is, of a substance in a condition 
such that its pressure at a given temperature is proportional, or sensibly 
proportional, to its density simply. . To illustrate this by an example : let 
us suppose one pound of atmospheric air (winch, though not absolutely 
a )>erfect gas, may be treatetl as such for practical ])urposes) at the 
temperature of melting ice (32^ Fahr.), to be contained in a cylinder 
whoso sectional area is equal to one scjuaro foot, b(‘ing confined in that 
cylinder by means of a piston loaded with a pressure amounting to 
4233 pounds. Then, from the experiments of Kegnault on the pressure 
and density of air, it is known that the length of the cylindrical space 
occupied by the air is 6 193 ft. 

Next, let the load on the piston be gradually diminished until it is 
reduced to 211CJ lbs,, being one-half of its original amount, and let the 
question to be solved be — tvhat qiiavtifi/ of heat mmt he cnmmvnicated to the 

f * in order (luU its tempei'aiure may remain ronstant during the erpamio7i 
kh accompmies the diminution of gwessure 1 The solution is as follows: — 
As the temperature is constant, and the air is treated as perfectly gaseous, 
the plroduct of the pressure on the piston into the volume of the air ; that 
is to say, 4233 x 6*193 = 26215, remains constant during the expansion; 
and the external work done in driving the piston against the gradually 
diminishing load is found by multiplying that product by the hyperbolic 
logarithm of 2, the rate of expansion, that is to say — 

Work done = 26215 X *69315 
= 18171 foot-pounds. 

2 E 
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That is the external work, and the internal work is practically inappreci- 
i^le ; therefore, that also is the mechanical equivalent of the quantity of 
heat required in order to keep the temperature of the air constant; and 
dividing 18171 by 77 2, that quantity of heat in ordinary British thermal 
units is found to be 23*54; that is, as much heat as would raise the 
tenlperature of 23*54 lbs. of water one degree of Fahrenheit; and such is 
the value of the latent heat of expansion of 1 lb. of air in doubling its 
volume at the constant temperature of 32® Fahr. Here, then, the solution 
has been obtained by means of the first law of thermodynamics only, 
without the aid of the second. 

6. It is otherwise when the external work accompanied by the 
performance of internal work to a practically important extent ; in otiher 
words, when we deal with substances which cannot be treated as perfectly 
gaseous, such as fluids in the act of evaporating. For example, let 
there be, as before, a cylindrical vessel, whose sectional area is one square 
foot, and let it contain 1 lb. of water in the liquid state, at the temperature 
of 212® Fahr., which will occupy a length of the cylinder equal to *017 
of a foot. Let the water be confined by means of a piston, the load upon 
which, in order to be just Sufficient to confine the water, must be equal to 
the mean atmospheric pressure on a square foot, that is to say, 2116*3 lbs. 
If additional heat be now communicated to the water, without altering the 
load on the piston, it is well known that its temperature does not rise, but 
that it passes by degrees into the state of steam, driving the piston before 
it. By the time the water has entirely assumed the state of steam, it 
occupies 26*36 ft. in length of the cylinder; so that the piston has been 
driven through 26*343 ft. against the constant load of 2116*3 lbs. Let 
the question proposed be, to calculate from those data the expenditure of 
heat. The external work has the following value ; — 

2116*3 X 26*343 = 55750 foot-pounds, 

and this is equivalent to 72*2 units of heat nearly. But besides the 
external work done in driving the piston, there is internal work dohe in 
overcoming the cohesion of the p&rticles of water ; and that internal 
is incapable of direct measurement. 

7. Here it is that the second law of thermodynamics becomes useful ; 
for it informs us how to deduce the whole amount of work done — intemid 
and external — from the knowledge which we have of the external work- 
That law is capable of being stated in a variety of forms, expressed^ in 
different words, although virtually equivalent to each other. The most 
convenient form for the present purpose appears to be the following;-— 

To find the whole work, internal and external, multiply the absolute tempemr 
iure at which the change of dimensions takes place^ by the rate per degree at 
which the external work ic varied by a small variation of the temperature. 
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By abs^hUe temperature is laeant temperaUire measured from the aMuUt 
zerOf or point of total privation of heat, which is known by Uicoretical 
deduction from experimental data to be about below the ordixmy 

zero of Fahrenheit’s scale. 

8. To %pply the second law to the present problem, suppose the tempera- 
ture lit whidi the given increase of volume (\iz., 26‘3 13 cubic feet) takes 
place, to be lowered by one dogi*ec of Fahrenheit. Tlion, from tables and 
formulae founded on Eegnault’s exi>eriments, we know that the pressuro 
of the steam is diminished by 42*05 lbs. on the square foot. Hence, the 
external work is diminished by reduction of tcinperatun^ at the following 
rate: — 

F =s= 42*05 X 2G*343 = 1107*7 foot-pouiuls per degret* of Fahrenheit, 

The absolute temperature is 

/ = 212" X 401' *2 073 -2 Fahr.: 

and, therefore, the whole work, intenuil and external, done ihiring the 
evaporation of 1 11). of water at the temperature of 21 2" Fahr. is, 

/ F = 073"*2 X 1107*7 = 7-] 5,800 foot-pounds very nearly. 


To reduce this quantity to Britisli thermal units, divide by 772; the 
result is 


745,800 -f- 772 - DOO, 


being the latent heat of evaporation <f sleatn at 212" Fahr. 

The total work just calculated is made up as follows:-* 

Foot-i)ound8. 

External work, computed in Article U, 55,750 

Internal work^ 090,050 

Total work, ..... 745,800 

firom which it appears that the external work doiuj in evaporating water 
under the mean atmospheric pressure is less than 7h })er cent, of the 
whole work; the remainder, or 92^ per cent., being internal work. 

9. The second law may also be applied to solve the inverse problem, 
of deducing from the expenditure of heat in a given process, and from 
the relations between pressure and temperature, the change of dimensions 
uritii which that process is accompanied; and such has been the use 
Aiefiy made of that law in the actual history of thermodynainics. 
Fiwrious to the publication^ in September^ 1859,* of the miperimente ii^ 
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Messrs. Fairbaim and Tate^ there did not exist any accurate determinations 
of the density of saturated steam at different temperatures ; and, therefore, 
some of the writers on thermodynamics found it necessary to calculate 
that density ^theoretically, by the help of the second law, from the latent 
heat of evaporation, which was very accurately known through the experi* 
ments of Eegnault. The following is an example of such calculations : — 

Latent heat of evaporation of 1 lb. of water at 212® Fahr., 
as known by experiment, in ordinary British thermal units, 966 

Applying the first law, that is, multiplying by Joule’s 
equivalent, -772 


The value of that latent heat in foot-pounds of work is 

found to be 745752 

Dividing that quantity of work by the absolute temperature, 

673®*2 Fahr., the work per degree of absolute temperature 
is found to bo, in foot-pounds, . . . . .1107*7 

But the variation of pressure per degree, in pounds on the 
square foot, is 42*05 

Therefore, the increase of volume of 1 lb. of water in the act of evapo- 
rating, at 212® Fahr., is 

1107*7 42*05 = 26*343 cubic feet ; 

To which, adding the volume of tlie water in the 

liquid state ....... 0 01 7 „ 


There is found the volume of 1 lb. of atmospheric 

steam, ........ 26*360 cubic feet. 

10. The example by which the second law of thermodynamics has 
here been illustrated, has been puposely chosen of a very simple kind; 
but that law enables the most complex questions respecting the expenditure 
of heat required to produce a given mechanical effect to be solved ; and 
the’ solution is always effected in the same manner : that is to say, by 
deducing the total work, internal and external, from the manner in which 
a small variation of temperature affects the external work. 

11. The law of the efficiency of a perfect heat engim may be stated thus : 
If the substance — ^for example, air or water — ^which does the work in a 
perfect heat engine receives all the heat expended at one fixed temperature, ' 
and gives out all thelieat which remains unconverted into work a. 
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lower fixed temperature, the fraction of the whole heat expended which 
is converted into external work is expressed by dividing the differenco 
between those temperatures by the higher of them, reckoned from the 
absolute zero. Now this is, in fact, the second law of thermodynamics 
expressed in other words ; but whether the demonstration of tliat fact, 
that is, of the substantial identity of the second law, as stated in Article 7, 
with the law stated in the preceding sentence, is capable of being put 
in a popular form is doubtful, seeing that it involves the notion of limiting 
ratios. The applications, however, of the law of the efficiency of a 
perfect heat engine are very simple and easy. For example, it informs 
us that if tlie steam which drives an engine receives all the heat expended 
upon it at temperatures not exceeding 248"" Fahr. (corresponding to the 
absolute temperature 248*" + 46r"*2 rz 709'‘*2), and if all the heat not 
converted into external work is given out by that steam at temperatures 
not below 104® Fahr. (being an ordinary tompej-ature of 'condensation), 
the efficiency of that engine, being the fraction of the whole heat expended 
that is converted into external work, cannot possibly exceed the following 
value — 

_ Ml 

218 + 401*2 709*2 " * 

The same law informs us that in order that the whole heat exi)oiided in a 
heat engine may be converted into external work, it is necessary that the 
temperature of the condenser or refrigerator should be the ahstdiUe zero — 
a temperature unattainable by human means. Thus, a knowledge of the 
second law of thermodynamics, as applied to the efficiency of heat engines, 
is a safeguard against the formation of projects for increasing the perfor- 
mance of such engines beyond the highest possible limits. 

12. There seems, then, to be no difficulty in explaining and illustrating, 
in a popular way, tlie applications of the second law to various scientific 
and practical questions, and the agreement of its results with those of 
experiment, which agreement is the real proof of its being true. But 
it appears by no means so easy to demonstrate [)opularly the connection 
between the second law of thermodynamics with the idea of “ heat as a 
mode of motion.” That connection consists in the fact that the second 
law of thermodynamics necessarily follows from the established laws of 
dynamics when they are applied to the supposition that the sort of motion 
which constitutes heat is a whirling or circulating motion, of the particles of 
bodies — a supposition otherwise called the hypothesis of molecular vortices*' 
The original demonstrations of that fact, which appeared in February, 
1850, and December, 1851 {Seep. 45), involve algebraical processes that 
arc quite beyond the range of a popular explanation; and to understand 
even the elementary proof without algebra, which was read to the British 
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AsBociation in 1865 {See requires the habit of scientific reasoning. 

It is much to be wished that some means could be devised for maldng that 
proposition as widely understood as the first law of thermodynamics 
now is; for as matters now stand, the popular knowledge of thermodynamics 
is, as regards the second law, eighteen years behind the actual state of 
that science. 
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XXV,— EXAMPLES OF THE APPLICATION OF THE SECOND LAW 
OF THEliMODYNAMICS TO A 1‘ERFECT STKAM- 
ENIJINE AND A PERFECT AIR-ENGINE* 


1. The following examples ai’o inUmtled to illustrate the application of the 
second law of theniiodynamics to a perfect steam-engine and a perfect air- 
engine, expending tlio same quantity of heat, ami working between the 
same limits of temperature, viz. ; —Quantity of heat expended per stroke, 
reduced to an e(iuivalent (juantity of mechanical work, in foot-pounds, 
68420. 

Dci^rees of Falirciihcit. , 

Temperatures. Oitlinary scale. Absolute scale. 

Upper limit, . . . '2(Uy 727^21 

Lower limit, 1 0-U 565 "-2 


Difference, or range, . 102' 102'’‘0 

2. The phrase perfect pngiuo ” is hen* used to (](‘note an engine which 
realises the greatest quantity of meehanieal work possil>le with the given 
expenditure of heat and l)et>veen the given limits of temperature, being 
the limit towards which actual engines may be made to approach through 
the progress of practical improvements. Such an engine must fulfil the 
following conditions : — There must bo no waste of heat tlirougli conduction 
or radiation, or of work through friction ; and the wliolo heat expended 
must be communicated to the working substance at tlic higher limit of 
temperature. In other words, the elevation of the temperature of the 
working substance from the lower to the higher limit must be effected 
without any expenditure of heat ; for whatever heat is expended in pro- 
ducing elevation of temperature, is either wholly or partially lost as regards 
tile performance of mec^nical work. 

3. There are two ways of effecting the elevation of temperature without 
eiqienditure of heat. One is to raise the temperature by compression of 
the working substance in a non-conducting cylinder ; the mechanical work 
necessary for that purpose being obtained by means of the expansion of 
the working substance in a non-conducting cylinder while its temperature 
is fitiling back from the higher to the lower limit. The other way is by 
conduction, viz. : — ^to make the working substance, while its temperature 
is filing, cominunicate its heat to a set of metal tubes, or to a network^ 

* From The oi Angaet 2, 1807. 
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called a ** regenerator ” or “ economiser,” from winch the heat is given out 
again at the proper time to the working substance in order to raise its- 


> 



Fig. 1. 


temperature. Supposing those two 
processes to be carried out in a 
theoretically perfect manner, the re- 
sults as regards the economy of heat 
are exactly the same In the follow- 
ing examples the steam-engine will 
be supposed to act by compression, 
and the air-engine by the aid of a 
perfect regenerator. 

4. According to the second law of 
thermodynamics, the efficiency of each 
of those engines is the same, viz. : — 


1G2 

727-2 


0-2228; 


and the work realised per stroke is 
also the same, viz. ; — 


68420 X 0*2228=1 15244 foot-pounds. 

The object of the following calcula- 
tions is to show in detail what 
becomes of the difference betv^een 
the whole energy expended in the 
form of heat and that obtained in the 
form of mechanical work, viz. ; — 


68420-15244 = 53176 foot-pounds, 

being the rejected or necessarily lost 
energy. 

5. The diagrams of both engines 
are represei^ed in the figure. Abso- 
lute pressures are supposed to be re- 
presented in pounds on the square 
foot by ordinates measured parallel , 
to OP; volumes occupied by the 
working substance, in cubic feet, by 
distances measured parallel to OV. 


* The foot that those results are the same is illustrated in the case of air-engines 
nnmerioal examples, which may be found in jA of fAe Sttatti'EnyiM and 

Prime Movers, pages 347 to 369. In practice the regenerator answers best for an ait- 
engine^ because of the very large space required for the other process. 
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The diagram of the steam-engine is marked by full hues and eapita} 
letters^ that of the air-engine by dotted lines and italic lettei^. In the 
case of the steam-engine the whole work done by the steam in drhing Uio 
piston 18 represented by the area F C D E, the woik expended in com- 
pressing part of the steam and feeding the boiler bj the aiea FBAE; 
and the indicated woik by the area B C I) A. 

In the case of the air-engine the m hole woik done b} the an m ilruing 
the piston is represented by tlie area fbal, the noik expended in raising 
the pressure of the air and feeding the engine bj the area/a df , and the 
indicated work by the area be <i a* 

6 To begin m detail i\ith the steam engine I'lom the limits of 
temperatuie given in Aiticle it is found, b} moans of the propci table 
or formula, that the limits of })rissure are as foll(»\\s 

r b on the Lb on tho 
l^<j In S<] Ft 

\bsolute pressure of admission, O 1 30 2*) 

Absolute back picssuie, O ] (H» 152 G 


7 Tho volume of v\ator in the liquid state which is used per stroke is 
repiesciited by FB, a distance too small to be scdi in the diagram, tho 
volume of the same v\atei v\hen m the state of siCiim at the higher limit 
of picssure by FC , and, const (juentl} , the increase of volutm of the water 
in the act of evapoiating by BC That im lease of volume is produced 
by coramumcating to tho water the whole heat ixptmUd Now 08120 
foot-pounds IS the mechanical value of the latent heat of ( vapoiation, 
imder the higher of the given prcssuics, of so much watt i as fills one cubic 
foot more iii the state of steam than it tlocs in the litjuid state , so that 
B C represents one cubic foot The steam tin ii expands m a non conduct 
mg cylinder, without receiving or giving out heat, until its piessun ami 
temperature fall to their lower limits C 1 ) represents the c xpaiibiun 
curve, and ED the volume occupied at tlie end of tho expansion, partly 
by steam and partly b} a small quantity of watei winch spontaneously 
liquefies during the expansion Part of the steam represented in volume 
by DA, IS then condensed by conduction of heat, at the lower limit of 
temperature ; ami a volume of steam represented by A E, less £he volume 
of the water m the liquid state, is left uncondensed, in order that by its 
compression into the liquid state heat enough may be produced to raise 

* Formula for that latent heat, in units of work — 


where p is the absolute pressure and t the absolute temperature. 
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the temperature of the feed-water to the higher limit. The curve of com- 
pression^ showing how the pressure increases as the volume is dimmished, 
is represented by A B, and this completes the double stroke or revolution 
of the engine. The following are the successive volumes occupied by the 
steam at different periods, neglecting the volume of the liquid water, as 
being so small compared with that of the steam that it is unnecessary to 
take it into account for the present purpose.* 


Cubic Feet. 

Volume on admission, F 0, takep as sensibly equal to 

BC, 1-00 

Volume at end of expansion, ED, .... 24*68 

Volume at beginning of compression, E A, . . . 4*08 

The weight of water expended per stroke is 0*0956 lb. 


8. The areas shown in the diagram, as computed by the proper formulae, 
given in the footnote to the preceding article, are as follows : — 

% . 

* The following are formuljB for these volumes, and for the work represented by the 
areaa in the diagram, first demonstrated by the author in the Philosophical Trans- 
for December, 1853, and given also in A Manual of the Steam-Engine and other 
Prime Movers, Let t and H denote the higher and lower limits of absolute tempera- 
ture; p and p'the corresponding pressures; L and L' the corresponding values of 

2 ? ; J, Joule’s equivalent of the specific heat of liquid water (772 foot-pounds per 

d t 

degree of Fahrenheit in a pound of water) ; H, the value in foot-pounds of the latent 
heat of evax>oration of 1 lb. of water at the higher limit (= 745,800 - 0*7 J (T - A) 
nearly, where A is the boiling point under one atmosphere) ; then — 


E A 
B C' 


Je'L , , 

H L,- hyp. log. 


t 


E D _ E A (' L 
B C“B C 


FCDE='y' 

FBAE 


j « - (l + hyp. log. 

= ^j<-«'(l+hyp.log.J)j; 


All these formulas were independently demonstrated by Clausius in 1855. (See hie 
AhhaTtdhmgen iiber die mechanische Wdrmetheorie.) If the water at the lower limit Cf 
pressure in the example were all in the state of steam, it would occupy 29*9 cubic feeth ^ 
The difference between this and 24*58— viz., 5*22 cubic feet, shows what propori^ of 
the steam is spontaneously liquefied during th» given expansion in a non«oo]lda<^^' 
cylinder. 
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Foot-pounds. 

Tptal work obtained through the action of the steam 
in driving the piston, allowing for back pressure, 

PCDE= 16690 

Work expended through compressing part of the steam 

into the liquid state, F B A^E = .... .1446 

Difference, being the indicated work per stroke, 

BCDA=: 1^)244 

as already calculated in Article 4, ])y the second law of thermodynamics. 
The lost* or rejected heat, 

68420 - 15244 = 53176 foot-pounds, 

is the heat abstracted during the condensation of the volume of steam 
represented by A D ; and it is impossible to get back any part of that 
heat, because it is all abstracted at the lower limit of temperature, and 
heat will not pass from a colder to a hotter body. 

9. To proceed now to the case of the air-engine. The limits of pressure 
do not, as in the case of steam, depend on the limits of temperature, but 
may be fixed according to convenience. In general, the lower limit of 
absolute pressure is the atmospheric pressure, which wo will estimate in 
the present example at 2116'3 lbs. on the scpiare foot, or 14*7 lbs. on the 
square inch ; and this is represented by Oc in the diagram. The upper limit 
of absolute pressure being arbitrary, we will assume it in the present case 
to be three atmospheres, or 6348*9 lbs. on the square foot, or 44*1 lbs. on 
the square inch. It will presently be seen, that the weight of air to be 
used per stroke depends on the proportion borne by the upper limit of 
pressure to the lower. That weight of air — to be afterwards determined 
— ^is drawn into the air-pump at the atmospheric pressure and at the 
lower limit of temperature ; and it occupies a volume represented in the 
diagram by e d. It is then compressed into a smaller volume, represented by 
fOy BO that it rises to the higher limit of pressure, and transferred from 
the pump to the working cylinder ; and, in order that this compression 
and transfer may cause the smallest possible expenditure of work, the air 
must be kept during the compression at the lower limit of temperature by 
means of a proper refrigerating apparatus for abstracting all the heat that 
the compression generates. None of that heat can be got back, for it is 
idl idMitraoted at the lower limit of temperature. The temperature, then, 
being uniform, the volume varies inversely as the absolute pressure; fa, 
fSa ^6 preset example, is one-third of e d, and the curve dais a eomm<m 
The work expended in the air-pump, which is the exact 
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equivalent of the heat generated there and abstracted by the refrigerating 
apparatus, is represented by the area f ad and is computed in foot-pounds 
by multiplying together the following factors; — The constant 63*16; the 
hyperbolic logarithm of the ratio compression (hyp. log. 3 =: 1*0986); the 
absolute temperature at which the compression takes place in degfees of 
Fahrenheit (in this case 565®*2 Fahr.); and the weight of air used, in 
pounds. 

10. The air on its way from the pump to the working cylinder passes, 
without change of pressure, through a perfect regenerator, in which all the. 
heat given out by the previous supply of air is stored up ; and it thus 
rises to the higher limit of absolute temperature, and at the same time 
undergoes dilatation from the volume /a to the volume/ 6, which volumes 
are to each other in the ratio of the limits of absolute temperature; vis.; — 

fa : fb :: 565-2 ; 727*2 : : 1 : 1-2867. 

11. The next process is that the air continues to expand and drive the 
piston until its pressure falls to the lower limit, its volume at the same 
time increasing to that represented by e c ; and it is then finally exj>elled, 
giving out to the regenerator to be used over again the heat correspond- 
ing to the difference between the upper and lower limits of temperature. 
In order that the greatest quantity of work possible may be obtained from 
the expansion represented by the curve h c, and in order also that the 
air during its expulsion may give out to the regenerator a quantity of heat 
sufficient to raise the temperature of the next supply of air to the higher 
limit, the temperature must, by the supply of a sufficient quantity of heat, 
be maintained uniform during the expansion represented hy be; and that 
quantity of heat constitutes the whole expenditure in a perfect air-engine. 
Such being the case, the volume varies inversely as the pressure ; ecyin the 
present example, is three times /6, and the curve is a common hyper- 
bola. It is evident, moreover, that the volumes represented hy ed and e c 
are to each other in the ratio of the limits of absolute temperature, already 
given. The whole work obtained by the action of the air in the cylinder, 
which is the exact equivalent of the whole heat expended, is represented 
by the area fbee, and is computed in foot-pounds by multiplying together 
the following factors. The constant 5315; the hyperbolic logarithm of the 
ratio of expansion (hyp. log. 3 = 1*0986); the absolute temperature at 
which the expansion takes place (in this case 727^-2 Fahr.) : and the weight 
of air used, in pounds. 

12. The area be da represents the indicated work per stroke, being the 
excess of the work obtained in the cylinder above the work expended iti 
the air;j)ump ; and the proportion which it bears to f bee (representing the 
whole expenditure of heat) is obviously that of the range of temperatWe 
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to the higher absolute temperature, as already stated in Article 3, \iz , : 

162 

Y2f2 ^ words, the areas shoAvn in the diagram repre- 

sent the following quantities : — 

Foot-pounds. 

Total exiienditure of heat per stroke, /tee* , 68420 

Heat produced by compression and abstracted by the 

refrigerator, /« c ...... 531 76 

Indicated work per stroke, & r = . . . .15241 

The indicated work per stroke may bo calculated independently by multi- 
plying together the following factors: — The constant 53*15; the hyperbolic 
logarithm of the ratio of expansion (hyp. 3 — 1*01)86); the range of 
absolute temperature (162° Fahr.); and the weight of air used, in pounds. 

13. The weight of air used per stroke is determined by the considera- 
tion, that it is to be sufficient to absorb when expanding to three times 
its initial volume at the absolute temperature 727°*2 Fahr., a quantity of 
heat equivalent to 68420 foot-pounds. The calculation is as follows : — 

Constant factor depending on the nature of the gas in 

foot-pounds per degree of Fahrenheit, . . 53*15 

Multiply by the absolute temperature, . . 727°*2 F. 

Product in foot-pounds, being equal to the product of 
the absolute pressure in pounds on the square 
foot, and the volume of 1 lb. of air in cubic feet, 38651 

Multiply by the hyperbolic logarithm of the rate of 

expansion, hyp. log. 3 = .... 1*0986 

Product being the heat absorbed by each pound of 

air in foot-pounds, 42516 


Heat expended 68420 ^ i o n 

dmded'by ’42516 I'bll31b. 

t)f air used per stroke. With a different ratio of expansion the weight 
of air required per stroke would be different, varying inversely as the 
logarithm of that ratio. Had any other gas been employed instead of air 
tiie only difference in this quantity would have been t^t arising from a 
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different value of the constant factor. The following are the volutnes 
occupied by the air at different periods ; — 


Cubic Feet. 


ed 

* 

. 

22-87 

fa 

. 

. 

7-62 


. 

. 

9-81 

e c 

... 

. • 

29-43 


. 14. The following is a summary of the comparison between the steam- 

engine and the air-engine in the example given : — 


Per Stroke. 

Steam-Engine. 

Foot-pounds. 

Air-Engine. 

Foot-pounds. 

Difference. 

Heat expended, 

6S420 

68420 

0 

Heat rejected, 

53176 

53176 

0 

Heat transformed into mechanical work, 

15244 

15244 

0 

Efficiency, 

0*2228 

0*2228 

0 

Work obtained by expansion, 

16690 

68420 

61730 

Work expended in compression, . 

1446 

53176 

51730 

Indicated work, 

■ 

15244 

15244 

0 


The quantities in the column headed difference/’ represent a diminu- 
tion of the work obtained by expansion, and an exactly equal saving in 
the work expended in compression, produced by the mutual attaraction of 
the particles of water. 

16. It may be useful to point out what effects would be produced by 
departing from that condition of maximum efficiency which requires that 
the elevation of temperature shall be produced without the expenditure. of 
heat. In the case of the steam-engine there would be a gain of indicated 
work^ represented by the area FB AE = 1446 foot-pounds, so thatth^ 
indicated work per stroke would be 16690 foot-pounds. At the 
time there would be an additional expenditure of keat» cidcttlated as 
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Joule’s equivalent of the speciQc heat of liquid water, 772 

Number of degrees of Fahr. by which the temperature 

of the feed-water has to be raised, . . .• 1G2° 

Weight of water used per stroke (lb.), . . 0'0966 

Product of those three factors, being the additional 

expenditure of heat per stroke in foot-pounds, . 1195G 

Expenditure of heat as formerly ealculated, . . 68420 

Total, . . ... 80376 


Efficiency, as diminished by omitting the compression, 
1^90 _ 

80376 “ 


0*208 


being about fifteen-sixteentlis of tlie gi*eatest possible efficiency with the 
given limits of temperature. 

16. In the case of the air-engine, suppose the regenerator omitted, so 
that the whole elevation of temperature of the air has to bo produced by 
heat supplied from the furnace ; then, in the present example, there would 
be an additional expenditure of lieat, calculated as follows : — 

Dynamical equivalent of the specific heat of air under 
constant pressure, in foot-pounds per degree of 
Fahr,,. 183*45 

Elevation of temperature, 162° F. 

Weight of air used per stroke, the rate of expansion 

beings, 1*6113 lb. 


Product of those three factors, being the 
expenditure of heat in foot-pounds, . 

Expenditure of heat as formerly calculated, 
Total, .... 


additional 

. 47886 

. 68430 


. 116306 


• Efficiency, as diminished by altogether omitting 
, 16244 

.... 


0'131 nearly, 
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or almnt six-tenths of the greatest possible efficiency with the given limits 
of temperature. 

17. It is evident that the regenerator, or some equivalent apparatus, 
cannot be omiCted consistently with economy of heat in an air-engine. 
An actual regenerator, however, will never succeed in storing and giving 
out the whole supply of heat required for the elevation of temperature. 
Suppose, for the sake of illustration, that in the present example the 
regenerator stores and gives out nine-tenths of the heat required, leaving 
cne-knth to be supplied from the furnace, then we have the following 
expenditure of heat per stroke : — 


Foot-peund& 

Expenditure as originally calculated, . . . C8420 

Additional expenditure through imperfect action of 

the regenerator, 4789 

Total, 73209 

Efficiency, as diminished by imperfect action of the 

regenerator = 0'208 nearly, 

7 ♦I juy 

or about fifteen-sixteenths of the greatest possible efficiency with the given 
limits of temperature. 

18. The law which the preceding ' examples illustrate leads to the con- 
clusion that if by means of air-engines greater economy of fuel than in 
steam-engines is to be attained, it must be by the following means. — 
Working with a greater range of absolute temperature than is practicable 
or safe in steam-engines, and using the products of combustion directly ' 
to drive the piston, so as to save nearly the whole of the heat that is 
wasted in a steam boiler, or in an air-engine in which the products of 
combustion are not so used ; and it is probable that the latter is the more 
easily practicable of the two means of economising heat. 

19. The following examples illustrate tlie relation between the efficiency 
of a heat engine and the consumption of fuel per indicated horse-power 
per hour. The fuel is supposed to be nearly pure carbon, the mechanical 
equivalent of the whole heat produced by the combustion of one pound of 
it being 11,000,000 foot-pounds. 
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Efficiency. 

Indies^ Work 
per 

Pound of Carbon. 

Pound Carbon per 
Indicated Horse-j^wer 
per Hour. 

1 

11,000,000 

0-18. 

0-5 

5,500,000 

0-36 

0-25 

2,750,000 

0-72 

0-20 

2,200,000 

0-90 

. 015 

1,650,000 

1-20 

0-125 

1,375,000 

1-44 

0100 

1,100,000 

1-80 

0-075 

825,000 

2-40 

0-050 

550,000 

3-60 

0-025 

275,000 

7-20 


SUPPLEMENT. 

20. I think it desirable to add the following explanations and illustra- 
tions of the principle, that in an air-engine, under all circumstances 
whatsoever, the heat produced hy the compression of the air is wholly and 
ujuivoidably lost — a principle which is a necessary consequence of the fact 
that heat never passes directly from a colder to a letter body. 

21. The heat produced by the compression must either be abstracted 
from the air as fast as it is produced, so as to keep the temperature of the 
air constant during the compression, or allowed to accumulate and raise 
the temperature of the air. In the former case (which is that described 
in Article 9) it is at once evident that the heat, being abstracted by 
me^ms of an external substance, such as water or air, that is colder than 
the lowest temperature of the working substance, can never be transmitted 
to the working substance again. 

22. In the latter case, when the heat produced by the compression is 
not abstracted, but allowed to accumulate and raise the temperature of the 
air, the air is passed through the regenerator or economiser on its way 

2f . 
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towards the working cylinder at an increased temperature higher than the 
lower limit. Therefore, the air which has done its work and is escaping 
through the regenerator in the opposite direction is not reduced below the 
same increased temperature, for it is only through the entering air being 
at a lower temperature that any heat can be abstracted from the escaping 
air. Therefore, the escaping air carries off to waste a quantity of heat 
equal to the quantity of heat produced by compression and allowed to 
accumulate in the compressed air, so that the effect of such accumulation 
is neutralised, and the total expenditure of heat remains unaltered. 

23. Moreover, the increase of temjierature of the air undergoing com- 
pression causes an increase in the quantity of work expended in 
compressing it above the quantity of work which would be required if 
the temperature were kept constant; and thus the indicated work is 
diminished, and the engine ceases to be one of maximum efficiency 
between the given limits of temperature. 

24. To illustrate this by an example, I will suppose that the .compres- 
sion of the air takes place in a non-conducting cylinder, and is carried 
to an extent such that the temperature of the air is raised from the lower 
limit to the higher limit by means of the compression alone. Then it is 
known that the pressure of the air, instead of varying inversely as the 
volume simply, varies inversely as that power of the volume whose 
index is r408, while the absolute temperature varies inversely 
as that power of the volume whose index is 0*408. In Fig. 2 (as 
in the former figure) let volumes in cubic feet be represented by 
distances parallel to OV, and pressures in pounds on the square foot 
by ordinates parallel to OP, so that the areas of diagrams represent 
quantities of work in foot-pounds. Let OE represent the original 



absolute pressure, E D the original volume of the air, and 0 P 
increased pressure at the end of the compression. Then, if the temperar 
tore were kept uniform, the compression cutve of the diagram woifld 
.Mmmbn hyperbola DA, such that OFxFA=:OEx ED. 
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rise pf temperature causes the compression ourvo to assume a 8teq>er 
figure, D B, of which the law has already been stated. The absolute 

F B 

temperature at the end of the compression is increased in the ratio 

and the work done in striving the compressing pump is represented by the 
area of the diagram E F B D, and is equivalent to the quantity of heat 
required in order to produce the rise of temperature from the lower to the 
higher limit under constant ])rcssure. Now, taking the same data as 
before, viz, : — 


Temperatures. 
Upper limit, 
Lower limit, 


Bepjrces of Fahrenheit. 
Ordinary scale. Absolute scale. 


2CG° 727°*2 

lot r)Gr)‘^*2 


Difference, . 


IG2^ lG2"-0 


Eatio in which the absolute temperature is to be increased, 


F B _ 727^*2 ^ 
FA”" 5G5^-2 ‘ 


1-28G7; 


Dynamical value of the specific heat of air under constant pressure, 
183’45 foot-pounds per degree of Fahrenheit. 

Original pressure, 0 E = 211G’3 lbs, on the b(|uarc foot , 

Original volume of one pound of air, 11*19 cubic foot; 

We obtain the following results : — 


Ratio of volumes. 


ED _ 
FB"” 


1-854G; 


Ratio of pressures, 


OF_ED_ED FB 
OE'~FA‘”‘FB’f'A 


I *8540 


X 1*2867 = 2*38G2; 


Pressure at end of compression O F 5050 pounds on the square 
foot; 

Volume of one pound of air at end of compression, 7*65 cubic feet; 
Work done in compressing pump per pound of air, 

162° X 183*45 = 29719 foot-pounds. 


,25. The air being now at the upper limit of temperature, let it be 
tnmaferred to the working cylinder, and there expanded without aHowing 
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the temperature to M below that limit, until the pressure falls to the 
atmospheric pressure 0 E, and then let it be discharged. The expansion- 
curve B 0 will, as in Article 11, be a common hyperbola, so that the ratio 
of expansion will be 


EC_OF_ 

BF“'OE“’ 


2-3862, 


and the volume of one pound of air at the end of the expansion will be 
18*26 cubic feet. The area of the diagram F B C E will represent at once ^ 
the work done in driving the piston, and the whole expenditure of heat. 
The method of computing that area has already been stated in Article 11, 
and the calculation in the present case is as follows, for each pomd of air 
used : — 


Constant factor, 53*15 

Absolute temperature at which the expansion takes 

place, 727‘’*2 F. 

Hyperbolic logarithm of the ratio of expansion; 

hyp. log. 2*3862 = 0*8697 


Product of those three factors, being the work done 
and heat expended in the working cylinder, per 
pound of air used, in fQot-pounds, . 33615 


26. The air finally escapes at the higher limit of temperature, and 
therefore carries to waste the whole of the heat which was employed in 
raising its temperature, having been produced by compression. The value 
of that heat in foot-j)ounds per pound of air has been already found, in 
Article 24, to bo 29719. 

27. The indicated work represented by the area B C D is consequently, 
in foot-pounds per pound of air, 

33615 - 29719 = 3896; 


and the efficiency of the engine. 


3896 

33615 


= 0*116 nearly, 


or about one-half of the greatest possible efficiency with the given limits 
of temperature. 

28. In order that the present example may be the* more easily com- 
pared with the former examples, we will suppose that the heat* to bo 
expended per stroke is, as before, equivalent to 68420 foot-pounds. 
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Then the expenditure of air per stroke required in order to take up 
that heat during its expansion is found to be 


68420 

33615 


20354 lbs.; 


whence the following results are obtained : — 

Foot-lbs. 

Waste heat per stroke equivalent to the work of 
driving* the compressing pump, 162° x 183*46 
X 2*0354 = 60490 


Indicated work per stroke, 3896 x 2*0354 = . . 7930 


Efficiency, 


68420 


0*116, as already found. 


Volumes successively occupied by the air in cubic feet per 
stroke ; 


ED = 28*89; FB = 15*58; EC = 37*17. 

29. The case of Article 9 — where the whole of the heat generated in 
the compressing pump is abstracted as fast as it is produced — and that of 
the example just described — in which the whole of that heat is at first 
employed in raising the temperature of the air while an equal quantity of 
heat goes to waste with the escaping air that has done its work — form 
two extremes, and between those extreme cases there may lie an indefinite 
number of intermediate cases, in which part of the heat generated by com- 
pression is abstracted at once, and part employed in raising the tempera- 
ture of the air. It will be readily understood that in all those intermediate 
cases the result is the same as in the two extreme cases — ^the whole of the 
heat generated by the compression of the air goes to waste either at once 
or with the escaping air, and none of it is available for conversion into 
indicated work; nor would it be possible that it should become so 
available, unless it were possible for heat to be directly transferred from 
a colder body to a hotter body. 
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XXVI— ON THE WORKING OF STEAM IN COMPOUND* 

ENGINES.^ 

1. PriTicipal Kinds of Compound Engines, — ^By a compound stCMn-^ngine is 
meant one in which the mechanical action of the steam comnSnces in a 
smaller cylinder and is completed in a larger cylinder. Those cylinders 
are respectively called, for convenience, the high-pressure cylinder and the 
low-pressure cylinder. Two classes of compound engines will be con- 
sidered — first, those in which the steam passes directly or almost directly 
from the high-pressure to the low-pressure cylinder, the forward stroke of 
the latter ojjlnder taking place either exactly or nearly at the same time 
with the return stroke of the former cylinder ; and, secondly, those in 
which the steam, on its way from the high-pressure to the low-pressure 
cylinder, is stored in a reservoir, so that any convenient fraction of a 
revolution (such, for example, as a quarter revolution) may intervene 
between the ends of the strokes of the cylinders. As to the latter class 
of engines, reference may be made to a paper by Mr. E, A. Cowper in 
the Transactions of the Institution of Naval Architects for 1864, page 248. 
Sometimes, especially in the first class of compound engines (those without 
reservoirs), there are a pair of low-pressure cylinders whose pistons move 
together, and which act like one cylinder divided into two parts. 

2. Advantages of Compound Engines, — ^As regards the theoretical effi- 
ciency of the steam, the compound engine possesses no advantage over 
an engine with a single cylinder of the dimensions of the low-^pressatre 
cylinder, working ^vith the same pressure of steam and the i|ame rate of 
expansion. The advantages which it does possess are the following : — 
First, in point of strength, the action of the steam when at its highest 
pressure takes place, in the compound engine, upon a* comparatively smajll 
piston, thus diminishing the amount of the greatest straining force exerted 
on the mechanism and framing ; secondly, in point of economy of heat 
and steam, in a single-cylindered engine it is necessary, in order to prevent 
liquefaction and re-evaporation of the steam, and consequent waste of 
heat, that the whole metal of the cylinder should be kept, by means of a 
steam jacket, at a temperature equal to. that of the steam when first 


From The Engineer of March 11, 1870. 
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admitted; whereas^ in a compound engine, it id the emaUer ov higiii <9 
pressure cylinder only which has to be kept at so high a temperaAore^ it 
being sufficient to keep the larger or low-pressure cylinder at the tem- 
perature corresponding to the pressure at which the steam posses fipon^ 
'the high-pressure to the low-pressure cylinder. Thirdly, in point of 
economy of work : the whole of the force exerted by the piston rod upon 
the crank in a single-cylindered engine takes effect in producing friction 
at the bearings ; whereas, in compound engines, the mechanism can bo 
so arranged that the forces exerted by the piston rods on the bearings 
shall, to a certain extent, balance each other, thus diminishing the friction. 

When there are a pair ^ 

oflow-pr^ure cylinders e -— 
with a nigh - pressure \ 

cylinder between them \ 

(as in the engines of 
“Constance,” by 

Messrs. Randolph, Elder, — -jL 

and Co.) the balance can 

be made almost perfect. H Z 

These remarks apply not ^ 1 

only to the forces duo [ { 

to the pressure of the F ^ 3 

steam, but to those pro- 

duced by the reaction or inertia of the i)istons and of the masses wliiek 
move along with them. The advantages which have been stated are 
obviously greatest with tigh rates of expansion. 

3. GomUnation of Diagram , — ^Wlicn the diagrams of the high and low- 
pressure cylinders of a compound engine are taken by means of one 
indicator they have the same length of base; and when arranged in 
the customary way for inspection they present appearances which arc 
represented in Fig, 1 for engines without reservoirs,' and in Fig. 2 for 
•engines with reservoirs. In each Fig. A A is the atmospheric line, 0 B 
the zero line of absolute pressure, and the length 0 P on that line is‘ the 
common length of the diagrams of both cylinders, as originally drawn. 
The diagram of the high-pressure cylinder is represented in Fig. 1 by 
<3 D K<H, and in Fig. 2 by C D K L; that of the low-pressure cylinder, 
as drawn by the indicator, is represented in Fig. 1 hy hi h, and in Fig. 2 
hy ligh. In combining the diagrams of the two cylinders into one 
diagram, it is to be borne in mind that when the area of a diagram is 
consider^ as representing the work done by the steam on the piston at 
one stroke, the length of 'the base of the diagram is to be considered as 
representing thesj^tvs Capacity of the cylinder : that is, the space swept 
through by the piston at one stroke. Hence, in order to prepare the 
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djiagram of the low*ptessure cylinder for combination with that of the 
high-pressure cylinder, the lengths of its base, and of every line in it 



parallel to its base, are to be increased in the ratio in which the effective 
capacity of the low-pressure cylinder is greater than that of the high- 

pressure cylinder.* (When there 
are a pair of low-pressure cylinders 
combined* with one high-pressure 
cylinder, they are equivalent to 
one low-pressure cylinder of double 
the capacity.) In each of the Figs. 
1 and 2, then, the base 0 P is, in 
the first place, to be produced to 
B, making 0 B greater than 0 P 
in the proportion abov^-mentioned. 
To complete the preparation of 
the low-pressure diagram draw, in 
"x each case, a series of lines across it 
parallel to the base 0 B, such as 
the dotted lines in each Fig,, of 
which one is marked hie. Let c denote the ratio 0 B ^ 0 P. Then, 
in the case of an engine without a reservoir (Fig. 1) draw Pi perpendi- 
cular to 0 B, cutting all the parallel dotted lines, and on each of those 

lin^ (such as 5 r j) lay off aj = c’rs, A cvUtye hqej, drewn throng 

*■ * 

* Mamal qf the Steam^Engim and athr Prime Movere^ page 334. 
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the points, such as q, thus found, will be the required boundary of the 
enlarged low-pressure diagram, kqejhsi, which, being joined on to the 



Fig. 4. 


high-pressure diagram C D K H, makes the combined diagram. When 
the engine has a reservoir, draw 0 1 (Fig. 2) perpendicular to 0 B, and 
crossing all the parallel dotted lines, and on each of those lines (such as 



srk) lay oflF sk^e'sr. A curve Ihefg, drawn through the point(^ 
sudi as h, thus found, will be the required boundary of the enlarged low- 
pressure diagi^, which, being joined on to the high-pressure diagram 
C D L, makes the combined diagram. In a theoretically perfect 
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in which the steam passed from the high-pressure to the low- 
pressure cylinder without change of pressure or. temperature, the two 
diagrams would join exactly at the boundaries K L and Z; Z in Fig. 2, or 
K H and hh in Fig. 1, so as to form one diagram identical with that 
produced by the same quantity of steam working between the same limits 
of pressure in the larger cylinder only. But in actual engines there is 
sometimes a gap between the high and low-pressure diagrams, as in the 
Figs. 1 and 2 ; and sometimes, when the steam reservoir is heated, they 
overlap each other. 

4. Bates of Expansion , — In Figs. 1 and 2 let D be the point where the 
cut-off takes place in the high-pressure cylinder; draw D c parallel to BO; 

OP * O B 

then “ p is the rate of expansion in the liigh-pi^essure cylinder J is the 

total increase of volume in passing from the high-pressure to the low- 
pressure cylinder ; and the product of those quantities, 

OP (^_OB 

cD * OP ~ cD’ 

is the total rate of expansion. 

5. Construction of Theoretical Expansion-Diagrams for Proposed Engines . — 
In constructing the theoretical diagram of a proposed steam-engine, certain 
well-known assumptions are made in order to simplify the figure and the 
calculations founded upon it. In the first place, the pressure of the steam 
during its admission is assumed to be constant, so that the uppermost 
boundary of the diagram, as in Figs. 4 and 5, is a straight line, C D, 
parallel to the zero line, 0 B, the height O 0 representing the absolute 
pressure of admission. Secondly, the back pressure is assumed to be 
constant ; so that the lower boundary of the diagram also is a straight 
line F G parallel to 0 B, the height 0 G representing the mean absolute 
back pressure, as estimated from the results of experience. Thirdly, it is 
commonly assumed that at the beginning of the forward stroke the pressure 
rises suddenly from the back pressure to the pressure of admission, so that 
the first end-boundary of the diagram is a straight line G C perpendicular 
to 0 B. Fourthly, it is assumed that at the end of the forward stroke the 
pressure falls suddenly from the pressure at the end of the expansion (or 
fmed pressure) to the back pressure, so that the second end-boundary of the 
diagram is a straight line, E F, perpendicular to 0 B. Fifthly, fw the 
eicpansion curve (D E in Figs. 4 and 6), which completes the boundaries 
of the diagram, there is assumed a line of the hyperbolic class. Thus the 
area of an assumed theoretical diagram of the work of the steam in a pro^ 
posed engine is made up of a hyperbolic area G D E H, and a rectangafaur 
area £ F G H. The form of the expansion curve depends on a numbfli^^)Q|f 
circumstances, such as the initial pressure and temperature of tiie stmusii 
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the proportion of water (if any) admitted along with it in the liquid 
state, ’the communication of heat between the steam and the metal 
of the cylinder, the communication of additional heat to the steam during 
its expansion by the help of a steam jacket Writers on thermodynamics 
have determined the exact form of that curve in various cases, such as 
that of steam originally dry, expanding in a non-conducting cylinder; 
that of steam originally containing a given proportion of moisture expand- 
ing in a non-conducting cylinder ; that of steam originally dry supplied 
during the expansion with heat just enough to keep any part of it from 
condensing; that of steam supplied during the expansion with heat 
sufficient to keep it at a constant temperature. For elementary methods 
of approximating t6 the results of the exact methods in such ca^es, see 
The Engineer of the 5th January, 1806. For most practical purposes the 
common hyperbola forms a good approximation to the true eximnsion 
curve, and it is convenient because of the simplicity of the processes for 
finding its figure, whether by calculation or by construction. To find by 
calculation the series of absolute pressures corresi)onding to a given series 
of volumes assumed by the steam, on the supposition that the expansion 
curve is a common hyperbola, multiply the initial absolute pressure by the 
initial volume; divide the product by any one of the given series of 
volumes ; the quotient will bo the corresponding absolute jiressure. To 
find a series of points in the common hyperbola, in Fig. 3, draw the two 
axes 0 X and 0 Y perpendicular to each other; 0 X to form a scale of 
volumes, and to represent the zero line of absolute pressure; 0 Y to form 
a scale of absolute pressures. On 0 X lay of 0 A to represent the initial 
volume of the steam; also OB', OB", &c., to represent a given series of 
volumes occupied by the same steam during its expansion. On 0 Y lay 
off 0 0 to represent the initial absolute pressure of the steam. Through 
C draw the straight line CaJ'i", &c., parallel to OX, and through the 
points A, B', B", &c., draw the series of straight lines A a, B' 6', B" &c., 
parallel and equal to 0 C. From 0 draw the series of diverging straight 
lines 0 6', 06", &c., and mark the series of points C', C", &c., where they 
cut A a. From these points, and parallel to OX, draw the series of 
sta^ight lines C' D', C" D", &c., and mark the series of points D', D", &c., 
where they cut the series of straight lines B' 6', B" J", &c. These points, 
together with* the point a, will be points in the required hyperbola, 
«D'D", &C., which is taken as an approximation to the ^expansion curve. 

6. CaJetdaiion of Mean Absolute Pressure and of Indicated TTork in a 
Theoretical Diagram — ^Suppose that in Fig. 3 0 B"" represents the final 
Tolume of the steam, so that D"" is the end of the expansion curve, and 
^at B"" D"" represents the final absolute pressure. The intermediate 
troltinies OB', OB", &c., are to to so chosen that the points B',B", &c., 
divide AB"" into an even number of equal intervajls. Multiply the 
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series of absolute pressures represented by A a, B' b', &c., by " Simpson’s 
multipliers,” which are, for the initial and final pressures, 1; and for the 
intermediate pressures, 4 and 2 alternately; so that, for example, for four 
intervals and five absolute pressures, the multipliers are 1, 4, 2, 4, 1; for 
six intervals and seven absolute pressures, 1, 4, 2, 4, 2, 4, 1, and so on. 
Add the products together; divide the sum by three times the number of 
intervals. Multiply the quotient by the rate of expansion less one ; to 
the product add the initial absolute pressure ; divide the sum by the rate 
of expansion ; the quotient will be the required mean absolute pressure 
nearly. — Example : Bate of expansion, 5 ; expansion divided into 8 equal 
intervals; initial absolute pressure, 37*8 lbs. on the square inch. 


Absolute Pressures. 

Multipliers. 

Products. 

Initial 37*80 

1 

37-80 


r 37-8 X 1 = 25-20 

4 

100-80 


37-8 X 1 = 18-90 

2 

37-80 


37-8 X 1 = 15-12 

4 

60-48 

Inter- 

37-8 X ^ = 12-60 

2 

25-20 

mediate 

37-8 X I = 10-80 

4 

1 

43-20 


37-8 X } = 9-45 

2 

J8-90 


. 37-8 X 1 = 8-40 

4 

33-60 

Final 

37-8 X \ = 7-56 

1 

1 7-56 


Divide by 8 intervals x 

3 = 24 

) 365-34 sum 



■ Quotient . 15-2225 


Multiply by rate of expansion 5 — 1 4 

Product G0*89 
Add initial absolute pressure . . 37*80 

Divide by rate of expansion . . 5 ) 98*69 sum 

Mean absolute pressure nearly 19*738 

The remainder left after subtracting the back pressurefrom the mean absolute 
pressure is the mean effective pi'esmre, which, being multiplied by the area 
of the piston, and by the distance moved through by the piston in a given 
time, gives the indicated work of the steam in that time. * * 

* A well-known formula for the ratio of the mean to the initial absolute pressure is 
H- hyp, log r 

T being the rate of expansion. For a graphic approximate soluMon cl 
the question, see Th^ Engineer for April 13, 1866. * 
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7. Theoretical Combined Diagrams , — By the process described in the 
p]:eceding section there may be constructed the approximate theoretical 
diagram of steam working with a given initial pressure and a given rate 
of expansion^ and against a given mean back pressure. In the case of a 
proposed compound engine, that theoretical diagram is to be regarded as 
the combined diagram of the two cylinders, and it is to be divided into 
two parts, representing the parts of the indicated work done in the two 
cylinders respectively. In each of the two Figs. 4 and 5, the theoretical 
combined diagram is represented by C D E F (r, 0 C being the initial, and 
B E the final absolute pressure, 0 G = B F the mean back pressure, A A 
the atmospheric line, 0 B the zero line of absolute pressure, H E = F G = 
O B the effective capacity of the large cylinder, C D the initial volume of 

EH 

steam admitted per stroke, and -p.:: the total rate of expansion. The 

O JD 

dividing line which marks the boundary between the high-pressure and 
low-pressure theoretical diagrams is represented in Fig. 4 by K H, and in 
Fig. 5 either by h L, or by k /, or by some line near those lines, as will 
afterwards be more fully explained. 

8. Theoretical Diagrams of a Compound Engine without a Reservoir . — 
When the steam passes directly, without loss of pressure or of heat, from the 
high-pressure to the low-pressure cylinder, the dividing line of the theoreti- 
cal compound diagram is found by the following process. In 0 B (Fig. 4) 
lay off 0 P to represent the effective capacity of the high-pressure cylinder. 
Through P, parallel to 0 C, draw the straight line P J K, cutting the back- 
pressure line in J, and the expansion curve in K ; then K will be one end 
of the dividing line. Through the lower end E of the expansion curve, 
and parallel to B 0, draw E H, cutting 0 C in H ; then H will be the 
other end of the dividing line. To find intermediate points, draw, parallel 
to 0 B, a series of straight lines, such as T It Q, T' 11' Q', across the part 
of the diagram which lies below the point K, and in each of those lines, 
for example, in Q E T, lay off R S, bearing the same proportion to R Q 
that P 0 bears to P B ; the points thus marked, such as S and S', will bo 
in the required dividing line K H. The areas of the two parts of the 
theoretical diagram, C D K H, and K E F G H, being measured by ordinary 
methods, will show the comparative quantities of work done in the high- 
pressure and low-pressure cylinders respectively. The advantages of the 
compound engine in point of diminution of stress and friction are most 
fully realised when those quantities of work are equal; that is, when the 
line .KH divides the area CDEFG into two equal parts; for then the 
mean values of the forces exerted through the two piston-rods are equal ; 

. hence the proportion borne by the effective capacity of the high-pressure 
cylinder to that of the low-pressure cylinder ought to be chosen so as to 
realise that condition as nearly as possible. An exact rule for that pur- 
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pose ’ would be too complex to be useful for practical purposes. . The 
folbwing empirical rule has been found by trial to give a good rough 
approximation to the required result in ordinary cases of compound 
engines without reservoirs: Make the ratio in which the low-pressure 
cylinder is larger than the high-pressure cylinder, equal to the square of 
the cube root of the total rate of expansion ; for example, if the total rate 
of expansion is to bo 8, let the low-pressure cylinder be four times the 
capacity of the high-pressure cylinder (this rule was first given in Ship- 
hailding, Theoretical and Practical, page 275). When a table of squares 
and cubes is at hand, look for the total rate of expansion in the column of 
cubes, the required ratio will be found in the column of squares. 

9. Theoretical Diagrams of a Compound Engine mill a Reservoir, — To 
realise theoretical perfection in the working of an engine with an inter- 
mediate Steam reservoir, that reservoir should be absolutely non-conduct- 
ing, so that the steam may pass from it into the low-pressure cylinder at 
exactly the same pressure and volume at which it is received from the 
high-pressure cylinder. Supposing this condition to be realised, let Op 
in Fig. 5, represent the volume of steam admitted into the low-pressure 


0 B 

cylinder at each stroke, so that is the rate of expansion in that 

cylinder; then 0^ will also represent the effective capacity of the high- 
0 p 

pressure cylinder, and will be the rate of expansion in it; and itph 


be drawn parallel to 0 C, so as to cut the expansion curve in h, this point 
will be on© end of the required dividing line. To find other points on 
that line under the same theoretical conditions, combined with the .sup- 
position that the forcing of the steam into and its delivery out of the 
reservoir take place at certain times, produce B 0, making 0 N of a length 
representing the capacity of the reservoir : then in 0 C lay off 0 L greater 
than in the proportion in which Njp is greater than NO; L will be 
the other end of the dividing line klj, which line will be an expansion 
curve for steam of the initial volume represented by N 0 = M L, and 
initial absolute pressure represented by 0 L = N M, and may be^ con- 
structed by the method of Sec. 5, The high-pressure diagram will bo 
0 D i L, and its lower boundary, h L, will represent the increase of pressure 
during the process of forcing the steam from the high-pressure cylinder 
into the reservoir; the low-pressure diagram will be LAEFG, and its 
upper boundary ILh will represent the diminution of pressure > during the 
process of delivering the steam from the reservoir into the low-pressure 
cylinder. But, in reality, the entrance of the steam into and its deUveiy 
from the reservoir take place partly at the same time,^ and the metal of 
the reservoir abstracts heat from the entering steam, and ghres heat back 
to the escaping steam ; the practical result, as shown by the diagrams 
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published in Mr. Cowper’s ^ paper already referred to, being that the 
pressure of the steam in the reservoir is nearly constant, so tliat the upper 
boundary of the low-pressure diagram nearly coincides with a straight 
line, Ik, parallel to 0 B. The same straight line also coincides nearly with 
the lower boundary of the high-pressure diagram. 

In the engines experimented on by^ Mr. Cowper, the effective capacity 
of the high-pressure cylinder was somewhat smaller tlian the volume of 
steam admitted at each stroke into the low-pressure cylinder, being repre- 
sented, for example, by 0 P instead of by 0 2 > ; and the final pressure 
P K in the high-pressure cylinder was greater than the pressure in the 
reservoir. 

The high-pressure diagram was thus made to resemble CDKgi^ in 
Fig. 5, leaving a sort of notch, Kql, between it and the low-pressure 
diagram Z K E F G ; but it appears that this loss of area was compensated 
by the effect of the steam-jacket enveloping ilio reservoir, which, by 
imparting additional heat to the steam, caused the low-pressure diagram 
to be of a fuller form in the part k E than that bounded by the theoretical 
expansion cun^e. 

In this case a rough approximation to an equal division of work between 
the high and low-pressure cylinders may be obtained by making the rate 
of expansion in the low-pressure cylinder equal to the square root of the 
total rate of expansion. 
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XXVIL— ON THE THEORY OF EXPLOSIVE GAS-ENGINES.^ 

1. Thsrmodynamkal Propositions. — ^In calculations respecting the prac- 
tical use of heat engines, it is convenient to employ rules in which the 
pressures and volumes alone of the working substance are taken explicitly 
into account, so as to avoid the necessity for computing temperatures. 
Such rules exist in the case of the steam-engine. The object of the 
present communication is to explain a similar set of rules applicable to 
explosive gas-engines. They are based mainly on the following estab- 
lished propositions in thermodynamics: Let h denote the ratio in which 
the specific heat of a substance in the perfectly gaseous state under 
constant pressure, exceeds the specific heat of the same substance at 
constant volume. Then — 

First proposition. — When a mass of that substance passes from the 
absolute pressure p and volume v, to the absolute pressure p' and volume v\ 
the dynamical equivalent of the sensible heat absorbed by it (that is, heat 
employed in producing elevation of temperature, as distinguished from 
heat which disappears in doing work) has the following value : 

p' v' — pv 

“ 7.-1 • 

The pressures and volumes are supposed to be given in such measures 
that the product of a pressure and volume may be expressed in units of 
work. For examine, if volumes are given in cubic feet, pressures should 
be given in pounds on the square foot, in order that the product of a 
pressure and a volume may be expressed in foot-pounds. 

Second proposition. — When a mass of the same substance performs 
work by expanding without transfer of heat, the pressure falls in such a 
manner that p t;* is a constant quantity. 

The value of k for atmospheric air is 1*408; it is very nearly the same 
for oxygen and nitrogen; and it does not differ much from 1*4 in the 
gaseous mixture resulting from the explosion of coal gas and air in the 
ordinary proportions: a mixture of which about three-fourths consists of 
nitrogen. Consequently, throughout this communication, 1*4 = y will 

* From The Engimer of July 27, 1866. 
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be taken as a value of /•, sufficiently near to the tnitli for practical purposes 
where minute accuracy is neither necessary nor possible; so that 

1^ k 

F- i ~ 2* ^-1 “",2* 

2. Rules as to Heat and Expammi , — ^The following rules are the 
immediate consequences of the two propositions just stated: 

I. A mass of a gaseous mixture, occupying the constant volume r, has 
its pressure increased from 2 ^ to ^/; the quantity of heat in units of work 
required to effect that change is 

o «■ (p - !>)■ 

II. A mass of a gaseous mixture, under the constant pressure p, has 

its volume increased from v to v\ The quantity of heat employed in 
this case to i)roduce rise of temperature is, as before, in units of work, 
«. p . and at the same time the work done through the expansion' 

is p (v' — v), and an equivalent (quantity of heat disappears; so that the 
whole quantity of heat required, in units of work, is 

•III. A mass of a gaseous substance performs work by expanding from 
the volume v to the greater volume r r without transfer of heat, r being 
the rate of expansion. Then, if the original absolute pressure is the 
final absolute pressure will be 

r — V 

The following table gives some results of this rule : — 


Bate of Expansion. 

Cut-off. 

Final Pressure. 
Initial Pressure, 

r 

1 ;>2 _ 

r-^ 


r Pi ■“ 



0-2 

O'lOS 

• 4 

0-25 

01>44 

3^ 

0-3 

0185 

24 

0*35 

0*230 

2^. 

0-4 

0*277 

2| 

0-45 

0*327 


0-5 

0*379 


2o 
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The exact calculation of r ^ requires the aid of logarithms. In the 
absence of logarithms an approximate value may be computed by the 
foUowing empirical formula 

G + ^) - 0‘025 nearly; 

which is correct to about one per cent, when r is not less than 2, nor greater 
than 7 ; but should not be used beyond those limits. 

3. Diagram,^ — The general character of the indicator-diagram of an 
explosive engine is shown by the lines marked ACEGHA in the 
figure. 

The base of the figure, 0 V, represents a scale of volumes, on which 

O B may be taken to denote one cubic foot 
of a suitable explosive mixture introduced 
into a cylinder at the atmospheric pressure 
represented by the ordinates 0 A = B C. 
In symbols, let stand for the atmospheric 
pressure: then AC will represent the line 
drawn by the indicator-pencil during the 
introduction of one cubic foot of the explo- 
sive mixture. Suppose that the admission 
is now cut off, and the mixture fired by a 
spark ; and suppose also that the time 
occupied by the explosion is very small, 
compared with the time occupied by a stroke 
of the piston ; then the sudden increase of 
pressure produced by the explosion may be 
approximately represented by C E, the 
absolute pressure immediately afterwards 
being represented by B E. The gaseous 
mixture of products of the explosion then expands, driving the piston 
before it ; let E G be the expansion curve, so that 0 F is the final volume, 
and F G the final absolute pressure of the gas. G H represents the fall 
to the atmospheric pressure upon opening the eduction valve, and H A 
the expulsion of the gaseous mixture against the atmospheric pressure, 
so that the work done by each cubi6 foot of explosive mixture is repre* 
sented by the area C E G H C. 

4. Total and Available Heat of Explosion, — ^The total heat of explosion 
may be calculated theoretically from the composition of the explosive 
mixture employed, by the aid of data obtained from such experiments 
as those of Favre and Silbermann. For example, according to information 
given by Dr. Letheby {Engineer^ 28th June, 1866, p* 448), the mixture 
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found to answer best in Lenoir’s gas-engine is composed of eight parts by 
volume of air to one of common coal gas. From Dr. Letheby’s analysis 
of the gas, and the known values of the total heat of combustion of its 
constituent it appears that the total heat of explosion of one cubic foA of 
the mvdwe is equivalent nearly to 56,900 foot-pounds. 

To find the available heat of explosion, it is necessary to have recourse 
to experiments on actual gas-engines. Let be the absolute pressure 
immediately after explosion ; then, according to liule I. of Article 2, the 
available heat of the exidosion, in units of work, per cubic foot of explosive 
mixture, is expressed by 

2 O'l - i'o)- 

Now, from experiments quoted by Dr. Letheby, it appears that = about 
5 atmospheres on an average, so that 

Ih i’o ^ atmospheres = 8464 lbs. on the s(juare foot; 

and, consequently, the available heat of explosion per cubic foot is 

5 

- X 8464 = 21160 foot-pounds. 

The difference between this and the total lieat of explosion reju'esents 
the loss which . occurs through conduction and imperfect combustion. 
The ratio of the available to the total heat, viz. : — 


21160 

56900 


0-372, 


may be called the efficiency of the explosion. 

In the diagram the available heat of explosion is represented by 


2 


X 


the area of the rectangle A D E C; and according to an established pro- 
position in thermodynamics, it may also be represented as follows (Philo- 
sophical Transactions for 1854) {Seep,839 )\ — Through E and C draw a 
pair of adiabatic curves, E L and 0 N; that is, curves of expansion without 
transfer of heat; then the heat required to produce the rise of pressure 
G E at the constant volume 0 B is represented by the limit to which the 
area NOEL between those curves approaches as the curves are prolonged 
indefinitely towards N and L. 

6. Firuxi Pressure . — ^The pressure at the end of the expansion represented 
by F G may be approximately computed by Eule III. of Article 2. For 
example, if the rate of expansion is 2, the table shows that 0-379 py ^ ; 

t^ if jPj a: 5 atmospheres = 10680 lbs. on the square foot, we 



468' 


ON THE THEORY OF EXPLOSIVE OAS-ENGINES. 


ahftU probably have, with the expansion 2, tiie final absolute pressure 
JP 2 ;= 4010 lbs. on the square foot nearly, or 1694 lbs. on the squure foot 
above the.iuean atmospheric pressure. 

fCbe following rule serves to determine the rate of expmision required 
in order to make the final pressure be equal to the atmospheric pressure, 
or nearly so ; — 



and this is the rate of expansion which realises the greatest indicated 
work. For example, let = 5; then = 6^ = 3‘16 nearly. In the 


Q A 0 P 

diagram this ratio is represented by ; Q being the point where 

AO U ij 


the line of atmospheric pressure cuts the expansion curve. 

The expansion curve is here assumed to coincide sensibty with an 
adiabatic curve. 

6. Indicated TFm'L — Draw G K J parallel to V 0. Then the area 
CEGHC, representing the work done by each cubic foot of explosive 
mixture, consists of a rectangular part CKGH, and a triangular part KEG. 

The work represented by the rectangular part is simply (r — 1) 

{H-Po)- 

The work represented by the triangular part is determined by the aid 
of Eules I. and II. of ’Article 2 as follows : — Conceive an adiabatic curve 
K M to pass through the point K. Then the area K E G is the difference 
between the limits of the indefinitely-prolonged areas MKEL and 
M K G L. But, according to a principle stated in Article 4, the limit of 
the area MKEL represents the quantity of heat required to produce the 
increase of pressure K E at the constant volume 0 B ; and, according to 
Kule I., that quantity of heat, in units of work, is expressed by 


f) 

9 


X rectangle J D E K = 


5 

2 


{Pi -P2); 


also, according to the same principle, the limit of the area MKGL 
represents the quantity of heat required to produce the increase of volume 
K G at the constant pressure F G; and, according to Eule IL, that quantity 
of heat, in units of work, is expressed by 

^ X rectangle B*K G F = — 1)^2? 

w!bence the work represented by the area K E G is found to ,be 
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and, combining with this the work represented by the rectangle CK6 H, 
the whole work per cubic foot of explosive mixture is found to be 
expressed as follows : — 

W = I (i»i - p.^ - I (r- + (»• - 1) iPi - Po)- . (V.) 

For example, in the previous calculations we have r :rr 2; rz 10580; 
2?2=4010; Pq-211C); and, consequently, W ::r 10425- 14035 + 1894* 
= 4284 foot-pounds per cubic foot of explosive mixtui’e. 

The mean effective pressure (p^) is given by dividing the %vbrk done by 
the space swept by the piston; that is to say, 


Thus, in the example already given 



4284 


2142 lbs, on the square foot. 


7. Efficiency . — The term efficiency of the expaimon'^^ may be used to 
denote the ratio of the work done to the available heat of explosion; that 
is to say, 


2 W 

5 (J>1 - i'e)’ 


(VII.) 


Its value in the example is 


21160 


= 0'203 nearly. 


If the efficiency of the expansion bo multiplied by the efficiency of the 
explosion, already mentioned in Article 4, the product is the resultant 
effidency of the heat, whose value, in the example, is 

0-203 X 0-372 = 0-075 nearly; 

so that per cent, of the whole heat of explosion is converted into 
mechanical work, 

8, Greatest Efficiency , — As already stated in Article 5, the greatest 
^ciency of the expansion ^occurs when the final pressure is equal to the 
atmospheric pressure. The diagram of work is then represented by 
0 E Q, and the quantity of work per cubic foot of explosive mixture is 
found by making pg == Po formula (V.) Let Wj be that quantity of 
Irork; then, 
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The corresponding value of the efficiency of the explosion is — 


5 CPi - Po) 5 (pj - po) • 


. (IX.) 


In the example chosen we have r = 3*16, and, consequently, the work 
per cubic foot of the mixture is 

Wj = 21160 — 16000 = 5160 foot-pounds per cubic foot; 


the mean effective pressure, 


52^0 
‘31 6 


1636 lbs. on the square foot; 


and the efficiency of the expansion. 


2Wi _ 5160 

5(l>i--Po)““2n60 


0*244. 


The resultant efficiency of the heat is 

0*244 X 0*372 = 0*09, 


so that nine per cent, of the whole heat of explosion is converted ■ into 
mechanical work. 

9. Eemarks . — In the preceding calculations of work and efficiency no 
•deduction is made for friction, nor for any increase in the back pressure 
which may arise from resistance to the escape of the waste gases. The 
allowances to be made for such losses can be deduced from practical trials 
alone. Hence, the results of the formulae are theoretical limits, which may 
be aimed at in practice, but probably cannot be absolutely attained. 
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XXVIIL— ON THE EXPLOSIVE ENERGY OF HEATED 
LIQUIDS.* 

1. Referhm io Thecn'etical Investigations. — In contemplation of the revival 
of the application (first invented by Perkins) of the sudden evapora- 
tion of highly heated liquid water, in order to propel projectiles, it may 
be useful to give a summary of the rules for calculating the utmost 
theoretical effect of a given fluid when so employed, under given circum- 
stances. For the theoretical deduction of those rules from the laws 
of thermodynamics I have to refer to two independent investigations, 
made respectively by myself and by Clausius; the former published 
in the Philosophical Transactions for 1854: {See p. SJ9)\ the latter in 
Poggendorff^s Annalen for 1856. The rules themselves, with some 
tables of their results, having reference to the bursting of steam-boilers, 
have also been published in the Transactions of the Institution of 
Engineers in Scotland for 1863-4, Vol. YIL, page 8 ; and in the Philosophical 
Magazine for 1863, Vol. XXVI., pages 338 and 436. In a subsequent 
communication I propose to consider the case when the fluid passes into 
the state of vapour before its admission into the gun. 

2. General Formnlce for all Fluids. — Suppose a closed boiler to be entirely 
filled with a fluid in the liquid state, at a certain absolute temperature /j. 
Let the absolute temperature t^ being lower than be the boiling point 
of that fluid in a boiler open to the atmosphere. Let a given mass of tlie 
liquid be made to escape from the boiler, and to perform work by expand- 
ing partly or wholly, as the case may be, into the state of vapour, and 
driving a solid body (such as a bullet) before it, until its pressure falls to 
that of the surrounding atmosphere, and its absolute temperature (con- 
sequently) to Then the energy exerted by that mass of fluid is equi- 
valent to the raising of its own weight to the height given by the following 
equation : — 

U = K/ 2 (» - 1 - hyp. log. m), . . (1.) 

in which K denotes the dynamical value of the specffic heat of the fluid in 

^ From The Einj;uieer*of November 11, 1870. 
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the liquid state ; and n = k the ratio in which the initial absolute tem* 

to m 


perature is greater thdn the final. Moreover, the following formula gives 
the excess of the space filled by each unit of weight of the fiuid at the end 
of the expansion, above the space filled by an unit of weight of the 
liquid : • 


K hyp. log. n 

d<2 


in 


which denotes the rate at which the pressure of saturation varies 


with the boiling point, at the final temperature. 

Absolute temperatures are given, as is well-known, by adding 461®*2 to 
temperatures on the ordinary Fahrenheit's scale, or 274® to temperatures 
on the ordinary Centigrade scale. 

3. Formulce for Water . — For water the values of the co-efficients in the 
formulas are as follows, very nearly : — 


K ^2 = 520,000 feet; 

= 18*38 cubic feet per lb. ; t 
dt^ 


or to a rough approximation, about 1100 times the volume of the hot 
liquid water. Hence wo have the following formulae for water ; energy 
of the explosion in foot-pounds per pound of water ; — 

U = 520,000 (ii — 1 — hyp, log. n). . . (1 A.) 

Space swept by the explosion, or final volume of the water and steam 
in ouImc feet to the pound. 


s = 18*38 hyp. log. w ; . . . (2 A.) 

or, in terms of the volume of the liquid water, 

1100 hyp. log. 72, nearly. . . . (2B.) 

4. Examples . — To illustrate the results of the preceding formulae^ the 
two following examples are given, in which the values assumed for n are 
respectively 2 and The pressures correspemding to the temperatures 
givqp by those ratios afe not known by experiment. The pressures given 

* 158,500 metres, nearly, 
t 1*147 c!ibio4»etoe»pep kilegraanne^ nearly. 
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in the following table or results are ealeulated on the assumption that the 
formulae which are found to be accurate up to the limits of exjKiriment, 
are applicable also to temperatifres far beyond those limits ; hence, those 
pressures are to be viewed as in a great measure conjectural. This affects' 
the safety of the boiler and of the gun; but not the energy of the 
exph>sion, nor the final volume of the fluid ; for these two quantities vary 
with the temperature only. 


Eatio of initial to final absolute tem- 
perature, 

£xaini>lc I. 

2 

Example II. 

2i 

Final absolute temperature, Fahr., 

f.73°-2 

C73°-2 

Final absolute temperature, Cent., 

37 r 

374“ 

Initial absolute temperature, Fahr., 

134r)“-4 

1514“-7 

Initial absolute temperature, Cent., 

748“ 

841'’-5 

Initial temperature, ordinaiy scale, 
Fahr., 


1053°-5 

Initial temperature, ordinary scale. 
Cent., ’ 

474^ 

seT'-s 

Energy of the explosion, foot-pounds 
per pound of water, . 

159,562 

228,189 

Final volume — cubic feet per pound of 
water and steam, 

12-74 

14-9 

Final volume — ^ratio to initial volume 
of water, nearly 

760 

890 

Conjectural absolute pressure in boiler, 
pounds on the square inch, 

7,180 

13,345 . 

Ditto, ditto, in atmospheres, . ! 

490 

908 


The values of the energy of the explosion in the two examples agree 
very nearly with the least and greatest values found by experiment for 'the 
energy of the explosion of 1 lb. of gunpowder ; hence the examples may 
be taken as showing the conditions which must be fulfilled in order that 
1 lb. of heated water may produce the same effect as 1 lb. of gunpowder. 
In both examples the initial pressures are so high that the only safe form 
of boiler is a coil of tube of small bore compared with its thickness. This 
was the form employed by Perkins. 

5.^^. ExpmdUuTB of Eeai ^ — ^The expenditure off beat requmed m order to 
j^t^ee&thw elevation of temp^ture of each of mass of liqdd from 
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the temperature of the feed to that at which it escapes from the boiler is 
expressed in dynamical units as follows : — 

H = .... (3.) 

in which denotes the absolute temperature of the feed. Let this latter 
temperature bear the ratio to the absolute temperature of the atmos- 
pheric boiling point ; then we may express the same expenditure of heat 
in the following manner : — 

H = . . . (3 A.) 

and for water, the value of this in foot-pounds per pound is very nearly 

H = 520,000 (n - n^), . . . (3 B.) ‘ 

The value of v} for water ranges, in ordinary cases, between 0*7 and 0*8. 
Assuming it to be 0*75, the expenditure of heat in the two preceding 
examples is found to have the values given in the following table : — 

Heat expended Example 1. Example II. 

Foot-pounds per pound, . . 050,000 780,000 

Units of evaporation, . ... 0*873 1*047 

The difference between the quantities in the first line and the values of 
the energy of, explosion, are the quantities of heat which go to waste with 
the escaping steam and wafer after the explosion, viz : — 

Waste heat. Example I. 

Foot-pounds per pound, . . 490,438 

6. Efficiency of the Explosion.— This term may be used 
ratio borne by the energy of the explosion to the whole 
heat. Its value is as follows ; — 

U __ — 1 hyp. log. n 

H W — 71^ 

And it is to be observed that this value depends solely on the ratios borne 
to the absolute temperature of the atmospheric boiling point, by two other 
absolute temperatures — ^viz., that of the feed water, and that of the liquid 
just before it escapes from the boiler. In the two examples the values of. 
the efiSciency of the explosion are respectively — 

Example I. Example II. 

0*245 0*293 

7. Bemarks , — ^The preceding formulae all proceed on the assumption that 
the specific heat of the liquid is sensibly constant. This is not perfectly 


Exami)le II. 
551,811 

to express the 
expenditure of 

• • ( 4 .) 
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accurate, for the specific heat of every liquid increases slowly with the 
temperature. The effects of that increase are shown in the original 
theoretical investigations referred to at the commencement; but for 
practical purposes it is unnecessary to take them into account. 

The formulae also take no account of the retarding effect of friction on 
the bullet, nor of the inertia of the air which it drives before it in the 
barrel of the gun, nor of the loss of energy which may take place througli 
the abstraction of heat from the water by the metal of the barrel : those 
being quantities which can be determined by direct experiment alone. 

The initial temperatures assumed in the examples have been chosen so 
as to make the explosive energy of the water nearly equivalent to that of 
an equal weight of gunpowder. By choosing a lower initial temperature 
the initial pressure may be moderated ; but the explosive energy of a 
given weight is at the same time diminished ; and a greater mass of water 
must be used in order to obtain a given amount of energy, thus increasing 
the proportionate quantity of energy which is lost in propelling the 
explosive material itself, as the following section will show. 

8. Efficiency of Projection . — This term may be used to denote the pro- 
portion which the energy of the bullet at the instant of its leaving the 
gun bears to the whole energy of the explosion. 

Let m denote the ratio which the mass of the bullet bears to the mass of 
the explosive material ; M the ratio which the whole mass that recoils 
bears to the mass of the explosive material ; v the velocity of .the bullet at 
the instant when th*c action of the explosion ceases, so that the energy of 




the bullet at that instant, per unit of mass of explosive material^ is ^ ; then, 

neglecting friction and the inertia of the air, &c., it can T)C shown that the 
energy of the explosion of an unit of mass of explosive material is disposed 
of in the following manner : — 




m + 1^2 

mT 


D' 


+ 


K- 


2M -f 1 


+ 


(2t 

V2J 


2m + l , /'2 ot + 1^*^| 


M + 


(5.) 


. m 

‘ On the right hand side of this equation the first term — is the energy 

oTtheMet. 

. The second, 

M /2 m + 

2 y \2 M -f- 

18 the energy of the mass which recoils. 

And the third, 


- 1 )' 
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6(7 2M+ 1 \2M+ iJ ) 

is the energy of the projectile motion of the products of explosion, at the 
instant when they cease to act on the bullet. Hence, the cmnUr-effidency 
of projection, being the recij^rocal of the efficiency, or in other words, the 
ratio in which the whole energy of the explosion is greater than that of 
the bullet, is expressed as follows : 


^ _ 1 + 1\2 


+ 




-JV 

m V 2 M + 1/ 

+ . 
^ V 2 M+ 1 / ) 


2m+l /2w + 

2M-ri \2M.+ 


(a.) 


from which it appears that the energy lost through the projection of the 

products of explosion is greater, the greater the proportion ~ borne by 

the mass of the explosive material to that of the bullet, and that when 
the proportionate weight M of the recoiling mass is very great, that lost 

energy is 'approximately equal to the fraction — of the energy of the 
bullet. 

For example, let m = 8, and M =: 1000 ; then the three terms of the 
counter-efficiency of projection have the values shown in the following 
equation to three places of decimals ; 


c = 1 + 0-009 + 0-041 = 1-050; 

that is to say, the energy lost in the recoil is 0*009, and the energy lost in 
projecting the products of explosion 0-041 of the energy of the bullet; 
the latter being by far the more important loss ; and hence it is desirable 
not to increase unnecessarily the comparative weight of the explosive 
material. 

9. Batio of Final Volume of Steam to Volume of Bullet . — In section 3 of 
this communication, equations (2a) and (2b), expressions have been given 
for the space ( 5 ) filled by an unit of weight of the mixture of water and 
steam, when it has expanded until its pressure is equal to that of the 
atmosphere. Let w denote the heaviness of the material of which the 
bullet is made; then, m being, as before, the ratio of the mass of the bullet 
to the mass of the fluid which drives it, the ratio in which the final volume 
of the fluid exceeds the volume of the bullet is given by the following 
expression ; — 

^ X 18'38 hyp. log. n ; . . . . (7*) 

mm 


when w is stated in pounds to the cubic foot. 
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If lead be the material of the bullet, we have w = 712 nearly; and if 
iron or steel, w == about 480. Hence are deduced the following formulje ; — 


For lead, . 

For iron and steel, 


5 _ 13087 h }np. log, n 
m ^ m 

ws _ 8822 hyp. log. n 
m m 


)■ 


(7 a.) 


When these formulie are applied to the two examples given in section 4, 
the bullet being supposed, as in section 8, to have eight times the mass 
of the explosive material (so that m = 8), the following results are 
obtained : — 

Ratio of final volume of water and steam to volume of bullet. 


Lead bullet, 

Iron or steel bullet, . 


Example 1. Example 11. 

1134 1327 

7G4 894 > 


Such would be the ratio which the volume of the gun-barrel would have 
to bear to that of the bullet, in order to render available the whole of the 
energy developed by tlie expansion of the steam. It is obvious that 
barrels of such dimensions arc purely ideal, being many times longer than 
the greatest length that it is possible to use in practice. It therefore 
becomes necessary to limit the barrel to a practicable length, and to 
sacrifice part of the energy due to the expansion of the steam. 

10. FulUp'esmre Steam Gun . — In the following investigation the sup- 
position is made that the communication between the boiler and the 
gun-barrel remains full open during the whole time of the motion of the 
bullet along the barrel; and it is further assumed that at the instant 
when the bullet quits the muz25le the barrel is filled with fluid of unifonn 
pressure and density, which, consequently, is at that instant moving with 
a velocity equal to that of the bullet (v). The pressure in the boiler must 
be higher than that in the barrel to the extent required in order that the 
expansion of the fluid in passing from the, higher to the lower pressure 
may be sufficient to produce a velocity of outflow equal to that of the 
bullet ; and so far the action of the fluid is expansive ; but its action in 
driving the bullet is equal simply to that duetto the difference between the 
pressure in the barrel and the atmospheric pressure, acting as in a non- 
expansive steam-engine. This apparatus may be called a “ full-pressure 
steamgon.” 

The ratio, in ;which the volume of the barrel exceeds that of the bullet 
is supposed to be fixed according to practical convenience. 

11. Fremre. — Let 6 denote the volume of the 
bullet; 3/ that of the space through which .the bullet sweeps in the 
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barrel Let be the absolute intensity of the pressure which resists 
the motion of the bullet : being that of the atmosphere, with an addition, 
to be determined by experiment, for friction and for the inertia of the 
air expelled in front of the bullet. Let jpg ^^e absolute intensity of 
the pressure of sjeam in the barrel. Then p 2 — Pz, is the effective 
intensity of the driving pressure. The weight of the bullet is w b, and 

w h , 

the energy impressed on it is ~ — , being equal to the work of raising 

2 9 

it to the height -- due to its velocity of discharge. The energy exerted 
^9 . * 

in driving the bullet is that due to the pressure whose effective intensity 
is P 2 P 39 acting through a space of the volume B; therefore, by 
equating these quantities of energy as follows, — 




,w b t;- 


we obtain the following formula for the required effective intensity of the 
driving pressure : — 


h 

^ • 5 


o 

•tr 



( 8 .) 


that is to say, the excess of the absolute driving pressure {p^ above the resisting 
pressure (pz) is equivalent to the weight of a column of the metal of which the 
bullet is made, whose height is less than the height due to the velocity, in the same 
proportion in which the volume of the bullet is less than the volume of the space 
through tvhich the bullet sweeps in the barrel. 

For example, let v = 1G05 ft. per second; let us assume B = 100 &; 
and let the material of' the bullet be lead, so that it’ = 712 lbs. per cubic 
foot ; then we have the following resiJts : — * 


Height due to velocity, =: 40,000 ft. 

J g 

Effective driving pressure, Pi—Pz^ lb. on the square foot, 
„ „ „ lb. on the square inch. 

Absolute driving pressure, if friction and the inertia of the 
air be neglected ; lb. lOn the square inch. 


284,800 

1,978 


1,993 


so that in this example we may conclude that the absolute intensity of the 
driving pressure required would be 2,000 lbs. on the square inch, or 
thereabouts; or between 135 and 136 atmospheres. For other proportions 
of the volume of the barrel to that of the bullet, the effective pressure 
required, of course, varies inversely as the volume of the barrel. 

12. Calculation of Pressure in Boiler , — ^The pressure in the boiler must 
be such that a mass of water escaping from the boiler, and expanding from 
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that pressure until the pressure of the mixed water and steam falls to that 
in the barrel, shall acquire a velocity equal to that of the bullet. Houco, 
let ^2 denote the absolute temperature corresponding to the absolute 
driving pressure as found by means of suitable formula', or tables ; 
ti = the absolute temperature of the water just before it escapes from 
the boiler, and K (as before) the dynamical value of the specific heat of 
liquid water; then (as in equation (1) of section 2), wc have 

K (a - 1 - hyp. log. ^0 - ^ ; • • {^) 

and this transcendental equation is to be solved by approximation, so as 
to find n, and thence ti = When tlio absolute temperature in the 
boiler has thus been found, the corresponding pressure may bo calculated 
by the help of formula', or of tables. 

In applying the foregoing rules to such examples as that already given 
in section 11, great uncertainty arises from a cause formerly referred to — 
viz., that the pressures and temperatures lie far beyond the range of the 
experiments from which the formuliv for the pressure and temperature of 
steam were deduced. 

By the use of an alrea<ly known formula,’^' the absolute temperature 
corresponding to the absolute pressure of 2,000 lbs. on the S(piare inch is 
foimd to be 1104'" Fahr. = 613'" Cent.; coi responding to 643'" Fahr., or 
339"" Cent, on the ordinary scales. The corresponding value of K /2 is 
852,000 ft.; and by solving equation (9) by approximation wo obtain the 
following results, which, however, are to a great extent conjectural : 
hyp. log. n = 0’292 nearly; n = 1’339 nearly; absolute temperature in 
boiler, = 1478° Fahr, nearly = 821'" Cent, nearly (or, on the ordinary 
scales, 1017° Fahr., or 547'" Cent.) Absolute pressure in boiler, about 
11,770 lbs. on the square inch, or about 800 atmospheres. 

13. Expenditure of Water, and HeaUEfficiency^ — The weight of water 
expended per shot, supposing that there is no waste, is expressed by 
B 

, in which denotes the volume filled by each unit of weight of the 

mixture of water and steam in the barrel; and the ratio which that 
weight bears to the weight wb ol the bullet is given by the following 
formula : — 

2 ^ 

m‘^ whso'^ . dL , , ^ . 

^ K . hyp. log. 71. . . (10.) 

d t 

For the reason already given the value of is very uncertain ; but, 
as before, a conjectural value may be computed by means of the ordinary 
* See Mmual of ih^ Steam-Engim and oibAt Prime Movers, p. 237. . 
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formula. In the example already given we find the following results : — 
^2 = 0*12 cubic foot per lb. of water; 



m = 0*854. 


The dynamical equivalent of the expenditure of heat for each unit of 
weight of bullet is expressed as follows : — 




. ( 11 .) 


in wliich \ is'the temperature of the feed ; and in the example given the 
value of this quantity of heat, subject to the causes of uncertainty already 
mentioned, is found to be about 810,000 foot-pounds per pound weight of 
bullet. The energy of each pound weight of bullet is 4,000 foot-pounds, 
so that the efficiency and counter-efficiency of the gun are respectively as 
follows : — 

Efficiency, *049 ; Counter-efficiency, 20*25. 

14. Full-pressure Dry Steam Gun. — ^If, instead of a coil of tube entirely 
filled with highly-heated liquid water, we assume it to be practicable to 
use a boiler having sufficient steam space to enable the gun to be supplied 
with dry steam, the calculation of the driving pressure required in the 
barrel is exactly the same with that already given in section 11, giving 
about 2,000 lbs. on the square inch in the example chosen. The density 
of the steam in the barrel, the weight expended per shot, the boiler 
pressure, the total expenditure of heat per shot, and the efficiency, 
may be calculated by means of known formulae, subject to the uncertainty 
arising from the pressures and temperatures being beyond the range of 
previous experiments. The following are the results in the example : — 
^2 = 0*24 cubic foot pet lb., showing that with the boiler quite full of 
liquid water half the fluid in the barrel is liquid, 


m == 1*72; 


== 0-582. 
m 


Boiler pressure, pj, about 3,600 lbs. on the square inch ; expenditure of 
heat per shot, 766,000 foot-pounds; counter-efficiency, 19; efficiency, 
0-062. 

16. EmarJis . — Tho boiler-pressure, as well as the driving pressure 
required in order to produce a given velocity in a given bullet, vari^ 
inversely as the capacity of the barrel ; and hepce it is ob-vions that the 
safe and effective working of steam guns depends mainly on the praetu»r 
hility of making and using'very long gun-barrels. 

*,Se6 Mmmalc^the'Sieam.Mmineand other Prime 
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PAPERS RELATING TO WAVE FORMS, PROPULSION OF 
VESSELS, STABILITY OF STRUCTURES, etc. 


XXIX.— ON THE EXACT FORM OF WAVES NEAR THE 
SURFACE OF DEEP WATEU.^ 

1. The investigations of the Astronomer-Royal, and of some other 
mathematicians, on straight-crested parallel waves in a liquid, arc based 
on the supposition that the «lisplacemcnts of the particles of the lic^uid 
are small compared with the length of a wave. Hence it has been very 
generally inferred that the results of tliosc investigations are approximate 
only, when aj)plied to waves in which the displacements, as com])arod 
with the length of a wave, arc considerable. 

2. In the present paper, I propose to prove that one of those results 
(viz., that in very deep ■water the j)articlcs move with a uniform angular 
velocity in vertical circles wlmse radii (liminish in geometrical progression 
with increased depth, and, consequently, that surfaces of equal pressure, 
including the upper surface, are trochoidal) is exact for all displacements, 
how great soever. 

3. I believe the trochoidal form of waves to have been first explicitly 
stated by Mr. Scott Russell ; but no demonstration of its exactly fulfilling 
the conditions of the question has yet been published, so far as I know. 

4. In A Marnuil of Applied Mechanm (first published in 185H), page 
579, 1 stated that the theory of rolling waves might bo deduced from that 
of the positions assumed by the surface of a mass of water revolving in a 
vertical plane about a horizontal axis ; as? the theory of such waves, how- 
ever, was foreign to the subject of the book, I did not then publish the 
investigation on which that statement was founded. 

5. Having commimicated some of the leading principles of that investi- 
gation to Mr. William Froude in April, 1862, 1 learned from him that he 
had already arrived independently at similar results by a similar process, 
although he had not published them. 

* Bead before the Eqyal Society of London on November 27, 1862, and pnblislied it^ 
the PMlosophical TrantacUons for 1863. 

2H 
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6. Proposition I . — In a mass of gramtating liquid, whose particles revolve 
uniformly in vertical circles, a wavy surface of irochoidal profile fulfils the con- 
ditions of miformity of pressure — such irochoidal profile being generated ly 
rolling, on the underside of a straight line, a circle whose radius is equal to the 
height of a conical pendulum that revolves in the same period with the particles 
of liquid. 

In Fig. 1 let B be a particle of liquid revolving uniformly in a 
vertical circle of the radius C B, in the direction indicated by the arrow 



Fig. 1. 

]Si ; and let it make n revolutions in a second. Then the centrifugal force 
of B (taking its mass as unity) will be 4 r? . C B. 

Draw CA vertically upwards, and of such a length that centrifugal 
force : gravity : : C B : A C ; that is to say, make 


which is the well-known expression for the height of a revolving pendulum 
making n revolutions in a second. 

Then A C being in the direction of and proportional to gravity, and 0 B 
in the direction of and proportional to centrifugal force, AB will be in the 
direction of and proportional to the resultant of gravity and^ centrifugal 
force; and the surface of equal pressure traversing B will be normal 

to A B. 

* The profile of such a surface is obviously a trochoid LBM, traced by 
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the point which is carried by a circle of the radius CA rolling along 
the underside of tiie horizontal straight line H A K. Q.KD. 

7. Ccrolkmes . — ^The length of the wave whoso period is ono-nlh of a 
second, is equal to the circumference of the rolling circle ; that is to say 
(denoting that length by X), 


2 TT . 0 A 


the period of a wave of a given length X'is given in seconds, or fractions 
of a second, by the equation 


1 _ /SwX 

« - V ,/ ; 


and the velocity of propagation of such Avave is 




results agreeing with those of the known theory. 

8. PuorosiTiON II. — Let umiher 'iiuJcKt of uniform prasure he amcelml 
io exist indifinitchj mar to the first surface; then, if the fir, 4 surface is a surface 
of contbmitH) so also is the second. 

By a surface of continuity is lieve meant one which always passes through 
the same set of particles of liciuid, so that a pair of such surfaces contain 
between them a layer of particles which are always tlio feamo. 

The perpendicular distance between a pair of surfaces of uniform pres- 
sure is in this case inversely proportional to the resultant of gravity and 
centrifugal force ; that is to say, io the normal A H. II(3nce, if a curve 
1 h fm be drawn indefinitely near to the cun o L M, so that the perpen- 
dicular distance between them, P> /, shall everywhere be inversely propor- 
tional to tho normal A B, the second curve will also bo the profile of a 
surface of uniform pressure. 

Conceive now that the whole mass of liquid has, combined with its 
wave-motion, a uniform motion of translation, with a velocity equal aud 



Fig. 2. 

opposite to that of the propagation of the waves. The dynamical con- 
of the mass are not in the least altered by this ; but the forms of 
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the waves are rendered stationary (as we sometimes see in a rapid stream), 
and, instead of a series of waves propagated in the direction shown by the 
arrow P, we have an unMating current running the reverse way, in the 
direction shown by the arrow Q. (This is further illustrated by Fig. 2.) 
According to a well-known property of fcurves described by rolling, the 
velocity of the particle B in that current is proportional to the normal 
A B, and is given by the expression 2 irn . A B. 

Consider the layer of the current contained between the surfaces L B M 
and I h m. In order that the latter of those surfaces, as well as the former, 
may be a surface of continuity, it is necessary and suflScient that the 
thickness of the layer B/ at each point should be inversely as the velocity; 
and that condition is already fulfilled ; for B/ varies inversely as A B, and 
A B varies as the velocity of the current at B ; therefore, L B M and / S m are 
not only a pair of surfaces of uniform pressure, but a pair of surfaces of 
continuity also. Q.E.D. 

9. Corollary. — The surfaces of uniform pressure are identical with sur- 
faces of continuity throughout the whole mass of liquid. 

10. Corollary. — Inasmuch as the resultant of gravity and centrifugal 
force at B is represented by 



the excess of the uniform pressure at the surface Ihm above that at the 
surface L B M is givefi by the expression 

A B 

dp^w.:=^-. B/, 

AC 

in which w is the heaviness of the liquid, in units of weight per unit of 
volume. By omitting the factor w, the pressure is exj^ressed in units of 
height of a column of the liquid. 

* 11. Proposition III. — The profile of the lower surface of the layer referred 
to in the preceding proposition is a trochoid generated by a rolling circle of the 
same radius with that which generates the first trochoid ; and the tracing-arm of 
the second trochoid is slimier than that of the first trochoid by a quantity bearing 
ihJt same proportion to the depth of the centre of the second rolling circle below 
the centre of the first rolling circle, which the tracing-arm of the first rolling 
circle hears to the, radius of that circle. 

At an indefinitely small depth A a below thc^ horizontal line H A K, draw 
a second horizontal line hah, on the underside of which let a circle roll 
with a radius ca = 0 A, the radius of the first rolling circle ; so th^t the 
indefinitely small depths Oc = Aa. To find the tracing-arm ;bf tho 
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second rolling circle, draw ed parallel to OB, the tracmg>arm ot the 
first circle; in cd take c« = CB, and cut ofi* ebssed; b will be 
jbhe toacing-point, and c h the tracing-arm required ; for, according to the 
principle laid down in the enunciation, we are to have 

C B 

CB-c6 = eT=C6.^. 

Let the second circle roll that h will trace a trochoid I h m. From b let 
fall b f perpendicular to A B produced ; B / will bo the indefinitely small 
thickness at B of the layer between the two trochoidal surfaces. 

The proposition enunciated amounts to stating that B/ is everywhere 
inversely proportional to the normal A B ; so that Ibm is the profile of a 
surface of uniform pressure and of continuity. 

To prove this, join Be and e /. Then Be is parallel to AC e, and equal 
to C c, and d e f is evidently an isosceles triangle, v f being == e d. Let 
A B (produced if necessary) cut the circle of the radius C B in G ; then 
CG is parallel to c/, and the indefinitely small triangle IRef is similar to 
the triangle A C G ; consequently, A C : A G ; : B c = C : B/; or 


B7=Cc- 


AG 

AO^ 


but, by a well-known property of the circle. 


AG 


AQg - 
AB ' 


and, therefore, 


B/- 


Cc 


AC^ - CB^ 
AC. AB ' 


that is to say, the thickness of the layer varies inversely as the normal A B ; 
and the second trochoid^ Ibm^ is therefore the x/rofile of a surface of uniform 
pressure and of continuity. Q.ED. 

12. Corollaries . — The profiles of the surfaces of uniform pressure and of 
continuity form an indefinite series of trochoids, described by equal rolling 
circles, rolling with the same speed below an indefinite series of horizontal 
straight lines. 

The tracing-^trms of those circles (each of which arms is the radius of 
the circular orbit of the particles contained in the trochoidal surface which 
it traces) diminish in geometrical progression with increase of depth, > 
according to the following laws : — 
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Fot conveuio&CGj let C c be denoted by d C B by r, and c 6 by r — d r ; 
then, 


dr =s 



= dk . 


r 

airV 


and the integration of this equation gives the following result : — 

Let k denote the vertical depth of the centre of the generating circle of 
a given surface below the centre of the generating circle of the free upper 
surface of the liquid ; 

Tq the tracing-arm of the free upper surface (= half the amplitude of 
disturbance) ; 

the tracing-arm of the surface whose middle depth is h; then, 

k_ 


a formula exactly agreeing with that found for indefinitely small disturb- 
ances by previous investigators. 

13 . Proposition IV. — The centres of the orbits of the particles in a given 
surface of egml pressure stand at a higher level than the same particles do wh^n 
the liquid is still, by a height which is a third proportional to the diameter of the 
rolling circle and the tracing-arm or radius of the orbits of the particles, and 
which is equal to the height due to the velocity of revolution of the particles. 

If the liquid were still, the given surface of equal pressure would become 
horiEontal. To find the level at which it would stand, wd must first find 
what relation the mean vertical depth of a given layer of particles bears to 
the depth C c = d ^ between the centres of the rolling circles that generate 
its boundaries. 

The length of the arc of the curve L B M described in an indefinitely 
sho/t interval of time d t is 

• 2 TT w . A B , d 


and the thickness of tlie layer being 


Bf=dk. 


AC2-CB2 
A C . AB ’ 


let the product of those quantities be divided by the distance through 
which the centre of the rolling circle moves in the same time, vk.~ 

2 rr n . AG . dt, 


.and the result will be the^mean vertical depth of the layer, whieh being 
denoted by dk^, we have 
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The difference by which the mean vertical thickness of the layer falls 
short of the difference of level of the rolling circles of its upiKir and lower 
surfaces, is given by the following exj»ression, 


2i- 

dk - dl\ = ~ 

“ A 

and this being *integrate<l from cx> to Z*, gives the depth of the position of 
a given particle, when the liquid is still, below the level of the centre of 
the orbit of the same particle wliou disturbed, viz. — 


I ^ 


2 AC 


. G 


AC 


1 - 

2 AC 


TT ?**" 


or, a third^proportioml io the diameter of the rolliu(j circle and iltc radius of the 
arhii of the particle ; aho 

9*2 _ 4 7r2;rV 

2 AC ~ ^ r/ 

is the h4i(jki due to the velocity of revoliiiioa of the pa) tides, Q.E,D. 

13a Corollary , — The mechanical energy of a wave is half actual and 
half potential, — half being duo to motion, and half to elevation. In other 
words, the mechanical energy of a wave is double of that duo to the motion 
of its particles only, there being an equal amount duo to the mean eleva- 
tion of the particles above their position when the water is still 

14. Corollary , — ^The crests of the waves rise higher above the level of 
still water than their hollows fall below it ; and the diflFercncc between the 
elevation of the crest and the depression of the hollow is double of the 
quantity mentioned in Proposition IV., that is to say, it is 

r® 27rr2 

AC““ X * 

16. Corollary as to Pressures . — An expression has already been given in 
‘ Art 10 for the difiTerence of pressure at the upper and under surfaces of a 
given layer. Substituting in that expression the value of the thickness of 
the layer, we find 
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(as the preceding corollary shows), being * precisely the same as if the 
liquid were still ; and hence it follows that the hydrostatic pressure at each 
individual pa/ttkle dwing wave-motion is the same as if the liquid were still 
16. In Proposition III it has been shown, by geometrical reasoning 
from the mechanical construction of the trochoid, tJiat a wave consisting of 
trochoidal layers satisfies the condition of continuity. It may be satisfac> 
tory also to show the same thing by the use of algebraic symbols. For 
that purpose the following notation will be used : — * 

Let the origin of co-ordinates be assumed to be in the horizontal line 
containing the centre of the circle which is rolled to trace the profile of 
cycloidal waves, having cusps, and being (as Mr. Scott Eussell long ago 
pointed out) the highest waves that can exist without breaking. In such 
waves, the tracing-arm, or radius vector, of the uppermost particles is equal 
to the radius of the rolling circle ; and that arm diminishes for each suc- 
cessive layer proceeding downwards. 

Let X and y be the co-ordinates of any particle, x being measured hori- 
zontally against the direction of propagation, and y vertically, downwards. 

• Let k (as before) be the vertical co-ordinate of the centre of the given 
particle’s orbit ; h the horizontal co-ordinate of the same centre. 

Let R be the radius of the rolling circle, a the angular velocity of the 
tracing-arm (= 2 tt w), so that 

2 TT K = X 

is the length of a wave, and 

a R = n X 


is the velocity of propagation. 

Let 0 denote the phase of the wave at a given particle, being the angle 
which its radius vector, or tracing-arm, makes with the direction of + y, 
that is, with a line pointing vertically downwards. 

Let t denote time, reckoned from the instant at which all the particles 
for w:hich A = 0 are in the axis of y; then 

0 = a < + . . . • . .(1.) 


Then the following equations give the co-ordinates of a given particle at. 
a given instant : 


_k 

‘a: = &-f’E6 ® sin 0; . . (2.) 

y = k + TS, e ® cos 0. . , . (3,) 
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Let u and v denote the vertical and horizontal components of the velocity 
of the particle at the given instant ; then 


u sz ~ ^ a E . c cos 0 = (t {y . (4.) 


v zs a R . c sill 0 = --«(/ — A). . (5,) 

iii t 

The well-known equation of continuity in a liquid in two dimensions is 


+ - 0 - 
d dn ^ 


. (C.) 


and from equations (4) and (5) it appears tliat wo liave in the present 
case, 


d u dv _ / 

d X dy “ \ 


dj ^ dh 
d d y, 


:) -»(- 


(I k ^ R d & 

d .r^ d IJ < 


('■) 


In the original formula), /: and 0 arc the independent variables. When 
a* and y are made the indepemlent variables instead, wc have, by well- 
known formulae, 


- = 1 -f- 



diA 

_ it 

d X 

dk 1 

< sin 0 

d 0 

’dy{~ 



dSJ 



dx" 


d y 

'12 l- 

e sin 0 

dk' 

dx 1 

( 


dk] 

RVl-e 


so that the equation of continuity (6) is exactly verified. 

17. Another mode of testing algebraically the fulfilment of the con- 
dition of continuity is the following. It is analogous to that employed by 
Mr. Airy; but inas^iuch as the disturbances in the present paper are 
regarded as considerable compared with the length of a wave, it takes 
into account quantities which, in Mr. Airy's investigation, are treated as 
inappreciable. 

Consider an indefinitely small rhomboidal particle, bounded by surfaces 
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for which ^ values of h and k are res^yectively h,li dh,k,k + dk. 
Then the area of that rhomboid is 

\dh dk dk dll/ 

and the condition of continuity is that this area shall be at all times the 
same ; that is to say, that 

dt\dh'dk dk‘dh/~ 

Upon performing the operations here indic(ited upon the values of the 
co-ordinates ‘in equations (2) and (3), the value of the quantity in* brackets 
is found to be 

_ 2 it 

l-e . (lO;) 

which is obviously independent of the time, and therefore fulfils the con- 
dition of continuity. 


APPENDIX. 

On the Fbiction between a Wave and a "VirAVE-SHAPED Solid. 

Conceive tjiat the trough between two consecutive crests of the 
trochoidal surface of a series of waves is occupied, for a breadth which 
may be denoted by c:, by a solid body with a trochoidal surface, exactly 
fitting the wave-surface 3 that the solid body moves forward with a uniform 
velocity equal to that of the propagation of the waves, so as to continue 
always to fit the wave-surface; and that there is friction between the solid 
surface and the contiguous liquid particles, according to the law which 
^periment has shown to be at least approximately true — viz., varying as 
the surface of contact, and as the square of the velocity of sliding. 

Conceive, further, that each particle of the liquid has that pressure 
applied to it which is required in order to keep its motion sensibly the 
same as if there were no friction; the holid body must of course be urged 
forwards by a pressure equal and opposite to the resultant of all the 
before-mentioned pressures. 

The action, amongst the liquid particles, of pressures sufficient to over- 
come the friction, will disturb to a certain extent the motions of the 
liquid particles, and the figures of the surfaces of uniform pressure; but it 
will be assumed that those disturbances are small enough to bo 
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for the purposes of the present inquiry. The smallness of the pressures 
producing such disturbances, and consequently the smallness of those 
disturbances themselves, may bo inferred from the fact, that the friction 
of a current of water ovel a surface of painted iron of a given area is e<iual 
to the weight of a layer of water covering the same area, and of a tliick- 
ness which is only about *003G of tlie lieiglit due to tlm vc'locit}' of the 
current 

Those conditions having bean assumed, let it now bo proposed, io Jlml 
approximaiely tlie amount of resultant j)re<siu'c ruinii^d io overcome the friction 
between the wave and the wavL-shajKd solkL 

This problem is to be solved l)y finding tlie mechanical work expended 
in overcoming friction in an indetiuitcjly small time d and dividing that 
work by the distance through 'which the solid moves in that time. 

Taking, as before, as an iudei>endent variable the phat^c 0, being the 
angle which the tracing-arm C ll r- r (Fig. 1) makes with a lino pointing 
vertically downwards, the length of tlie elementary arc corresponding to 
an indefinitely small increment of phase d 0 is 

q d 0, 

where q is taken, for brevity's sake, to denote tlie normal A I>. 

The arda of the corrcsiioiuling element of the solid surface is 

zqdO, 

The velocity of sliding of the liquid particles over that elementary 
surface is 


a(Jy 


in which a, as before, denotes 


de 

dV 


the angular velocity of the tracing-arm. 


Hence, let p denote the heaviness (or weight of unity of volume) of the 
liquid, and / its coefficient of friction when sliding over the given solid 
soifacc ; the intensity of the friction per unit of area is 


fj^ 

2 ? 

That Motion has to be overcome, during the time d /, through the distance 

aqdt = qdd. 

Multiplying now together the elementary area, the intensity of the 
Motion, and the distance through which it is overcome in the time d U 
we find the following value for the work performed in that time in 
overcoming the Motion at the given elementary surface, 



492 


THE EXACT FORK OF WAVES. 


zg^dB y. ^ X qdB . q*zdB^. 

Now, during the time d t, the solid advances through the distance 

alidt :=: "Rd 9 

(R, as before, being the radius of the rolling circle); and dividing the 
elementary portion of work expressed above by that distance, we find the 
following value for an elementary portion of the pressure required to 
overcome the friction, 




(!•) 


The total pressure required to overcome the friction is found by 
integrating the preceding expression throughout an entire revolution; 
that is to say, 




• ( 2 .) 


To obtain this integral the following value of the square of the nonnal 
5 or A B is to bo substituted, 


whence, 


and 


f/ = R2 + r2 + 2Rr.cosO, 

/■ 2 «’ r2^ / 2 ^'® / 9 ’"\ 7 * ^ 

L = 0+u<+®i + H' + n:)if-“"« 

+ - 2tK*(i + J + p), 

2 rr/p(i^Rl z A ^ 4 ^ ^ (3.) 

The following modification of this expression is sometimes convenient: — 

Let V = aB denote the velocity of advance of the solid; 

A = 2 wE, as before, its length, being the length of a wave; 

Sin j8 ^ the sine of the greatest angle made by a tangent to the 
trochoidal surface with the direction of advance ; th^n 
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P . Xr(l + 48m® /3 + sin* ft)* . . (4.) 

2g 

It is to )>6 observed * that the resistance l\ as deterniintMl ))y the 
preceding investigation, being deducc^l from the amount of work per^ 
formed against friction, includes not only the longitudinal comjioncnts \)f 
the direct action of friction on ciudi element of the surface of the solid, 
but the longitudinal components of the excess of the hydrostatic pressure 
against the front of the' soli<l above that against its rear, which ifl the 
indirect effect of friction. The <udy (luantities neglected an^ those arising 
from the disturbances of the figums of the surfaces of er^ual pressure, 
which quantities are assumed to 1)0 unimportant, for reasons already 
stated. The consideration of such quantitit's would introduce terms into 
the resistance varying as the fourth and higher powers of the \olocity. 


— Addc'<I October, 

The investigation of Mr. Stokes (Carnk \'ol. VIIl.) pnH‘ec(ls f<> 

the second degree of approximation in shallow uatcT. and to tin* third 
degree in water indefinitely dee)>. In tlu‘ latter cane he arrives at tin* 
result, that the crests of th<‘ wa\es liMi higher ab(»\<» the level of still 
"water than the tnuigln '^ink Iwlow that ]e\< l, by a height agreeing with 
that stated in Art. 14 of tliis paper, and that tin' prolib’ of the \saves is 
ajyjyro/imalt hj trochoidal. 

Mr. Stokes also anives at the c(»nclu‘^ion, tliat, ulun the ilistuihaiice 
is considerable compared with the lengtli of a wave, tlu re is comhined 
with the orbital motion of each ])aitich* a tKinMhm uliich diminishcH 
rapidly as the depth increases. No such translation has been found 
amongst the results of the investigation in the prestuit paper ; ami hence 


• This formula (ncglcctiuj; hIu* as unimportant in practice ) Iuoh Ikcu uho<l to 
calculate approximately the resistance of steam* vchhcIr, aiul its results have been found 
to agree veiy closely with those of ex|)criincnt, and have also been use<l since J858 by 
Mr. James R. Napier and the author with c<»mplete success in jiractice, to calculate 
beforehand the engine-power required to projicl projioBed vessels at given speeds. 
The fbrmula has been found to answer approximately, even when the lines of the vessel 
are not trochoidal, by putting for ^ the mean of the values of the greatest angle of 
obliquity for a series of water-lines. The method of using the formula in practice, 
and a table showing comparisons of its results with those of experiment, were 
communicated to the British Association in 1861, and printed in the Civil Engineer and 
ArcMlect^s Journal for October of that year, and in .part also in the JSfechanics' 
MoigaslfM, The Artisan, and The Engineer. The or^nary value of the coefiheient of 
friction/ appears to be about *0036 for water gliding over painted iron. Tho quantity 
Xs(l + 4 an * g 4- sin* ft corresponds to what is called, in the paper referred to, the 
etugmenied eur/aoes 
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it would appear that Mr. Stokes’s results and mine represetit two differaat 
possible modes of wi^ve-motion.* 

The simplicity with which an exact result is obtmned in the present 
paper, is entirely due to the following peculiarity: — ^Instead of firing for 
independent variables (besides the time) the undishirhed co-ordinates of a' 
particle of liquid, there are taken two quantities, h and which are 
Junctions of those co-ordinates, of forms which are left indeterminate, until 
the end of the investigation, h then proves to be identical with the 
undisturbed horizontal co-ordinate; but k proves to be a function of the 
undisturbed vertical co-ordinate, for which there is no symbol in our 
present notation, being the root of the transcendental equation 






in which is the undisturbed vertical co-ordinate ^ee Art. 13). Hence 
it is evident that, had Jc^ instead of h been taken as the independent 
variable, the question of wave-motion considered in this paper could 
not have been solved except by a complex and tedious process of approxi- 
mation. 


* Note, added June, 1863. — ^The difference between the cases considered by Mr, 
Stokes and by me is the following:— In Mr. Stokeses investigation, the molecular 
rotation is null ; that is to say 



wliile in my investigation it is constant in each layer, being the following function of ky 



_2k 

M\ a J-S e “ 

dy)~ _ -I} 

R* - r* « “ 


From this last equation it follows that 


d /dv f7t< \ _ 
dt\dx dy)"^ * 


. (Ih) 


and therefore that the condition of continuity of pressure is verified. 
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XXX.— ON PLANE WATER-LINES IN TWO DIMENSIONS. 
(See Plates III. So IV.)* 

Section L— Introottction, and Summary of Known Principles. 


1. Plane Water-Lines in two Dimensions defined . — By the term “Plane 
Water-Line in two Dimensions ” is meant a curve which a particle of 
liquid describes in flowing past a solid body, when such flow takes place 
in plane layers of uniform thickness. Such curves are suitable in practice 
for the water-lines of a ship, in those cases in which the vertical displace- 
ments of the particles of water are small compared with the dimensions of 
the ship; for in such cases the assumption that the flow takes place in 
plane layers of uniform thickness, though not absolutely tme, is sufficiently 
near the truth for practical purposes, so far as the determination of good 
forms of water-line is concerned. As water-line curves have at present no 
single word to designate them in mathematical language, it is proposed, as 
a CQnvenient and significant term, to call them Neouls (from vijoc, the 
Ionic genitive of vovq). 

2. General Principles of the Floio of a Liquid past a Solid . — The most 
complete exposition yet published, so far as I know, of the principles of 
the flow of a liquid past a solid, is contained in Professor Stokes’s paper 
“ On the Steady Motion of an Incompressible Fluid,” published in the 
Transactions of the Cambridge Philosophical Society for 1842. So far as 
those principles will be referred to in the present paper, they may be 
summed up as follows : — 

When a liquid mass of indefinite extent flows past a solid body in such 
a manner that as the distance from the solid body in any direction 
incnpalies without limit, the motion of the liquid particles approaches 
continually to uniformity in velocity and direction, the condition of per- 
fect JluidUy requires that the three components u, w of the velocity of a 
liquid particle should be the three differential coefficients of one function 
of the co-ordinates (0)) viz. — 




( 1 .) 


* Bead before the Eoyal Society of London on Norember 26, 1863, and publiehed in 
the PKbtiophicdl Trwmc^mt for 1864. ^ 
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and the condition of constarU density requires that the said function should 
fulfil the following condition, 


I ^<f> I ^ 0-0 

do?^ df^ ■ 


■ ( 2 .) 


By giving to the function ^ a series of different constant values, a seric^s 
of surfaces are represented, to which each water-line curve is an orthogonal 
trajectory, so that if U = constant be the equation of a series of surfaces 
each containing a continuous series of* water-line curves (and one of which 
surfaces must be that of the solid body), the functipn U must satisfy the 
following condition, 


dV dtp dTJ d(l> dV d(j> ^ 

dx * dx dy ' d y dz' d 


(3.) 


or if / be an elementary arc of a water-line curve, and x, y\ z its co-ordi- 
nates, the following conditions must bo satisfied, 


dx' d y' d dfpdtpd^p 
d s' ‘ d s' * d s' ' * d X ‘ dy ‘ d z ^ 


(4-) 


and these are the most general expressions of the geometrical properties of 
water-line curves in three dimensions. 

When the inquiry is restricted to motion in two dimensions only, ^ and 
y, the terms containing d z and d z' disappear from the preceding equations; 
and it also becomes possible to express the same conditions by means of 
equations of a kind which are more convenient for the purposes of the 
present investigation, and which are as follows: Conceive the plane layer 
of liquid under consideration of thickness unity, to be divided into a 
series of elementary streams by a series of water-line curves, one of which 
must be the outline of the solid body ; let U = constant be the equation 
of any one of those curves, U being a function of such a nature that d IT 
is the volume of liquid which flows in a second along a given elementary 
stream; then the components of the velocity of a particle of liquid are 


dV 

dy^^ 


dV 
dx ^ 


(5.) 


the condition of continuity is satisfied; and the condition of perfect 
fluidity requires that the function U should fulfil the following equation, 


d^V d^V _ 

da? df ~ 


. ( 6 .) 


(When the motion of the liquid is not subject to the condition haim 



ON PLA2^ WAtiSE-LIK£S. 497 

tmifoxm in velocity and direction at an infinite distance in every direction 
from the solid, it is sufficient that 

-- + - 7 -,, = function of U ; 
a .6- a y- 

but cases of that kind do not occur in the present paper.) * 

3. Notatioih — It is purely a ijuestion of convenience whether the in-* 
finitely distant particles of the fluid are to be regarded as fixed and the 
solid as moving uniformly, or the solid as fixed, and the infinitely dis- 
tant particles of tlie fluid as moving uniformly with an equal speed in the 
contrary direction. Throughout the present paper the solid will be 
supposed to move along tlie axis of > ; so that v will represent the trans- 
verse component of tlie velocity of a particle of liquid on either supposition. 
The longitudinal component of the velocity of a liquid particle relatively 
io the solid will be denoted by ii; and when that particle is at an infinite 
distance from the solid, by r; so that when the infinitely distant part of 
the liquid is regarded as fixed, the solid is to be conceived as movirig with 
the velocity — e; and the longitudinal component of the velocity of a 
liquid particle relatively to the indefinitely distant part of the liquid will 
be denoted by — c. 

It is convenient to regard the function U as equivalent to an e3q;)ression 
of the following kind, 

n = (7.) 

c being the uniform velocity of flow at an infinite distance, and h what the 
value of y would be for the water-line under consideration if the solid 
were removedj in which case that line would become a straight line 
l)arallel to the axis of /. This enables us to substitute for equations (5) 
and (6) the following, in which proportionate velocities only arc con- 
sidered : — 


u d h 

V 

(1 h 

• («•) 

c~dy’ 

c 

" d.r 


1, 

d 

0 . . 

• • (9-) 


4. General Characteristics of Water-Line Functions. — Since at an infinite 
distance from the solid body we have = c, z? = 0, it follows that, if the 

* Professor William Thomson, in 1858, completed an investigation of the motion of 
a solid through a perfect liquid, so as to obtain expressions for the motion of the solid 
^itself, involving twenty-one constants depending on the figure and mass of the solid 
'And tlMi dsnnty <if the liquid; but os that investigation, though on the eve of publi* 
oatiohi has not yet been published, I shall not here refer to it,farther. 
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origin of co-ordinates be taken in or near the solid body, 6 must be a 
function of such a kind that, when either aj = oo, or y = oo, 

h ^y. 

Hence, in a great numljer of cases that function is of the form 


J = 2^ + FCa*, y); . . . . (10.) 


where F is a function which either vanishes or becomes constant when x 
or y increases indefinitely. 

It is plain that when the function h takes this form, the term F is the 
function for the motions of the liquid particles relatively to still water; that 
is to say, 

= = , nn 

c d y d y’ f d x d x’ 


and also that the term F fulfils the equation 

d^JF (P_F _ 


( 12 .) 


When the solid is symmetrical at either side of tile axis of x (as it is in 
all the cases that will be considered in this paper), the axis of x itself, so 
far as it lies beyond the outline of the solid, is a water-line. Hence it is 
necessary that the equation of that axis, viz. — 

= 0, I 

should be one of the solutions of the equation > . . (13.) 

^ f= y + F (a;, y) = 0, J 

and, consequently, that F should vanish with y. 

The vanishing of F When a; = oo, indicates that every straight line 
given by the equation y = & either forms part of, or is an asymptote to, a 
water-line curve. 

The vanishing of F when y = oo, indicates that the farther the water*- 
lines are from the generating solid, the more nearly they approximate to 
parallel straight lines. 

Every water-line curve is itself the outline of a solid capable of moving 
smoothly through a liquid. 

5 . Water-IAne Curves generated by a Circle^ or Cyctogerum Nedids.-^ 
Conceive that a circular cylinder of indefinite height, and of the radius h 
described about the axis of moves through the liquid along the axis of 
X. Then it is already known that the general equation of the watelrdine 
eurres is the following. 
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h = y(l- 


) 


(14.) 


giving a series of curves of the third order. When 6 = 0 this equation 
resolves itself into two, viz. — 

i/ — 0; +y^ ^ P; 


the first of which represents the axis of .r, and the second the circular out- 
line of the cylinder. For efich other value of 6, equation (14) represents 
a curve having two branches: one of them is an oval, contained within 
the circle, and not relevant to the problem in question ; tlie other, being 
the real water-line, is convex in the middle and concave towards t)ie ends, 
and has for an asymptote in both directions the straiglit line // = 6. 

For brevity’s sake, let -j- //^ = r-. Then tlie comiionent velocities of 
a particle of water relatively to the solid arc gi^^on by the eciuations 



<11) __ 



(1 n 

1 j d 1 

- 1 + 

• 

i 

■2 r- ry 


C (1 X 

/‘ 


(ir>.) 


and the square of their resultant by the equation 


(16.) 


while the component and resultant velocities rdaihrhj to still water arc 
given by the following equations: — 


u 

c 


__ P (9/ - x^) 


2Pxy ^ \/{ 0 ^ 


( 17 .) 


As a convenient name for water-line curves of this sort, it is proposed 
to call them Cydogenous Nedids, that is, ship-shape curves geMrated jroui a 
circle. 

The \^ater-lino sdrfaces generated by a sphere are known ; but no use 
will be made of them in this paper. ^ 


Section IL — Properties of Water-Line Curves generated from 
Ovals, or Oogenous Nsoibs. 

6. Derivation of other Water-Line Curves from Cydogenous Nedids , — When 
a form of the function F has been found which satisfies equation (12) of 

* See Paper by Dr. Hoppe, Quart Joum. March, 185Q» 
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Art 4 (that is to say, wliich fulfils the condition of liquidity), an endless 
vanety of other forms of that function possessing the same property may 
be derived from the original form by differentiation and integration. 

The original form, and also the derived forms, must possess the pro- 
perties of vanishing for a; = oo and for y — co, and of becoming = 0, or a 
coiJjBtant for y = 0. The first of those properties excludes trigonometrical 
ftiijctions, and consequently exponential functions also, which are always 
acdbmpanicd by trigonometrical functions, and leaves available functions 
of "the nature of potentials. The second property excludes derivation by 
means of differentiation and integration with respect to y, and leaves 
available differentiation and integration with respect to x. 

The original form of the function F which will bo used in tliis paper is 
that appropriate to cyclogenous neoids, or water-line curves generated from 
a circle, as given in equation (14) of Art. 5, viz. — 

V 

F ~ , X constant. 


When one or more differentiations with respect to x are performed on 
this function, and the results substituted for F in equation (10), there are 
obtained curves which are real water-lines, but which arc not suitable for 
the figures of ships, some of them being lemniscates, others shaped like an 
hour-glass, and others looped and foliated in various ways. It is otherwise 
as I’egards integration with respect to x; for that operation, being performed 
once, gives the expression for the ordinate in a class of curves all of which 
resemble possible forms of ships, and w’hich are so various in their pro- 
portions, that every form of ships^ water-lines which has been found to 
succeed in practice may be closely imitated by means of them. As that 
class of curves consists of certain ovals, and of other water-lines generated 
from those ovals, it is proposed to call them Oogenous Neoids (from 

7. GeTierai Equation of Odgenous Neoids , — The integration with respect 
already referred to, is pexformed as follows: — The co-ordinates of a 
particle of water being x and y, let x' denote the position of a movable 
]poibt in the axis of .r: then the function to be integrated is 

V 

{r -/y + f 


f^|all values of / between two arbitrary limits. Let denote the 
di^nce betw'een those limits: the most convenient position fof the origin 
^-ordinates is midway between them, so as to make the limits 


.r + a, a' = — a respectively. 
Tb|u the following is the integral sought: 
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/ 


+ « 

ydjr -1 « — 

, — 'v“r'3 = 


+ Urn 


( 18 .) 


This quantity evi^lcntly ^lenotes ih atufif cotifnlnt I htftrtiii Uvo tines 
drawn frmn the jwint (x, y) io (+ff, (*) end Itot 

brevity’s sake, in tho sihjuoI llint ani^le will hv occasionally donolwl liy 0; 
the points (+(?, 0) and 0) will bo called the and their di^^tanco 
it from the cerntro will be called the onufrittij. 

Substituting tlii< intemal in tlio goneml ecpiation (10), we find, for 
the w'atcr-liue ourvt*s now- innhr ciawidcaMtion, the following equation, 
which is the general cipiation t‘f » .mnth — 


h ^ / (4 / _ I -f t ni (19,^ 

The coifiieicnl j <leiiot< s an ai]»itiai} It n th, whn li will be called iho 
liurnmtiri, 

8. fidihufileal lA e/ thuf 11 nhtto>u 1'h( erjualion (l!») n'prescnU 
a curve at each point of which tlie < mc^s (/ - 1) of the (»idnuite (//) nbo\e 
iMcitain minimum value (/>; is proportional to the' angle (fl) contained 
at that point between two straight lines tliawu to tin* two foci, Kxcept 
when h ~ 0, the cur\(» has an a**\niptote at iht* tlistaiuM* h from the Jixis 
of /, and paralltd to that a\i^. Hineo the ^alue of /ms not altered by 
reversing the signs of and is only cluingetl from )>ositi\<* to negative 
by reversing tlie sign of //, it follows that each <unt* eoiiKi^ts of two 
halves, symmetrical about the axis of y, iukI that th(*ie are jiairs of 
curves symmetrical about tin* axis of /. 

In Plat(‘ m., Fig. 1, thoiHifore, which rq)reHeuts a .series of such curves, 
one quadrant only of the space round the origin or ‘e(‘ntre O is sliown, 
the other tlircc rpiadranU being symm(*tricaL A is oik* r>t* the fod, at 
the distance O A — from tho centre; the other focus, m^t shown iu the 
figure, is at an equal distance from tho c(*ntro in the opposite direction. 
BL is one quadrant of the primitive oval; and the wave-like curves 
outside of it are a series of w\ater-lincs generaUul from it, having "for 
their respective asymptotes the series of straiglit lines parallel Uj OX^and 
whoso distances from O X are a series of values of b. 

The equation (19) embraces also a set of curves contam0d within the 
oval, and all traversing the two foci; but as these curvea si(i> not suited 
for th/s forms of ships’ water'lincs, no detailed description el them n^ds 
be given. 

9. Properties of Primitive dval Nedtds. — ^Wheu in €lq^tlon (19) J is 
made » 0, so that the equation becomes 

V-/e=o, .... ( 2 ^ 
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there are two solutions; one of which, viz. y = 0, represents the axis of cr, 
agreeably to the condition stated in Art. 4, equations (13). The other 
solution represents the oval L B. 

The greater semi-axis of that oval, 0 L, will be called the base of the 
series of water-lines generated by the oval, and denoted by l\ its value is 
found as follows : 


dh 


+f f (tan “ ^ — h tan " 

ay dy\ a x a + x/ 

-1.// I ^ + ^ X. 

(. ((I — c)'^ + (a + + y'^ j 


hut at the point L we have 


db 


and, therefore, 


whence 






P = + 2 «/. . 


• ( 21 -) 


To find the parameter / when the base I and eccentricity a are given, 
we have the formula 

r- - 


f 


a 




The half-breadth, or minor semi-axis of the oval, 0 B = is the root 
of the following •transcendental equation, found by making .r = 0 in 
equation (19), 

»/« — 2/ tan “ ' ^ = 0, . . . (23.) 

which may be otherwise written as follows: — 

tan l'®,. - = 0. . . . (23 a.) 

2 / 

When the minor semi-axis and eccentricity a are given, the parameter 
/ is found by the equation 


/= 


Vo 


2 tan 


1 ± 

Vo 


( 24 .) 


and thence the base t can be computed by equation (21). 
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When the' base I and half-brcadth arc given, the cecentricily a is 
found by solving the following transcendenud o(juaUon : — 

Offo- - «-)*«» ” = f’- • • (-<A.) 

Vo 

An oval neoid dilTers from an ellipse in In'ing fuller towards the ends ami 
flatter at the sides; and that diflerence is greater the more elongated the ovalia 

10. Varktm of Oval NukwLs, aiol cjrtretu^ — The eccentricity a 

may have any value, from nothing to iuflnity; and the base / may bear 
to the half-breailth jniy proportioiu from e(|iiality to infinity. AVhen 
the eccentricity a = 0, the two tbei coalesce with the centre 0; tlio base / 
becomes equal to tlio lialf-brea<lth A, the oval Ik'comes a circle of the 
radius /; and the water-lines generated by it become cyclogenous iieohls, 
already described in Art. o. 

As the eccentricity ineimses, tiu' o\a] liecoMies more elongated. In 
Plate IV\, Fig. 3, PL is an oval whose length is to its breadth as ^3 : 1, 
its focus being at A,j. The oval 1>L in f*late 111., Fig. 1, is more t*longatod> 
its length being to its breadtii as 17 : fi nearly. AVhen the eccentricity 
is infinite, the centre 0 and the farther focus go oil to infinity, leaving 
only one focirs. The parameter /becomes equal to tlie focal distance Ji A. 
The oval is converted into a curve l>earing thf* same sort of analogy to a 
parabola that an oval neoid bears to an ellipse;* but instead of spreading 
to an infinite breadth like a jiarabola, it has a ])air of nsym|>loles parallel 
to the axis of ;/•, and at tiie distance ± nf to either side of it; and each 
generated water-line has tw'o j»arallel usyir»ptotes, at tlni respective dis- 
tances h and h + Trf from the axis of ./*. Tlie pro[)ertie3 of these curves 
may bo easily investigated ly placing the origin of co-ordinates at tho 

focus A, and substituting, in equation (P.»), tun L- for 0; l)ut jis their 

figure Ls not suitable for ships* water-lines, it is uimeeossary luirc to discuss 
them in detail ; ami the same may be said of a class of curves analogous 
to hy[>erbolas, whose equation i.s formed by putting — instead of + 
between the two terms of the right-hand member of equation (18). 

11. Chaphic Coiistruciion of Oval and Oufjeiams Neoids. — For tho sake 
of distinctness, the processes of drawing thestj curves are represented 
in two figures, — Fig. 2 showing the iireliminary, and Fig. 1 the final 
processes (see Plate III.) 

The axis 0 Y is to be divided into cfjual parts of any convenient length 
(which will be denoted by 8 y in what follows), and through tho divisions 
are to be drawn a series of straiglit lines parallel to 0 X. (It is convenient 
to print those lines from a copper-plate divided and ruled by machinery.) 
They are shown in Fig. 1 only, and not in Fig. 2, to avoid confusion. 

* This carve is idenlieal with the qoadratrix of Tschimhausea. 
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Suppose, now, iJiat the problem is as follows:— 2%0 hem OL mi eccen- 
trkity 0 A being given, it is required to construct the oval hechd and the waterdiim 
generated hy it. 

Through ,the focus A (Plate IIL, Fig. 2) draw AD perpendicular to 
►OX; about 0, with the radius 0 L, describe the circular arc L D, cutting 
A D in D ; from D draw D E perpendicular to 0 D, cutting 0 X in E;. 
then (as equation (22) shows) AE will be = 2 /, the douUe pararaeter. 

About A, with the radius A E — 2/ thus found, describe a circle cutting 
A D in F. Then commencing at F, lay off on that circle a series of arcs, 
each equal to 2 (the double of the length of the equal divisions of the 
axis 0 Y). Through the points of division of the circle draw a series 
of radii, A G^, A Gg, &c., cutting the axis 0 Y in a series of points -(some 
of which, from Gjj to G^g, are marked in Fig. 2).* (These radii make^ 

with the line AD, a series of angles, 

Then about each of the points in the axis 0 Y thus found, with the 
outer leg of the compasses starting from the focus A, describe a series 
of circles (shown in Plate IIL, Fig. 1), ACp ACg, ACg, Ax. 

Each of those circles traverses the two foci; and the equation of any 
one of them is 




(25.) 


where 6 denotes the angle made at any point of the circle by straight 
lines drawn to the two foci, and n has the series of values 1, 2, 3, &c. 
Since F, as explained in Art. 4, is the characteristic function for the 
motion of the liquid particles relatively to still water, it is plain that 
each of the circles for which F = constant is a tangent to the directions 
of motion of all the particles that it traverses. 

The paper is now covered, as in Fig. 1, with a network made by a 
series of straight lines, whose equations are of the form y = ti' S y, crossed 
by a series of circles, whose equations are of the form fQ=^n^y. 

Consequently, any curve drawn like those in Plate IIL, Fig. 1, diagonally 
through the comers of the quadrangles of that network, will have for its« 
equation 

and will accordingly be an oogenous neoid, having for its asymptote the 
line y = J. 

* When the parameter is small, it is sometimes advisable to.nse a circle (sndt ara 
protractor) with^ radius which is a larger multiple of the parameter, than douhl^ the 
length the divisions being increased in the same proportion ; or the points on the 
axis 0 Y may be laid down by oceans of their distances fifom 0, calculated by the 
formula OG ss a . cotan P. 
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The primitive oval is drawn by starting from the point L, and traversing 
the network diagonally. As many curves as are required can be drawn 
by the eye mth great precision, and the whole process is very rapid and 
easy (see Appendix). 

When the problem is, m(h a given base and eccentricity to draic an oogenous , 
Mdid through a given point in the axis OY, such as P, the process is modified 
as follows: — The axis 0 Y must bo so divided that P sludl be at a point 
of division. Then, up to the describing of tlie circle about A with the 
radius A E, tlio process is the same as before. Then, join A P (Plate III, 
Fig. 2), and draw A //, making the angle P Ag A P 0, and cutting the 
axis 0 Y ill a point (such as Gj^), which will be the centre of the circhj 
traversing A and P. Then, on the circiiraferenco of the circle about A, 
from g towards F, lay off a scries of arcs each 2 Sy; through the points 
of division draw radii cutting the axis 0 Y in the points Oj„ G^, &c., and 
complete tJie proc(?ss as before. 

1 2. Graphic Comtrudion of Cyrlogcnoits and ParaMogaious N’edids . — When 
the eccentricity vanishes and the oval becomes a circh^, all the circles 
composing the network become tangents to 0 X at the point O. They 
pass throiigli the ])()ints where the primitive circular waierdino is cait by 
the equidistant parallel lines. Their radii arc in harmonic progression; 
the equation of any one of them is of the form 


T. 1 / CN 


(2C.) 


n having the series of values 1 , 2, 3, &c. ; auil its raUius is given hy the 
formula 


J- 

nly 


(2Ca.) 


WTien there is but one focus, as in the infinitely long curve described 
in Art. 10, the network of circles is changed into a set of straight 
lines radiating from the focus, and making with A X the series of angle’s- 
given by the formula 

fQ~ncy (27.) 

13. Component and Besultant Velocities of GUdmg . — TJie component 
and resultant velocities with ivliich tlie liquid particles glide along tba 
water-lines are given by the following equations, in terms of the i^ccen 
tricity a, the parameter /, and the co-ordinates : — 


“=—= 14 - /(^ "" . /fa + -a?) ^ 

c dy (a — -f - \a + 



fy ^ fy 

(a xf + {a + xf + 


r 


dx 
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ft® + 


rfJ® , dh^ , 2/{a-a;) . 2/(a + a:) ^ 

dx- - {a-af + if^ (a + xf + y® 

, 4/®a® 

+ {(« _ ^)2 + y2l . + y2}- ^ J 


At the point of grca.test breadth (that is, at the axis of y) these 
expressions take the following values : — 


n 

t 


0 


1 + 


2fa 

+ yl 


P + iA_ 

+ fo + ^0 ’ 


1 ^ = 0 .. (28a.) 


These equations are applicable to a tvhole series of ivater-lines (such as 
those shown in Fig. 1), including the generator oval, and are the best 
suited for solving questions relating to such a series. 

But when one particular water-line is in question, it is sometimes more 
convenient to use another set of equations, formed from the equations (28) 
by the aid of the following substitutions, in which 0, as before, denotes 
y ~ h _ 

/ ^ 


{(« - + f-] 


{(ft + + 2/^! = 


4 a® y® 
sin® 0 ’ 


[{a - a;)® + y®} + {(« + a-)® + = 2 «® + 2 a-® 

+ 2y® = 4a® + 4ay cotan 0 ; 
o--\-y'^ = a^-\-2ay cotan 6 ; 

X == — y- + 2 ay cotan 6]. 


These substitutions being made in the equations (28), give the following 
results : — 


~ = 1 + sin® 0 — - • cos 0 sin»0 = 1 + -f 
c a V 2 a 


y 

/cos 2 0 _ /si n 2 0; 
2 ft 2 y 


- = — •^?sin®0 = — — V^{ft® — y® + 2ftycotan0} sin®0j V (30.) 
c • ay ay^^ f '• / 

“-"t— = 1 + — sin® 0 — - -cos 0sin 0 +-^ sin® 0 . 

c® ft y y® 
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14. Trajectmes of Normal Displacement^ and of Siviftcst and Slowest 
Gliding, — By the ‘^trajectory of normal displacement” is moanb a curve 
traversing all the points in a series of water-lines at which the directions 
of motion of the liquid particles relatively to still M^ater are perpendicular 
to .the water-lines; or, speaking geometrically, a curve traversing all the 
points at which the circles ACp AC^, drc., of Fig. 1, Plato III., cut the 
water-lines at right angles. To find the form of that trajectory it is 
sufficient to make 


4 - 

c* 



(31.) 


employing the values of those ratios given hy the ecpiations (28). This 
having been done, it appears, after some simi)le reductions, that the 
equation of the trainiorji of normal dUplaremeut is the following, 

. . . (: 12 .) 


being that of a rectangular hyperbola LM, Fig. 1 , having its vertex at L, 
and its centre at 0. Hence, that curve is similar foi' all oiigenoiis and 
cyclogenom nedids 'whufsoere}\ l)cing independent of the eccentricity, and is 
identical for all oogenous and cyclogcnous neoids having the same base I, 

• By the “ trajectory of swiftest and slowest gliding ” is meant a curve 
traversing every point in a series of water-lines at which the velocity of 
gliding, y/u^ + is .a maximum or a minimum for the water-line on 
which that point is situated. To find the equation of that curve, it is 
necessary to solve the following equation, 


(“-"') 

c d t \ <■“ / d j' c d tj/ \ (r / 


(33.) 


VL^ -f" 

the expression employed for — ^^ 5 — being that given by the third of tlie 

equations (28). After a tedious but flot difficult process of differentiation 
and reduction, which it is unnecessary to give in detail, an equation is 
found which resolves itself into three factors, viz. — 


. . . . (34.) 

being the equation of the axis 0 Y, and 

V a;2 4. yi 4. y + J 12 4. y/— 0 , . . ( 35 .) 

being the equations of th§ two branches -LN and LP of a curve of the 
fourth order. This curve, too, is independent of the eccentricity, and 
therefore similar for all oogenous and cyclogenous neoids whatsoever, and 
identical for those having the same base 1. It has also the following 
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properties : — ^The straight line joining L with P makes an angle of 30"" 
with the axis 0 X; there arc a pair of straight asymptotes through 0, 
making angles of 30° to either side of 0 X; and the two branches of the 
curve cut 0 X in the point L, at angles of 45°. 

15. Graphic Construction of those Trajectones,—^hQ curves described in 
the preceding article are easily and quickly constructed, with the aid 
of tihe series of equidistant lines parallel to 0 X, as follows : — ^In Fig. 2, 
Plate III, let S T be any one of those lines. With the distance S L in 
the compasses, lay off S H on that line ; H will be a point in the hyper- 
bola L M. Also from S lay off, on the axis of ?/, S I and S J, each equal 
to the same distance SL. About the centre 0, with the radius. 01, draw 
a circular arc cutting S T in K ; this will be a point in the branch L N. 
About the centre 0, with the radius O J, draw a circular arc cutting S T 
in k ; this will be a point in the branch L P. 

16. Properties of the Trajectory of Swiftest and Slowest Gliding. — The 
branch LN traverses a scries of j^oints of slowest gliding, where the 
water-lines are farthest apart ; the branch L P traverses a set of points of 
swiftest gliding, where the water-lines are closest together ; from 0 to P 
the axis of y traverses points of slowest gliding, and beyond P, points of 
swiftest gliding. 

Hence every complete oogenous neoid which cuts the axis of y between 
0 and P, contains two points of swiftest and three of slow^est gliding; 
and every complete oogenous or cyclogenous neoid which cuts the axis of 
y at or beyond P contains only one point of swifte?5t and two of slowest 
gliding. 

17. IKater-Llnes of Smoothest Gliding^ m' Lissoneouls. — At the point P 
itself, situated at the distance 

0P = ^'- . . .w 

from the centre, two maxima and a minimum of the velocity of gliding 
coalesce; and therefore not only t!io first, but the second and third 
differential coefficients of the velocity of gliding vanish ; from which it 
follows that the velocity of gliding changes more gradually on those 
water-lines which pass through the point P, than on any other class of 
oogenous or cyclogenous neoids. 

It is proposed, therefore, to call this class of water-lines Lissoneends (from 
Xiorcrdc). 

The oval neoid, whose length is to its breadth as ^^3 : 1, is itself a 
lissoneoid ; and every series of* water-lines generated by an oval TTwra 
elmgated than this contains one lissoneoid ; for example, in the series of 
water-lines shown in Fig. 1, the lissoneoid is marked P Q. 

eccentricity of the oval lissoneoid is computed by solving equation 
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d09 


(24 a) of Art. 9, when 


; and it is found to bo 


*= -7:^2 /, or nearly (V 3 — 1 ) /. . 


(.‘IGa.) 


By giving tho ocoeiitrieity values ranging from *7:12/ to /, tliero 
produced a series of lissoiicouK ranging fiom tho oval PL, in Fig. ‘3, 
Plato IV., whoso fotus is at to tlie stiaiglit lino PN, whoso focus 
coalesces with L ^pcoimeim of tho intt'rmediaio 

fojpas, having tlieir h)( i rospocti\ely at Aj, A_,, and A j. For a reason 
which will be explained in Section 111., tliose curves ate not shown beyond 

the trajcctoiy of slow ei>t gliding 

• /i 

The (jieaio^f '^pnd o) ffluhn ioi a h'.soneoid, is foiiuil by making //; = 

o 

in equation (: 2 Sa) of Art.’ l.i , Uut to s. 13 , 


\ I' 

;? n- -f P • 


. (.57.) 


18. Oihif'^ Of flt( of inda — The g<‘iicral ex])ressions for the 

component'^ of th(' \elocity of a li(|nid })aiticle iclat]\(‘ly to still water 
have been given in ccpiation ( 11 ) of Ait. 4, ami to apply those to tho 
case of oogenous neoids, it i-j only necesaiy to modify tlie (‘((nations (28) 

of Art. 13, }>y intioducing tlie expiessioii for ^ instead of that for 


as follow's 


?/ — f ^ ^ (/' ~ rr) . (n® — + y') ] 

c - 1 O'/ - i (// + /)- + r}’ 

• r _ _ - 2(P-(r) > »/_ _ 

/ “ ;{«-/)- + y-j • I ('t + 'Y + Y)’ 

(u + 

c ~ {{a - xy + lY) . {{it + if + if} _ 


. (JB.) 


From tho last of these equations it appears that the velociiy of a particle 
relatively to still ivater is immely as the product of Us distances from the two 
foci. 

The only other investigation which will here be made respecting the 
orbit of a particle of water, is that of the relation between its direction 
and curvature at a given point, and its ordinate y. 

It has already been explained, in Art. 11, that the directi(p of 
motion of a particle is a tangent to' a circle traversing it and the two im* 
The radius, of that circle is 
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Sin* 


sin 0 ’ 


/ 


and if 0 be taken to denote the angle which the direction of the particle's 
motion relatively to still water makes with the axis of o\ it is easily seen 
that 


cos 0 = cos 0 — - sin 0. 
^ a 


(39.) 


While that angle undergoes the increment d 

an arc of its orbit whoso length is — ^ ; 

° sin 0 ’ 

that orbit at the arc in question is 


0, the particle moves through 
consequently the curvature of 


1 _ sin 0 tZ 0 
p “ dy 


. cos 0 
~dy 


0 +')“" 


/« 




For cyclogenous neoids, we obtain the value of this expression by 
making 


sin 0 = 


y h 


cos 0 = 1, 


substituting P — f^j. 2 fa^ and then making rt = 0; the result being 
as follows, 



(40 A.) 


that is to say, the curvature of the orbit varies as the distance of the particle 
from a line parallel to the axis of x, and midway between that axis and the 
undisturbed position of the particle. This is the property of the looped or 
coiled elastic curve; therefore, when the water-lines are cyclogenous^ the orbit 
of each particle of water forms one loop of an elastic curve. 

The general appearance of such an orbit is shown in Fig. 6, Plate IIL 
The arrow D shows the direction of motion of the solid body. The dotted 
line A C is supposed to be at the distance b from the axis of x. The 
particle starts from A, is at first pushed forwards, then deviates outwards 
and turns backwards, moving directly against the motion of the solid body 
as it passes the point of greatest breadth, as shown at The particle 
then turns inwards, and ends by following the body, and coming to rest 
at C, in advance of its original position. 

When the water-lines are oogenous, the equations (39) and (40) show 
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that the orbit is of the same general character witli the ]oopc<l clastic 
curve in Fig. 6, but differs from it in detail to an extent which is greater 
the greater the eccentricity a; and the difference consists mainly in a 
flattening of the loop, so as to make it less sharply curved at I>. 

When the eccentricity increases without limit, the orbit ai^proximates 
indefinitely to a “ curve of pursuit,*’ for which 

f/> - 0, . . . . (40 b.) 

P f 

19. Trajectory of Transverse Displacement. — Of Speed of Gliding Cfpml to 
Speed of Ship. — Orthogonal 'Trajectories.— 'I'he trajectories described in this 
article differ from those described in Arts. H, lo, and 10 l)y being 
dependent upon the eccentricity, and therefore not similar for all sets of 
oogenous neoids. 

By the “trajectory of transverse <lisplaceinent ” is meant the curve 
traversing all the points at which the licjuid particles an* moving at right 
angles to the axis 0 X, relatively to .still water. It is determined from 
the first of the equations (28), by making 


I ' 0 


from which is easily deduced the following equation. 


— y- = a- 


being that of a rectangular hyperbola, with its centre at () and its vertex 
at the focus A. 

The trajectory of the points where the speed of gliding is etpial to the 
speed of the solid body, is found from the third of the c(|uations (28) by 
making 


Its equation is 


1 = 0 . 


= — - . 


bdng that of a rectangular hyperbola, with its centre at 0 and its vertex 
between A and L, at a distance from 0 equal to half the hypothenuse of 
a right-angled triangle whose other sides are equal to the base and the 
eccentricity respectively. 

Let q = constant be the equation of one out of an indeiimte number of 
orthogonal trajectories to a set of oogenous neoids. The function s', as is 
well known, most satisfy the equation 
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dq dl dq db _ ^ 

dx' d7, dy' dij ~ 

Eeferring to equation (19) of Art. 7 for the value of b, it is easily seen 
that this condition is fulfilled by the following function, 


'/ = 


+ { hyp- log- 


(a + .7*)^ + 

(a - a’)2 + / 


which has also the following properties, . 


. (43.) 


^ ^ ^ ^ — 0 ill \ 

dj'j il\j dy dx d<K? * d if ’ ; 


Every orthogonal trajectory has a straight asymptote parallel to the 
4ixis of y, and expressed by the equation x=i q. 

The perpendicular distance between two consecutive orthogonal trajec- 
tories, like that between two consecutive water-lines, is inversely propor- 
tional to the velocity of gliding; hence, if a complete set of orthogonal 
trajectories were drawn on Fig. 1, they would divide it into a network of 
small rectangles, the dimensions and area of any one of which would be 
expressed as follows : — 

c dh 0 d q d h d q . 

V 'iir -f 


For a series of cyclogenous neoids, the equation of the orthogonal trajec- 
tories takes the following form, 


q-x 



--A 

0? + if) 


(45a.) 


20. Disturbances of Pressure and LevH , — Let h denote the head at a 
given particle of liquid, being the sum of its elevation above a fixed level, 
And of its pressure expressed in units of height of the liquid itself. In a 
mass of liquid which is at rest, the head has a uniform value for every 
particle of the mass ; let that value be denoted by Aq. Then, when the 
mass of liquid is in the state of motion produced by the passage of a solid 
through it, the h5ad at each particle, according to well-known principles, 
undergoes the change expressed by the following equation, 


h - ho 


C® — M* — ■pS 
2"^ = 


. (46.) 


being the height due to the differenoe between the equiam the iqp^ed 
of the solid body and of the speed of gliding ; and in an open attss of 
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water with a vessel floating in it, that change will take place by altemtions 
in the level of surfaces of ecpial pressure. The trajectory of slowest 
gliding, LN (Plate IIL, Fig. 1), w'ill mark the summit of a swell thus 
produced, and so also will the axis of y between 0 and P ; while the 
trajectory of swiftest gliding O P, and the axis of y beyond P, will mark 
the bottom of a hollow'. These are the })rincipal vertical disturbances 
which, throughout this investigation, have boon assumed t^ be so small, 
compared with the dimensions of the body, as not to produce any ap]we- 
ciable error in the consequences of the supposition of motion in plane layers. 

21. Iniegml on which the Fricthm dcjunds. — Suppose a portion of lui 
oogenous neoid to be taken for the w'ater-line of [lart of the side of a 
vessel, which part is of thft depth 8 :, and that the resistance arising from 
friction betw’een the water and the vessel is to be ex^iresscd — the law of 
that friction being, that it varies as the square of the velocity of gliding, 
and as the extent of rubbing surface. 

That resistance is to be found (as already explained in a paper on Waves, 
published in the Fhllosophhd TrauMctions for 18G5) (See 2 ^ 4S1) by deter- 
mining tlie u’orh jier formed in a second in overcoming friction, and <lividing 
by the speed of the vessel; for thus is taken into account not only the direct 
resistance caused by tlio longitudinal component of the friction, but the 
resistance caused indirectly tlirougli the increase of pressure at the bow, 
and diminution of pressure at the stem, assuming tlio vertical disturbance 
to be unimportant. 

Then, for a part of the w'liter-linc which measures longitudinally dx, 
the extent of surftice is 


u 


the friction on the unit of surface is 


K W (tir + v^) 

' - 2g 

w’here W is the weight of a unit of volume of water, and K a coefficient 
of friction ; and that friction has to be overcome through the distance 
^ while the vessel advances through the distance c, giving as a 

factor 

s/ + v' 

c 

Those three fetors being multiplied together, and the result put under 
the sign of integration, give the following expression for the resistance, 

2 K 
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/e^’- 


dx . . 


(46 A.) 


Another form df expression for the same integral is obtained by putting 
-dy or f~d6 instead of 2 ^ud a third form by putting for the 

elementary area of the rubbing surface the following value, 


d z . 


sj 




where dq\^ the distance between the asymptotes of a pair of orthogonal 
trajectories, as explained in Art. 19. This* gives for the resistance 




/ 


+ 


-dq. 


. (47.) 


In preparing these formulse for integration, it is necessary to express 
the function to be integrated in terms of constants and of the independent 
variable only, x, y, 0, or as the case may be ; for example, if y or 0 is 
the independent variable, the expression of the function to be integrated 
is to be taken from the equations (30) of Art. 1 3. 

Owing to the great complexity of that function, its exact integration 
presents difficulties which have not yet been overcome, although a piobable 
approximate formula for the resistance has been arrived at by methods 
partly theoretical and partly empirical, as to which some further remarks 
will be made in the third section of this paper.* 

There is one particular case only in which the exact integration of 
equation (46 a) is easy, that of a complete circular water-line of the 
radius Z; and the result is as follows : — 



K 


8^ X 2n i 


(48.) 


22. Statement of the General ProUem of the Water-Line of Least Friction . — 
It is evident that, by introducing under the sign of integration in equation 
(18) of Art. 7 an arbitrary function of x\ the integral may be made 
capable of representing an arbitrary function of x and y, and will still 
satisfy the condition of perfect liquidity; and thus the equation 




^ y {^') ^ ^ 


{X — + 


Q, . (48 A.) 


may be made to represent an arbitrary form of primitive water-line. 


* See The CivU Engineer and ArcKUecte J<mrnal for October, 1861, The PAiZosopAtcaZ 
TraneactUm for 1863, The Transactions of the Institution qf Naval \ ArehUects. to • 
19^ sanda Tfeatke<m ShiphuUding^ 
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To find therefore, by the calculus of variations, the water-line enclosing 
a given area which shall have the least friction, will require the solution 
of the following problem: — To determine the function ^ (:/') so that, with 
a fixed value of the integral /a’rfy, the integral in equation (4C A) shall be 
a minimum. 

22 A. Another Class of Plane JFakr-Line Equations , — A mode of 
expressing the conditions of the flow of water in plane layers past a solid 
differing in form from that made use of in the preceding parts of this 
paper, consists in taking for independent variables, not the co-ordinates of 
tlic water-lines themselves, .»• and y, Imt the co-ordinates of their asymptotes 
(/>), and of the asymptotes pf tlioir orthogonal trajectories (q). These new 
variables are connected with .r and y, and with the velocity of gliding, by 
tlie following equations: — 


+ ,.2 _ d V d h 

d q d h 1 


(49.) 

(■* d ' d ji 

d tf * d ./• d .r d y d y 

d / 


d q' d h H q 

■ (Ti 


It can be sho^yn that, in order to satisfy th(‘ condition 

cd liquidity, we 

must have 

i' 

d d d 'If 

“ d V ^ ' ■ d<i’ 


(oo.) 

where denotes a function of h and y, such that 




d b - d </ ~ ’ 


(51.) 

and, consequently, that 




+ V‘ 

‘''XdbdqJ ^ \d iV • 

• 

(52.) 


The curves to which this method of investigation leads are inferior to 
oogenous neoids as water-lines for ships, because they have comparatively 
shaiq) curvature amidships, which causes them to have small capacity for 
their length and breadth, and would give rise to comparatively sudden 
changes in the speed of gliding. They will therefore not bo further 
discussed in the present paper, except to state that the simplest of them 
is the well-known cissoid. 

Section ni.— Eemarks on the PRAcncAii Use op Oogenous ^ 

Water-Lines. 

23. Previous Systems of Water-lines , — Owing principally to tKe great 
antiquity of the art of shipbuilding, and the immense number of practietd 
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experiments of which it has been the subject, that part of it which relates 
to the forms of water-lines has in many cases attained a high degree of 
excellence through purely empirical means. Excellence attained in that 
manner is of an uncertain and unstable kind; for as it does, not spring 
from a knowledge of general principles, it can be perpetuated by mere 
imitation only. 

The existing forms of water-lines, whoso merits are known througli 
their i)ractical success, constitute one of the best tests of a mathematical 
theory of the subject; for if that theory is a sound one, i^MviH ■ reproduce 
known good forms of water-line ; and if it is a comprehensive one, it will 
reproduce their numerous varieties, which differ very much from each 
other. ^ 

The geometrical system of Chapman for constructing water-lines is 
wholly -empirical; it consists in the use of parabolas of various orders, 
chosen so as to approximate to figures that have been found to answer in 
practice, and it has no connection with any meclianical theory of the 
motion of the particles of water. 

The first theory of ships' water-lines which was at once practically 
useful, and based on mechanical principles, was that of Mr. Scott Russell, 
explained in the first and second volumes of the Transactions of the 
Institution of Naval Architects. It consists of two parts; the first has 
reference to the dimensions of water-lines intended for a given maximum 
speed, and prescribes a certain relation between the length of those lines 
and the length of a natural wave which travels with that speed; the 
second part relates to the form of those lines, and prescribes for imitation 
the figures of certain natural waves, as being lines along which water is 
more easily displaced than along other lines. The figures thus obtained 
are known to be successful in practice; but it is also well known that 
there are other figures which answer well in practice, differing considerably 
from those wave-lines ; and it is desirable that the mathematical theory 
of the subject should embrace those figures also. It may further be 
observed, that the figure of the solitary wave, as investigated experi- 
mentally by Mr. Scott Russell {Reports of the British Association^ 1845), 
and mathematically by Mr. Earnshaw (Camb. Trails., 1846)^ is that of a 
wave propagated in a canal of small breadth and depth as compared with 
the dimensions of the wave, and in which particles of water originally in 
a plane at right angles to the direction of motion, continue to be very 
nearly in a plane at right angles to the direction of motion, so as to have 
sensibly the same longitudinal velocity. This state of things is so different 
from the circumstances of the motions of the particles in the open sea, 
that it appears desirable to investigate the subject with special reference 
to a mass of water of unlimited breadth and depth, as has been done in 
the previous sections of this paper. 
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24. Variety of Form of Ottgenous NeoUh, and their Ukenrsi^ to gootl bioim 
Forms of JV %ter4im, — The water-lines generated from ovals which have 
been described in the second section of this paper, are roinarkablo for the 
great varieties of fonn and ])roportions whicli they present, and for the 
resemblance of their figures to tliosc of the water-lines of the different 
varieties of existing vessels. There is an endless series of ovals, having 
iril proportions of length to breadth, from equality to infinity ; and each 
of those ovals generates an endless series of water-lines, with all degrees 
of fulness >or %eness, from the absolute blufiness of tlie oval itself to the 
sharpness of the knife-edge. Further variations may be, made by taking 
a greater or a less length of the curve chosen. 

The* ovals are figures suitable for vessels of low speed, it being only 
necessary, in order to make them good water-lines, tliat the. vertical 
disturbance (as explained in Art. 20) should he small compared with the 
vessel’s draught of water. At liigher speeds the sharper water-lines, 
more distant from the oval, hecome necessary. The water-lines generated 
by a circle, or “ cyclogcuiovis neoids,” are the ‘Meanest” for a given 
proportion of length to breadtli; and as the eccentricity incrf;ascs, the 
lines become “ fuller.” The lines generated from a very much elongated 
oval approximate to a straight mi<Idl(i body with more or less sharp ends. 
Tn short, there is no form of water-line that has been found to answer in 
practice which cannot be imitated by means of odgehous ncoids. 

25. Discontinuity at the JJow and Stern, — lied limits of Water-! Aim . — 
Amongst the endless variety of forms presented by oiigenous water-lines, 
it may be well to consider w^hether there are any whicli there are reasons 
for preferring to the others. One of the (j[uestion8 wliich thus arise is 
the following: — Inasmuch as all the water-line curves of a series, except 
the primitive oval, are infinitely long and liave asymptotes, there must ‘ 
necessarily be an abrupt change of motion at either end of the limited 
portion of a curve which is used as a water-line in practice, and the question 
of the effect of such abrupt cliange or discontinuity of motion is one which 
at present can be decided by observation and experiment only. Now 
it appears from observation and experiment, that the effect of the discon- 
tinuity of motion at the bow and stern of a vessel, which has an entrance 
and run of ordinary sharpness and not convex, extends to a very thin layer 
of water only; and that beyond a short distance from the vesseYs side 
the discontinuity ceases, through some slight modification of the water- 
lines, of which the mathematical theory is not yet adequate to give an* 
exact account* 

* In confirmation of this, experiments made on the steamers ^‘Admiral” and “Lance- 

field,” bj^Mr. J. R. Napier and the author, may be specially referred to. The water- 
lines of the ** Admiral ” are complete trochoids, and tangents to the longitudinal ma 
at the bow and stem. The engine-p|^|^ required to drive her at her intended apM 
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Still, although the effect of the discontinuity in increasing resistance 
may not yet have been reduced to a mathematical expression, and alth(mgh 
it may be so small that our present methods of experimenting have not yet 
•detected it, it must have some value; and it is desirable So to select the 
limits of the water-line as to make that value as small as possible. In 
order that the abrupt change of motion may take place in as small a mass 
of water as possible, it would seem that the limits of the water-line 
employed in practice should be at or near the point of slmest gliding; 
that is, where the water-line curve is cut by the trajectory of slowest 
gliding LN, in Plate III., Fig. 1, and Plate IV., Fig. 3, as explained in 
Arts. 14; 15, and 16; and that conclusion is borne out by the figures of 
many vessels remarkable for economy of power. 

26. Preferable Figures of Water-Lines, — In forming a probable opinion 
as to which, out of all the water-lines generated by a given oval, is to be 
preferred to the others, regard is to be had to the fact, that every point 
of maximum disturbance of the level of the water, whether upwards or 
downwards, that is to say, every point of maximum or minimum speed 
of gliding (see Art. 20), forms the origin of a wave, which spreads out 
obliquely from the vessel (as may easily be observed in smooth water), 
and so transfers mechanical energy to distant particles of water, which 
energy is lost. Hence such points should be as few as possible; and the 
changes of motion at them should be as gradual as possible; and these 
conditions are fulfilled by the curves described in Art. 1 7, by the name of 

lissoneoids,'' being those which traverse the point P in the figures, and 
which may have any proportion of length to breadth, from Vs to infinity. 

27. Approximate Buies fo9* Construction and Calculation, — The description 
of those curves, already given in Art. 17, has been confined to those 
properties which are exactly .true. The following rules are convenient 
approximations for practical purposes, %v]ien the proportion of length to breadth 
is not less than 4 : 1 (see Plate IV., Figs. 3 and 4). 

I. A tangent to the curve at Q, the point of slowest gliding, passes 
very nearly through the point P of greatest breadth. 

II. The area P Q R enclosed within the water-line is very nearly equal 
to the rectangle of the breadth P R and eccentricity a. (When the length 
is not less than six times the breadth, this rule is almost perfectly exact.) 


was computed from the frictional resistance, according to princiides explained in 
publications already referred to in the note to Art. 21 ; and the result of the calculation 
was closely verified by experiment. The water-lines of the “Lancetield’* are only 
j.partly trochoidal, being straight from the point of contrary flexure to the bow, so that, 
""^iffiitead of being tangents there to the longitudinal axis, they form with it angles of 
hbout ISi"*. Yet the same formula which gave the resistance.of the ** Admiral” has 
been found to give also the resistance of the **Lancefield” without any adc&tion on 
account of the discontinuity of motion at the bow. 
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IIL For the trajectory of slowest glidiog, L there may bo substituted, 
without practical error, a straight line cutting the axis OX in L at au 
angle of 45° ; and when this has been done, the eccentricity 0 A or a is 
almost exactly equal to the length 

X -034 ( .. 

and this uf course is also the ratio of the area to the circumscribed rect- 
angle. The base 0 L or I also is very- nearly equal to (the sum of the 
length and breadth) x *034. 

IV. Hence the following approximate construction : Given, the common 
length Q R of a set of water-lines of smoothest gliding, which are to have 
a common termination at Q, and their breadths RPi, RP.j, RP^, &c. : 
required, to find their anias, bases, and foci. 

Through Q and It draw tlie straight lines U and ItU, mahing the 
angles RQIJ = l o", QR, U “ Through their intersection IT draw 
U V perpendicular to Rt^. All the required foci will be in IJV ; and 
R V will be the length of the rectangles eciuivalcnt to each of the' water- 
line areas ; so that 

area P, QR^ r: \l\ x RP,, 
areaP. QR, - RV x U P,>, 

. iVe. Ac. 

Through P^, Po, P.., Ac., draw lines parallel to R V\ cutting Q IJ in L.„ 
Lg, Ac. : these jioints will be the ends of the bas(‘s reijuircd, through which 
draw the bases Lj 0^ L., O.,, Lg Og, Ac., parallel to Q R, and cutting V l> 
in Aj, Ao, Ag, Ac. : these will l)e the required foci. 

The bases and foci and the points P^ P.,, Pg, Ac., being given, the water- 
lines are to be constructed by the rules given in Art. 11 . 

28. TJssoneoids compared with Trochoids. — In Fig. 5, Plato IV., the full 
line P Q is a lissoneoid, and the dotted line P 7 a trochoid of the same 
breadth and area. The curves lie very near together throughout their 
whole course — the only difference being, that the trochoid is slightly less 
full and more hollow than the lissoneoid, but at the same time the trochoid 
is the longer, and has a greater frictional surface. Had the entrance of 
the trochoid consisted of a straight tangent from its point of contrary 
flexure (as in the how of the “ Lancefield,” mentioned in the note to Art. 
25), the two curves would have lain still closer together. The same like- 
ness to a trochoid is found in all lissoneoids whose length is more than 
about 3^ times the breadth. 

29 . ComUmUiom of Bow and Stern, — ^Although there is reason to believe 
that water-lines of equal length and similar form at the bow and steim^ 
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such as are produced by using one neoid curve throughout, are the best 
on the whole, still the naval architect, should ho think fit, can combine 
two different oogenous neoids for the how and stem ; or, according to a 
frequent practice, he may adapt the figure of the stern to motion of the 
particles in vertical layers instead of horizontal layers ; provided he takes 
care in every case that the midship velocity of gliding (w^, as given by 
equation (28a) of Art. 13) is the same for each bow water-line and stern 
water-line at their point of junction. 

30. Provisional Formula for liesistance , — Until the difficulty of integra- 
tion, mentioned in Art. 30, shall have been overcome, or until more 
exact experimental data than we have at present shall have been obtained, 
the following provisional formula, analogous to that which has been found 
to agree with the results of experiment on trochoidal and nearly trochoidal 
lines, as well as some others, may bo considered as a probable approxima- 
tion for lissoneoids. 


R 


K Wc^ 
'2g 


■( 


1 + 



LG; 


(53.) 


where G is the mean girth of the vessel under water ; L her total length ; 
Uq the midship velocity of gliding, found, for a lissoneoid, by equation 
(37) of Art. 17; c the S 2 )eed of the ship; W the heaviness of water; 
and K a coefficient of friction ( = about *0036 for a clean surface of paint). 


APPENDIX. 

Note to Article 11. — The general process of constructing a series of 
curves whose equation is ^ (a?, y) + (», y) = constant, by drawing lines 

diagonally through a network consisting of two sets of curves whose equa- 
tions are respectively 0 {x, y) = constant and (x, y) — constant, is due 
to Professor Clerk Maxwell. 

Summary of the Contents. 

Section I. — Introduction, and Summary of known 
Principles. 

Art. 

1. Plane Water-Lines in two Dimensions defined. 

2. General Principles of the Flow of a Liquid past a Solid. 

3. Notation. 

4. General Characteristics of Water-Line Functions. 

5. Water-Line Curves generated by a Circle, or Cyclogenous Neoids. 
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Section II. — Properties of Water-Line Curves generated 
FROM Ovals, or Oogenous Neoids. 
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XXXL— ELEMENTARY DEMONSTRATIONS OF PRINCIPLES 
RELATING TO STREAM-LINES.* 

1. Object of this CornmtmkaiiofK — The object of this communication is to 
explain some very elementary demonstrations of certain propositions in 
hydrodynamics which bear upon important practical questions. The pro- 
positions themselves are not new*; but all the previously published demon- 
strations of them with which I am acquainted involve the use of mathe- 
matical methods of some difficulty, and especially, of the solution of 
differential equations of the second order. The demonstrations now given 
(which have hitherto been made public in the form of lectures only), are 
intended to enable persons who have not mastered the higher mathematics 
to understand the propositions in question, and to satisfy themselves of 
their truth. 

2. Stream-Lines erjflainedj, — A stream-line is the line, whether straight 
or curved, that is traced by a particle in a current of fluid. In what is 
termed a “ steady current,” each individual stream-line preserves its figure 
and position unchanged, and marks the path or track of a filament, or 
continuous series of particles that follow each other. The direction of 
the motions in different parts of a steady current may be represented to 
the eye by drawing the group of stream-lines traced by different particles 
in that icurrent, and indicating by one or more arrows in which of two 
contrary directions the motion takes place. The wavy lines in Fig. 
iSee p. 627) represent an example of this. 

3. Relation between Velocity and Trarmerse Area, — It is obvious that if 
the area of a transverse section of a current be multiplied by the mean 
velqcity of the particles of fluid in the act of traversing that transverse 
section, the product will be the flow; that is, the volume of fluid which 
passes through that transverse section in an unit of time ; and conversely, 
that if the flow be divided by the transverse area, the quotient will be the 
mean velocity of the particles that traverse that section. By a trans- 
verse section is to be understood a surface that cuts all the stream-lines at 
right angles. Moreover, in a liquid of invariable density (to which class of 
fluids alone this communication is restricted), the flow through each 


From The Engineer of Oct. 16, 1868. 
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transverse section of a steady current is of equal volume ; therefore, in a 
steady current, the mean velocity of the partkke at a given transverse section is 
inversely proportional to the aim of that section, , 

4. Elementary Streams, — A current may be conceivtxl mentally to Iw) 
divided by insensibly thin partitions, following the course of the stream- 
lines, into a number of elementary steams; wid the positions of thost^ 
partitions may be conceived to 1)e so adjusted that the volumes of flow in 
all the elementary streams shall be equal. The use of this conception is 
to represent to the mind the velocity, as well as the direction of motion, 
of the particles in different j)arts of the emreiit ; for it is obvious that in 
a set of elementary streams of equal flow, the relocify of a particle at any 
point is inversely proportional to the area of the traim^crse scctio7i, through that 
pointy of the elementary stream to tvhich the partide hehmgs. This is the 
principle wliich, whoii expressed in the symbols of the difterential calculus, 
is called “ the equation of continuity ” of a liquid.'" 

5. Component Velocities, — The component velocity of a particle in a direc- 
tion obli(|ue to its actual direction of motion, may be found by the help of 
elementary streams ; for it is only necessary to divide the elementar}'' 
volume of flow by the of an oblique section of tlie elemeutary stream, 
made by a plane perpendicular to the direction of the reejuired component. 
For example, in Fig 1, let A A, A' A', l)e the boundaries of an elementary 
stream, and let C C' be a plane cutting it obliquely ; then, if the volume 
of flow be divided by tlu^ area of the oblique section made by the plane 
C C', the (quotient will l)e the component velocity of a ])article in a 
direction perpendicular to that plane, being less than the total velocity 
along the stream iii the same ratio in whicli tlio area of a transverse 
section of the stream is less than the area of the oldique section. 

G. Itepresentation of the Elementary Streams in a Layer of a Cuirent. — In 
considering the motion of the particles of one layer of a current, wo may 
conceive the paper of a diagram, such as Fig. 3, to represent either one of 
the actual surfaces of that layer, if it is plane, or if it is not plane, the 
same surface deveUpedy that is, spread out flat. The layer may bo con- 
ceive<l to be divided into elementary streams of equal flow by partitions 
perpendicular to the surfaces of the layer; and in the diagram those 
partitions will be represented l)y stream-lines, such as the wavy lines in 
Fig. 3. Such a diagram exhibits to the eye the velocity, as well as the 
direction, of the motions of the particles in every part of the layer ; for, if 
layer is uniformly thick, the velocity of any particle is inversely pro- 
portional simply to the perpendicular distance between the two adjacent 

* Let )Q denote the volume of dow in each of the elementary streams of which a 
steady current of liquid consists ; and at a given point let ) S be the transverse area of 

an elementary stream, and v the velocity; then v = ^ 
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stream-lines ; and if the thickness of the layer varies at different points, 
that velocity is inversely proportional to the same perpendicular" distance 
multiplied by the thickness of the layer. 

7. Composition of FAementary Streams. — If a layer of liquid is acted upon 
at the samei time by two sets of forces, which, if acting separately, would 
produce currents consisting of two different sets of elementary streams, 
the combined action of those two sets of forces will produce currents con- 
sisting of a third set of elementary streams, which may be regarded as the 
resultant of the two former sets. The stream-lines marking the boundaries 
of the first two sets of elementary streams may be called the component 
streamlines^ and those marking the boundaries of the third set, the 
resultant streamAines. Then the principle which connects the resultant 
cuiTent with the component currents is as follows : — 

The resultant streamAines diagonally through all the angles of the 
netivork formed hy the component streamAines. 

For example, in Fig. 1, A A, A' A', are a pair of lines belonging to one 
set of component stream-lines, and B B, B' B', a pair belonging to another 



Fig. 1. 


set. The line C C', drawn through two of the intersections, is one of the 
set of resultant stream-lines ; and the lines parallel to C C', drawn through 
D and D', are two more. Also, in Fig. 2, the straight dotted lines 
diverging from A, and the straight dotted lines converging towards B, 
are two sets of component stream-lines; and the curved lines which 
traverse the intersections of the straight lines are the resultant stream- 
lines. For a third example, in Fig. 3, the straight lines parallel to X 0, 
and the arcs diverging from A, are two sets of component stream-lines ; 
and the wavy lines drawn through the intersections of the first two sets 
are the resultant stream-lines. 

To demonstrate this principle it is to be considered — First, as regards the 
direction of the resultant stream-lines: that in Fig. 1, CC' represents a plane, 
which is an oblique section at once of the elementary stream A A, A' A', 
and of the elementary stream B B, B' B'. The forces which produce the 
elementary stream A A, A' A', tend to send a certain volume of liquid per 
second through that oblique section, from the side next D to the side, next D'. 
The forces which produce the elementary stream B B, B' B', tend to send 
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an equal volume of liquid through the same oblique section in tlu' 
contrary direction. Therefore, the effect of the combination of the foriH's 
is that there is no flotv through the oblique section C C' ; therefore 0 C' is 
part of one of the resultant stream-lines. Secondly, as to the number ami 
closeness of those stream-lines, it is to be considered that 1\D' also 
represents a plane, which is an oblique section at once of both the olonien- 
tary streams. The forces which produce the elementary stream A A, A' \\ 
tend to send a certain volume of li(|uid per second through that section in 
a certain direction ; and the foivos which produce the elementary stream 
B B, B' B', tend to send an o<[ual volume per second through in the same 
direction. Therefore, the effect of the combination of the forces is tluit a 
(Mihle volume second passes through the section DI)' ; therefore, the 
space between I) and D' contains iiro rehmliaut ekmentarif drnima; there 
fore, each of the points D and D' is traversed by one of the resultant 
stream-lines. Thus it is proved that all the intersections of tlh» com 
ponent stream-lines are traversed by rt‘suilant stream -lines. 

8. Contliiion of rcrfeci Fluid it jf. — The charactei-istie ])roj)<.‘rty of a 
perfect tliiid — in other words, a iluid absolutely free from visc(^sity — is 
that the particles have no tendency to piJcserve any delinitt^ ligure, and are. 
incapable of exerting any foicc against a surface which tht^y touch except 
normal pressure ; that is t() say, pressure in a direction at right angles to 
that surface. One consccjiicnce of tin’s is that no particle of a j)e)icct 
iluid can have rotation impress(*d u})on it; for normal ]>ressure can 
impress rotation only on a body which tends to ])rescrve a definite figure. 
]So existing fluid is absolutely free from viscosity; and therefore the 
meclmnical consecpienccs of the supposition of perfect fluidity are not 
realised exactly, but only approximately. Nevertheless, there arc cases in 
•which the errors caused by negfecting viscosity are unimportant; and 
hence the use of investigating the i)roperties of stream-lines in a perfect 
fluid. 

9. Rectilinear Motions in a Perfect Fluid, — Another way of stating tin; 
absence of rotation in the motion of a perfect fluid is to say that any two 
imriides which move side by side in straight lines must move with equal velociiies; 
for if their velocities afe different the larger particle formed by uniting 
them is in a state of rotation, one side moving faster than the other. 

There are three modes of rectilinear motion in a perfectly fluid liquid 
which fulfil this condition, and by combining which an immense number 
of modes of ciuwilinear motion may be generated ; and all those curvi- 
linear resultant motions fulfil the condition of perfect fluidity, because^, 
their components do so. Those three modes of rectilinear motion are the 
following : — 

I. Mqtion in parallel straight lines, with an uniform velocity. Here 
the elementary streams are everywhere of equal transverse area. 
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IL Motion in straight lines converging towards or diverging from an 
axis, to which they are all perpendicular. Here we may consider the 
motion of the particles in a layer of uniform thickness perpendicular to 
the axis. 3]lie elementary streams in such a layer are of the form of 
wedges, separated from each other by planes radiating from the axis, 
and making equal angles with each other. The area of a transverse 
section of an elementary stream varies directly as the distance from the 
axis, and the velocity of a particle varies inversely as that distance. 

III. Motion in straight lines converging towards or diverging from a 
central point. Hero the elementary streams are of the forms of cones or 
of pyramids, having their summits at the central point, and of such 
shapes and sizes as to divide the surface of a sphere described about that 
point into equal areas. The area of a transverse section of an elementary 
stream varies directly as the square of the distance from the central point, 
and the velocity of a particle consequently varies inversely as the square 

that distance. 

It is easy to see that in the last two modes of motion the elementary 
streams cannot actually extend in a pointed form to the axis or to the 
central point, but must bo deflected in its neighbourhood, so as to afford 
an inlet or an outlet for the liquid, as the case may be. 

10. Bectilinear Stream-Lines in an Uniformly Thich Layer . — The stream- 



Fig. 2 

lines which represent an uniform straight current in an uniformly thick 
layer of liquid are simply parallel equidistant straight lines, such as those 
shown in ^Fig 3. The stream-lines which, in a similar layer, represent a 
current diverging from or converging towards an axis, are straight lines 
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radiating from a point, and making equal angles with each other, like 
either of the two sete of dotted straight lines in Fig 2. 

11. Circular Stream-Lms in an Unifmnhj Thick Jjayer . — The simplest 
example of a set of resultant stream-lines is that obtained, as iu Fig. 2, by 
combining together a pair of equal and similar sets of radiating stream- 
lines, one set diverging from a point at A, and the other converging towards 
a point at B. Those two points may be called foci According to well- 
known geometrical principles, the resultant ^trcanirlines, which traverse 
the intersections of the network formeil by the two sets of radiating 
stream-lines, are a series of circles, each of which traverses the foci A and 
B, the only exception being the straight line through A and B. The 
radii, of those circles are proportional to the secants of a series of angles, 
increasing by equal intervals from 0" to These r(*sultant stream- 

lines represent tlie motion of a layer of liquid of uniform tliickness, under 
the action of forces which urge the particles to move from an axis at A,, 
and towards another axis at B. 

In a paper jmblished in the Philonoplikal Tmnmriions for 18 6 3 (See )k 
J ff)5)y the properties of those circular streamdines traversing two foci were 
arrived at by the integration of a differential equation of the second order. 
They have now been demonstrated l»y a very elementary method ; and U> 
do so was one of the chief objects of the communication. 



Fig, 3. 

12. Various Resultant Stream-Lines in a Layer of Uniform Thickness , — By 
compounding the circular stream-lines of Art. 11 with the equidistant 
straight stream-lines of Art. 10, and drawing curves through the angles of 
the network, an endless variety of stream-lines is obtained of figures 
closely resembling the lines of ships of various degrees of fineness, and of 
various proportions of length to breadth. These, under the name of 
Ne^ (or ship-like curves), have been fully explained and illustrated in 
previous papers and publications; and especially in the paper already 
referred to as having been published in the Philosophical Transadms for 
1863, from which Fig. 3 is copied; and it is unnecessary to enter into 
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details respecting them here. The figure shows only one quadrant of the 
complete set of stream-lines, the other three quadrants being symmetrical 
to the first. The curves diverging from the focus A are circular stream- 
lines, and they converge to another focus at an equal distance from 0, in 
the opposite direction. 


A 



Fig. 4. 


13. Parallel Straight Stream-Lines in a Wedge-shaped Layer , — When a 
current flows past a solid of revolution, the figure and arrangement of the 
stream-lines are to be determined by considering the motion in a wedge- 
shaped layer of indefinite length and breadth, having its edge at the axis 
of the solid. The thickness of such a layer varies as the distance from 
the edge. In Fig. 4, let 0 X represent the axis of the solid and edge of 
the wedge-shaped layer, and let the paper represent one of the plane 
surfaces of the layer. The stream-lines representing an uniform straight 
current must be so arranged as to divide the layer into elementary 
streams of uniform transverse area; and, in order that they may do so, the 
^qmres of their distances from the axis 0 X must increase by uniform 
differences. Let 0 A be the total breadth which it is desired to sub- 
divide into elementary streams. Make 0 B = 0 A, and divide it into 
as many equal parts as there are to be elementary streams. On 0 B as a 
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diameter draw a semicircle, and from the points of division of 0 B draw 
ordinates perpendicular to it, and cutting the semicircle. Then lay off 
from 0, along 0 A,' a series of distances equal respectively to the chords 
measured from 0 to the jioints of division of the semicircle ; the required 
sjbream-lines will bo straight lines dra^m parallel to 0 X through the 
points of division of 0 A. 

14. Radmtmg Straight Strcam-Line^i in a jredgv-shaped Layer. — To divide 
such a wedge-shaped layer, as lias been described in the preceding article, 
into equal elementary streams mdiating from appoint B in the axis X 0 B, 
lay off along the axis as many equal divisions as there are to be elemen- 
tary streams in one (|uadrant of the space round B. Lot B 0 be the 
distajnee containing all those divisions. About B» with *1110 radius B C, 
draw the quarter circle 0 C ; and from the points of <livision B 0, and 
jierpendicular to it, diiiw ordinates cutting the quarter circle. Then draw 
lines radiating from Ji to the points of division of the (juarter circle. These 
will bo the reipiired stream-lines for one <|uadrant of the space round B. 
Those of the other quadniuts are symmetrical to them. The reason for 
this construction is tlie well-known geometrical proposition, that if C) C is 
the trace of a spherical surface, and if the dotted ordinates are the traces 
of a set of parallel pianos peiqiendioular to the radius OB, and dividing it 
into equal parts, tliose planes divide the spherical surface into zones of 
equal area. 

15. CornjmuuJ Strea^n-Litm in a Wedge-Shaped Layer, — By compounding 
two sets of straight stream-lines, like those shown in the lower part of 
Fig. 4, radiating from a pair of foci in the same axis (that in, in the edge 
of the wedge-shaped layer), and drawing curves diagonally through the 
network, there are obtained a set of oval stream-lines, representing the 
motion of a current which diverges in all directions from one of the foci, 
and converges towards the other. These ovals all })as8 through the foci, 
and are arranged like the circular stream-lines of Fig. 2. It may bo 
mentioned that they are of the same figure with the lines of force of a 
two-poled magnet. 

Then, by combining these oval stream-lines with the parallel straight 
stream-lines of the upper part of Fig. 4, there are obtained a great variety 
of curved lines, representing the stream-lines of a current flowing past a 
solid of revolution. Their figures resemble in a general way those of the 
stream-lines of an uniformly thick layer, exemplified in Fig. 3, 
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XXXII.— ON THE THEEMODYNAMIC THEOKY OF WAVES OP 
FINITE LONGITUDINAL DISTUKBANCE.* 

1. The object of the present investigation is to determine the relations 
which must exist between the laws of the elasticity of any substance, 
whether gaseous, liquid, or solid, and those of the wave-like propagation 
of a finite longitudinal disturbance in that substance ; in other words, of 
a disturbance consisting in displacements of particles along the direction 
of propagation, the velocity of displacement of the particles being so great 
that it is not to be* neglected in comparison with the velocity of propaga- 
tion. In particular, the investigation aims at ascertaining What conditions 
as to the transfer of heat from particle to particle must be fulfilled in 
order that* a finite longitudinal disturbance may be propagated along a 
prismatic or cylindrical mass without loss of energy or change of type : 
the word type being used to denote the relation between the extent of 
disturbance at a given instant of a set of particles, and their respective 
undisturbed positions. The disturbed matter in these inquiries may be 
conceived to be contained in a straight tube of uniform cross-section and 
indefinite length. 

2. Mass-Velocity, — ^A convenient quantity in the present investigation 
is what may be termed the mass-velocity or somatic velocUy — that is to say, 
the mass of matter through which a disturbance is propagated in a unit 
of time while advancing along a prism of the sectional area unity. That 
mass-velocity will be denoted by m. 

Let S denote the lulkiness^ or the space filled by unity of mass, of the 
substance in the undisturbed state, and a the linear velocity of advance of 
the wave; then we have evidently 

a = m S. . . . . (1.) 

• 

3. Cinermtical Condition of Permanency of Type. — If it be possible for a 
wave of disturbance to be propagated in an uniform tube without change 
of type, that possibility is expressed by the uniformity of the mass-velocity 
m for all parts of the wave. 

Conceive a space in the supposed tube, of an invariable length Aa?, to 

* Read before the Royal Society of London on Dec. 16, 1869, and published in the 
PhUosophkal TranaacUona for 1870. 
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be contained between a pair of transverse planeSi and let those planes 
advance with the linear velocity a in tlie direction of propagation. Let 
the values of the bulkiness of the matter at the foi'eniost and aftermost 
planes respectively l)e denoted by and and those of the velocity of 
longitudinal disturbance by and tio. Then the linear velocities with 
which the particles traverse tlie Uvo planes respectively are as follows : 
for the foremost plane ~ a, for the aftermost plane ~ a. The uni- 
formity of type of the disturbance involves, as a condition, that ot{ual 
masses of matter traverse the two planes respectively in a given time, 
being each, in unity of time, expressed by the mass^velociiy; hence wo 
have, as tlie cimmalkal anulUkm <»f unifomiity of type, the following 
equation : 


Another way of expressing the same condition is as follows : 

A - 7// A V (3.) 

4, Difnamical Comlifum oj 1\ rmanmajoj Type . — Let and lu bo the inten- 
sities of the longitudinal twessure at the foremost and aftermost advanc- 
ing planes respectively. Then in each unit of time the ditfcrcnco of 
pressure, P 2 - impresses on the mass m the acceleration ~ 
consequently, by the second law of motion, we have the following value 
for the difference of pressure ; 


^'2 - i'l ("2 - "l)- • • • (*•) 


Then, substituting for the acceleration Wg — Wj its value in tenns of the 
change of bulkiness as given by equation (3), wc obtain, for the dymmkal 
condition of permanency of type, the following equation, 

P2 ^ ('*^1 ^ 2 )' • • • (^*) 


which may also be put in the form of an expression giving the value of 
the square of the mass-velocity, viz. — 


mr = 


_ .dp 
A s "" d s 


. ( 6 .) 


The square of the linear velocity of advance is given by the -following 
equation: 

aS = m*S*= -S*^. . . . (7.) ' 

Cb S 

lUe integral form of the preceding equations may be expressed as followa. 
Lrt S, as before, be the bulkinem in the undisturbed state, mid P the 
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longitudinal pressure ; then in* a wave of disturbance of permanent type 
we must have the following condition fulfilled : 


p + s . . . (8.) 


5. JFaves of Sudden Disturbance , — The condition expressed by the equa> 
tions of the preceding section holds for any typo of disturbance, continu- 
ous or discontinuous, gradual or abrupt. To represent, in particular, the 
case of a single abrupt disturbance, we must conceive the foremost and 
aftermost advancing planes already mentioned to coalesce into one. Then 
P is the longitudinal pressure, and S the bulkiness, in front of the advanc- 
ing plane ; p is the longitudinal pressure, and s the bulkiness, behind the 
advancing plane ; and the advancing plane is a wave-front of sudden com- 
pression or of sudden rarefaction^^ according as^ is greater or less than P. 
The squares of the mass-velocity and of the linear velocity of advance are 
respectively as follows : 


2 


S — s 


(9.) 

( 10 .) 


The velocity of the disturbed particles is as follows ; 

w = m(S-A') V(i^^P).(S-«); • (11-) 

and it is forward or backward according as the wave is one of compression 

or of rarefaction. ^ 

The energy expended in unity of time, in producing any such wave, is 

expressed hy p u\ for the wave may be conceived to be produced in a 

tube closed at one end by a movable piston of inappreciable mass, to 

which there is applied a pressure p different from the undisturbed pressure 

P, and which consequently moves with the velocity u. The way in which 

that energy is disposed of is as follows: actual energy of the disturbance, 

mu? , , . . m (p + P) (S — s) , . , 

; work done in altering bulkiness, — ; and tne 

A JUt 

equation of the conservation of energy is 


* iVofe, added 1st August^ 1870 , William Thomson has pointed out to the 
author, that a wave of sudden rarefEustion, though mathematicidly possible, is an 
unstable condition of motion; any deviation £h>m absolute suddenness tending to 
make the disturbance become more and more gradual. Hence the only wave of sudden 
disturbance whose permanency of type is physically possible, is one of sudden comr 
pression; and this is to be taken into account in connection with all that iii ftiled in 
the paper respecting such wa^. 
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i»« = ^K + 0. + P)(S 




(11 A.) 


6. Thennodt/namic Condifm ^. — While the equations of tho two preced- 
ing sections impose the constancy of the rate of variation of pressure with 

bulkiness during the disturbance = — 7n^ as an indispensable con- 


dition of permanency of typo of the wave, they leave tho limits of pressure 
and of bulkiness, being four (piantitios, connected by one erpiation only 

(?% — ^iily of tlioso <iuantities can be arbi- 

traxy ; therefore, one more equation is reipiired, and that is to be deter- 
mined by the aid of the laws of thermodynamics. 

It is to be observed, m the first place, that no s\ibstance yet known 

d ji 


fulfils the condition expressed by the equation 


— 


v\r r:: constant, 


between finite limits of disturbance, at a constant temperature, nor in a 
state of non-conduction of heat (called the adudnifiv stat(‘). In order, then, 
that permanency of type may be possible in a wave of longitudinal dis- 
turbance, there must bo both change of temperature and conduction of 
heat during the disturbance. 

The cylindrical or prismatic tube in which tho disturbance is supposed 
to take place being ideal, is to be considered as non-conducting. Also, 
the foremost and aftermost transverse advancing planes, or front and 
back of the w\ave, which contain liotween them the particles whose pres- 
sure and bulkiness are in the act of varying, arc to be considered as non-* 
conducting, because of *thcre l>cing an indefinite Icpgth of matter before 
the foremost and behind the aftermost ]daue, to resist Conduction. 

The transfer of heat, therefore, takes place wholly amongst the particles 
undergoing variation of pressure and bulkiness ; and therefore for any 
given particle, during its passage from tile front to the back of the wave, 
the integral amount of heat received must he nothing; and this is the thermo- 
dynamic condition which gives the i^uircd eciuation. That equation is 
expressed as follows ; 

r (/ fj> = 0; .... (12.) 

• <tn 


in which r denotes absolute temperature, and tho ‘‘ thermodynamic 
function.’' The value of that function, as explained in various papers 
and treatises on thermodynamics, is given by the following formula : 


^ = Jchyp.log.T + x(»') + . 


. 02a.) 
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in which J is the dynamical value of a unit of heat ; c, the real specific 
heat of the substance ; x (’’)> ^ function of the temperature alone, which 
is = 0 for all temperatures at which the substance is capable of approxi< 
mating indefinitely to the perfectly gaseous state, and is introduced into 
the formula solely to provide for the possible existence of substances 
which at some temperatures are incapable of approximating to the per- 
fectly gaseous state ; and U, the work which the elastic forces in unity of 
mass are capable of doing at the constant temperature r. The substitution 
for the integral in equation (12) of its value in terms of p and s for any 
particular substance, gives a relation between the limits of pressure pj^ 
and P 2 , and the limits of bulkiness and which being combined with 
equation (5), or with any one of the equivalent equations (6), (8), or (9), 
completes the expression of the laws of the propagation of waves of finite 
longitudinal disturbance and permanent type in that particular substance. 

7. Assumption as to Transfer of Heat — In applying the principles of the 
preceding section to the propagation of waves of longitudinal disturbance, 
it is obviously assumed that the transfer of heat takes place between the 
various particles which are undergoing disturbance at a given time, in 
such a manner as to ensure the fulfilment of the dynamical condition of 
permanency of type. It appears highly probable, that how great soever 
the resistance of the substance to the conduction of heat may be, that 
assumption as to the transfer is realised when the disturbance is sudden, 
as described in sec. 5 ; for then particles in all the successive stages of the 
change of pressure and bulkiness within the limits of the disturbance are 
at inappreciable distances from each other ; so that the resistance to the 
transfer of heat between them is inappreciable. ^ 

But when the disturbance is not sudden, it is probable that the assump- 
tion as to the transfer of heat is fulfilled in an approximate manner only ; 
and if such is the case, it follows that the only longitudinal disturbance which 
can he propagated with absolute permanence of type is a sudden disturbance, 

8. Combination of the Dynamic and Thermodynamic Egmtions, — In every 
fluid, and probably in many solids, the quantity of heat received during an 
indefinitely small change of pressure d p and of bulkiness 5 is capable of 
being expressed* in either of the following forms : 


r d 




in which and Cp denote the specific heat at constant bulkiness and at 
constant pressure respectively; and the diflerential coeflicients ^ and ^ 


of the absolute temperature are taken, the former on the suppositioh th^t 
the bulkiness is constant, and the latter on the supposition that the ^ 
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pressure is constant. Let it now be supposed that the bnUdness varies 
with the pressure according to some definite law j and let the actual rate 

of variation of the bulkiness with the pressure be denoted by \ Then 

equation (12) may be expressed in the following form ; 

[P3 j S , (It d s\ 

Now, according to the dynamic condition of permanence of type, we 
liave by equation (G), 

rf S‘ _ _ 1 

dp nr' 

which, being substituted in the preceding integrals, gives tlio following 
equations from' which to deduce the oqume of the mass-vdocitj/ : 




It is sometimes convenient to substitute for ^ the following value, 

which is a knowm consequonee of the laws of thermodynamics : 

(It 


dr . r d p 
J << T 


“ilg 


(13 a.) 


the differential coefficient being taken on the supposition that s is 

(it T 

constant. The equations (13) and (13 a) are applicable to all fluids, and 
probably to many solids also, especially those whicli are isotropic. 

The detennination of the squared mass-velocity, enables the bulki- 
ness s for any given pressure p, and the corresponding velocity of 
disturbance w, to be found by means of the following formula?, which are 
substantially identical with equations (8) and (3) respectively : 


-sr-r- 


rnr 


M m (S -- s) 


.P 


m 


(14.) 

(15.) 


Equation (15) also serves to calculate the pressure p corresponding to a 
^ven velocity of disturbance u. It may here be repeated that the linear , 
velocity of advance is a = m S (equation 1). 
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9. AjplieoHon io a Perfect Gas . — ^In a peifect gas, the specific heat at 
constaQt volume, c,, and the specific heat at constant pressure, Cp, are both 

constant; and, consequently, bear to each other a constant ratio, whose 

value for air, oxygen, nitrogen^ and hydrogen is nearly 1*41,* and for 
steam-gas nearly 1*3. Let this ratio be denoted by y. Also, the differ- 
ential coeflScients which appear in equations (13) and (13 a) have the 


following values 

— 







(lr_ 

T _ 


5 

s 




.d p~' 

P~ 

~ J 

(Cp - 

~ J (y - 




d r __ 
d 

T _ 

S ” 

■ J~ 

p 

(Cp - 

_ ^ P_ 

0 J (y - 

1)^/ 1 

1 

>► . 

• (16.) 

. iP - 

1 = 

_ J 


1 i 

! 

II 

1)<^, 



d T, 

T 


s 


■. J 




When these substitutions are made in equation (13), and constant common 
factors cancelled, it is reduced to the following: 


• dp . {m^s ~ yp] = 0. . . . (17.) 

J Pi 

But according to the dynamical condition of permanence of type, as ex- 
pressed in equation (8), we have nfs = m^ii + 'P—p; whence it follows 
that the value of the integral in equation (17) is 

» 

. {m*S + P - (y + 1)/} = KS + P) iPi-p,) 

J Pi * 

-y+J(pi-p^ = o-, 

which, being divided byj ?2 — Pv square of the mass-velocity 

of advance the following value : 

= + ,• • ( 18 -) 

The square of the linear velocity of advance is 

a*==m*S* = s|(y-|-l).^^^^-P}: • (19.) 

The vejlocity of disturbance u corresponding to a given pressure j 
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flonvtSamely, tiic pressure corresponding to a,given velocity of diaturlianeo, 
may be found by means of equation (15). • 

Snch are the general equations of tho propagation of waves of longi- 
tudinal distorbanw of permanent type along a cylindrical nuuss of a perfect 
gas whose undisturbed pressure and bullciness are respectively P and S. 
In the next two sections particular cases wiH be treated of. 

10. Ware, of Oxcillatlou in a Parfeef — Let tho moan between the 
two extreme pressures be equal to the undisturbed pre.s.sure ; that is. let 


Pi + Pi 


then equations (18) and (10) become simply 


_ y 


and 


S ’ 


PS: 


• C-’o.) 

• (-»i) 

. ( 22 .) 


the last of wliich is Laplace’s welLkiiown law of the propagation of souiuL 
The three efpiations of this section arc applicable to an imlefiniiely long 
series of waves, in which e<pial disturbances (»f pressure take place alter- 
nately in opposite directions. 

11. irave of Permanent Compressor or DUaUdom hi o Tuhe of Perfect 
Gas . — To adapt equation (18) to the case of a wave of permanent com- 
pression or dilatation in a tube of perfect gas, tho pressure at the front 
of the wave is to be made 'Ofjual to the undisturbed pressure; and the 
pressure at the back of the wave to the linal or permanently altered 
[iressure. Let tho final prcssiirc be denoted simply by p ; then =» P> 
and />2 == JP ; s([uare of the mass- velocity 

= s { (y + 0 2 + (y ~ I } > • • 

for tho square of the linear velocity of advance 

«*.= = S{(y + 1) + (y - 1) |, . (24.) 

and for the final velocity of disturbance 




l(y+i) 




(25.) 


Equations (23) and (24) show that a wave of condensation is 
pirated faster, and a wave of nirefactioQ slower, than a series of waves of 
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oscillation. They further show that there is no upper limit to the velocity 
of propagation of a wave of condensation; and, also, that to the velocity of 
propagation of a wave of rarefaction there is a lower limit, found by 
making jp = 0 in equations (23) and (24). The valj^es of that lower 
limit, for the squares of' the mass-velocity and linear velocity respectively, 
are as follows ; — 



. . (26.) 

2 / L (y - 1) P S 

a2(jj = 0) = '^ 2 ’• 

. . (27.) 

and the corresponding value of the velocity of disturbance, being its 

negative limit, is 



. . (28.) 


It is to be borne in mind that the last three equations represent a state 
of matters which may be approximated to, but not absolutely realised. 

Equation (25) gives the velocity with which a piston in a tube is to be 
moved inwards or outwards, as the case may be, in order to produce a 
change of pressure from P to p, travelling along the tube from the piston 
towards the farther end. Equation (25) may bo converted into a quad- 
ratic equation, for finding p in terms of ; in other words, for finding 
what pressure must be applied to a piston in order to make it move at a 
given speed along a tube filled with a perfect gas, whose undisturbed 
pressure and bulkiness are P and S. The quadratic equation is as 
follows ; 

^ “■)'' - ’'■I” ■ = » ! 


and its alternative roots are given by the following formula : 


i? = P + 


y + 1 

■ 4S 



yPw* (y + 

'16 S~ 


} . ( 29 .) 


The sign -f or — is to be used, according as the piston moves inwards, 
so as to produce condensation, or outwards so as to produce rarefaction. 
Suppose, now, that in a tube of unit area, filled with a perfect gas whose 
undisturbed pressure and volume are P and S, there is a piston dividing 
the space within that tube into two parts, and moving at the uniform 
velocity u : condensation will be propagated from one side of the piston, 
and rarefaction from the other ; the pressures on the two sides of the 
piston will be expressed by the two values of in equation (29) ; and the 
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force required ia order to keep the piston in motion will be the difference 
of these values ; that is to say, 


.(30, 

Two limiting cases of the last equation may bo noted : first, if tlio velocity 
of the piston is very small compared with the velocity of sound, that is, if 

y“p small, we have 

A p nearly = 2 u . ^ ) ^ * * 


secondly, if tlio velocity of the piston is very great compared w'itli the 
velocity of sound, that is, if is very small, wc have 


A 2* nearly 


(y + 1) 

2 H * 


(30 n.) 


12. Absolute TemjHirature . — The absolute tcjinperature t>f a given particle 
of a given substance, being a function of the pressure p and bulkiness .v, 
can be calculated for a point in a wave of disturbance for which p and h 
are given. In particular, the absolute temperature in a perfect gas is given 
by the following well-knoAvn thermodynamic formula : 


T 




(31.) 


and if, in that formula, there be substituted the value of s in terms of jp, 
given by equations (8) and (18) combined, we find, for the absolute tem- 
perature of a particle at which the pressure is p, in a wave of permanent 
type, the following value : 

_PS_ ^)(Pl+_P2)P-_^f . 


in which the first factor r is obviously the undisturbed value of 

J (Cp -c,) 

the absolute temperature. For brevity’s sake let this be denoted by T. 

The following particular cases may be noted. In a wave of oscillation, 
as defined in sec. 10, we have Pi-¥ Pt = 2'2-, and, consequently, 


,_T (y+ 


(32 a.) 
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In a wave of permanent condensation or rarefaction, as described in sec. 
11, let jpj = P, = P ; then the final temperature is 

r = T (y + l)Pjp + ( y - l) p^ 

•(y + l)Pp + (y ^ !)>• 

13. Types of Disturbance capable of Permanence , — In order that a par- 
ticular typo of disturbance may be capable of permanence during its 
propagation, a relation must exist between the temperatures of the 
particles and their relative positions, such that the conduction of heat 
between the particles may effect the transfers of heat required by the 
thermodynamic conditions of permanence of type stated in sec. 6. ' 

During the time occupied by a given .phase of the disturbance in 
traversing a unit of mass of the cylindrical body of area unity in which 
the wave is travelling, the quantity of heat received by that mass, as 
determined by the thermodynamic conditions, is expressed in dynamical 
units by 

r d (j). 

The time during which that transfer of heat takes place is the reciprocal 

— of the mass-velocity of the wave. Let - be the rate at which tern- 

m dor 

perature varies with longitudinal distance, and k the conductivity of the 
substance, in dynamical units ; then the same quantity of heat, as deter- 
mined by the laws of conduction, is expressed by 



The equality of these two expressions gives the following general differ- 
ential equation for the determination of the types of disturbance that are 
capable of permanence : 


mrcl. <p = d.(k^^f . . . ( 33 .) 

The following are the results of two successive integrations of that 
diffei'ential equation : 

dx k 

dr A + m/r d <j) 


. (33 a.) 

. ( 33 *.) 
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in which A and B are arbitrary constants. The valao of A depends on 
the magnilude of the disturbance, and that of B upon the position of the 
point from which r is reckoned. In applying these general equations to 
particular substances, the values of r and ^ are^ to bo expressed in terms 
of the pressure p, by tlio aid of the formula^ of the preceding swtion, 
when equation (33 n) will give the value of / in tenns of iuul thus will 
show the type of disturbance required. 

Our knowledge of the laws of the conduction of heat is not yet suiliciont 
to enable us to solve such problems as these for actual substances with 
certainty. As a hypothetical exiimplc, however, of a simple kind, wo may 
suppose the substance to be perfwtly gaseoius and of constant conductivity. 
The 'assumption of the perfectly gaseous condition gives, accuixiing to the 
formula) of the prccctling sections, 


I'S (y + + lOr -r 

(y — 1)3 (y + 1) {j\ -f JK^ 1' — 1*' 


T J (J) == 


//r(y-l)< ‘J ^ 


It is unnecessary to occu]>y space by giving the whole details of the 
calculation ; and it may bo sufficient to state that the following are the 
results. Let 

P\ + y'2 



In equation (34 A) it is obvions that x is reckoned from the point where 
5 «B 0 : ^t is, where the pressure p — ; a mean between ttm 

greatest and least pressures. The direction in which z is poritiive may b». 
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either the same witH or contrary to that of the advance of the wave ; 

the former case represents the type of a wave of rarefaction, the latter 

that of a wave of compression. For the two limiting pressures when 

dx * 

</ = ± 2 ^, ^ becomes infinite, and x becomes positively or negatively 

infinite ; so that the wave is infinitely long. The only exception to this 
is the limiting case, when the conductivity h is indefinitely small j and 

then we have the following ‘results : when or = P 2 > ^ infinite, 

• • • d X 

and X is indefinite ; and for all values of p between and jpg? ^.nd x 

up 

are each indefinitely small. These conditions evidently represent the -case 
of a wave of abrupt rarefaction or compression, already referred to in secs. 
6 and 7. 


Supplement (Dec., 1869). 


Note as to previous investigatum . — ^Four previous investigations on the 
subject of the transmission of waves of finite longitudinal disturbance may 
be referred to^ in order to show in what respects the present investigation 
was anticipated by them, and in what respects its results are new. 

The first is that of Poisson, in the Journal de VEcole PolytechniquSy Vol. 
VII., Cahier 14, p. 319. The author arrives at the following general 
equations for a gas fulfilling Mariotte's law : — 



4. + i = 0- 

dt dx 2' dv? ’ 


d<j> 


in which 0 is the velocity-function ; - the velocity of disljurbance, at 

the time ty of a particle whose distance from the origin is a;; a is the limit 
to which the velocity of propagation of the wave approximates when 


becomes indefinitely small, viz, Pq being the undisturbq^ pressure 

and po the undisturbed density ; and / denotes an arbitrary functioD* 
This equation obviously indicates the quicker propagation of the parts of 
the wave where the disturbance is forward (that is, the compressed parts), 
and the slower propagation of the parts where the disturbance is backward 
(that is, the dilated partsV 
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The second is that of Mr. Stokes, in the Philmphical Ma^azim for 
November, 1848, 3rd series, VoL XXXIlt, p 349, in which that author 
shows how the type of a series of waves of finite longitudinal disturbance 
in a perfect gas alters as it advances, an<l tends ultimately to become a 
series of sudden compressions followed by gradual dilatations. 

The thir^ is that of Mr. Airy, Astronomer-Royal, in the Phihmpkieal 
Magazine for June, 1849, 3rd series, Vol. XXXIV., p. 401, in which is 
pointed out the analogy between the above-mentioned change of type in 
waves of sound, and that which takes place in sea-waves when they roll 
into shallow water. 


The fourth and most complete, is that of the Rev. Samuel Earnshaw, 
reedyed by the Royal Society in NoA^ember, 1858, read in January, 1859, 
and published in the Phllosophlml Tranmetiom for 1800, page 133. That 
author obtains exact equations for the propagation of waves of finite longi- 
tudinal disturbance in a me<lium in which the pressure is any function of the 
density ; he shows what changes of type, of the kiml already mentioned, 
must go on in such waves ; and he points out, finally, that in order that 

the type may be permanent (= — in the notation of the present 

paper) must bo a constant quantity ; being the proposition wlacli is 
demonstrated in an elementary way near the beginning of the present 
paper, Mr. Earnshaw regards that condition as one wliieh cannot be 
realised. 


The neio results^ then, obtained in the present paper may be considered 
to be the following : — The conditions as to transformation and transfer of 
heat which must be fulfilled, in order that permanenetj of typo may bo 
realised, exactly or approximately ; the types of wave wliich enable such 
conditions to be fulfilled, with a given law of the conduction of lieat ; 
and the velocity of advance of such waves. 

The method of investigation in the present paper, by the aid of mass- 
velocity to express the speed of advance of a wave is now, so far as I know ; 
and it seems to me to have great advantages in point of simplicity, enabling 
results to be demonstrated in a very elementary manner, which otherwise 
would have required comparatively long and elaborate processes of 
investigation. 
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XXXIIL— ON THE THEORETICAL LIMIT OP THE EFFICIENCY 

OF PROPELLER^^ 


1. The following statement of a certain theoretical limit towards which 
the efficiency of 'propellers maybe made to approximate by mechanical 
improvements, and of certain causes which make the actual elBBciency fall 
«hdrt of that limit, although it involves no new principle, may bo useful 
in the present state of the question of propulsion. 

To avoid complexity, let the water be still when the action of the pro- 
pelling apparatus b(%insj so that its velocity relatively to the vessel 
(which may be called the velocity of feed of the propelling apparatus), is 
simply equal and opposite to the speed of the vessel. Let that velocity be 
denoted by v, ' 

2. Lot 5 be the true slip, or acceleration, or additional velocity, impressed 
on the water by the propelling apparatus ; so that -f 6* is what may be 
called the velocity of discharge from the propelling apparatus, relatively to 
the vessel. 

3. If W is the weight of the mass of water acted upon in each second, 
and g the acceleration produced by gravity in one second, the reaction of 
the water, equal and opposite to the resistance of the ship, is well known 
to be given by the following formula. 


R = 


Ws 


( 1 -) 


and the effective power, or useful ivoi'h per second, done in driving the Aip, 
by the formula, . 


Ri; = 


W V s 

''IT' 


( 2 .) 


4. When the apparatus first takes up a supply of water, then carries it 
for a time along with the vessel, and then discharges it, the reaction B 

W 

may be the resultant of a forward reaction — (t> + «) exerted by the 


♦ From The Engineer of Jan. 11, 1867. 
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W r 

water when discharged, and a backwani reaction — - exerted by tlie 

- 9 

water when receivetl ; but in lhi'<, as in other cases, the resultant reaction 



5. In order ihat the loss of work may bo the least j»osbil)le, the pro- 
pelling instrument should be so eontriviHl as to act on each particle of 
water with a velocity at first simply equal to the velocity of feed and 
gradnally increasing at an unifonu ratt‘ up to the velocity of discharge 
r + s. If this condition were fulfilled, the mam vdocity with which the 
proi>olling apparatus wonM have to work against the reaction R would bo 

V + ; nnd the iohil v:od ]h’r aamd would be 


K 



W rx W,s * 
if ‘ 


(3.) 


in which equation the first term is the useful work per second, as already 
given in equation (2), and tlie second term is the Ivsf tvork\ reduced to a 
minimum ; for it is easy to see that this lost work is simply the actual 
energy of the discharged water. mo\ ing astern with the velocity s relatively 
to still water ; and that quantity of energy must ucces.sarily Ikj lost under 
all circumstances. ♦ 

0. The corresponding value of the eflicienc} , or ratio of the useful to 
the total work, is 

.... (M 

+ 2 


and this is the themxtical limii to the efficiency of a propeller. 

7. It is certain that no actual propelling instrument has eV%r attained 
the limit of efficiency stated above. It is probable that the nearest 
approach to the theoretical limit of efficiency is made hy the oar; for the 
skilful rower pulls with a nearly uniform force, and thus produces a gradual 
acceleration of the water laid hold of by the blade. 

In the following articles arc described some causes of additional loss of 
work, irrespective of friction. Those causes may be briefly enumerated 
thus : — Suddenness of change from the velocity of feed to the velocity of 
discharge ; transverse motions impressed on the water ; and waste of the 
energy of the feed water ; and the effect of each of them is to waste work 
in the production of eddies. 

8. Suddenness of the change from the velocity of feed to the velocity 
of discharge operates to the full extent in every q^e in which the pro- 
peller, instead of begiiming its action with the velocity of feed v, and 

SI 1C 
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gradually increasing its speed to the velocity of discharge v + s, acts 
throughout with the velocity of discharge + 5. Thus the total work 
per second becomes 


R (iy + s) 


^Yvs . 

9 o ' 


(50 


so that the lost work, instead of being simply equal to the actual energy 
of the water discharged per second, is increased to double that quantity 
of energy; and thus besides the unavoidable loss of work, there is a 


waste^ or unnecessary loss of work per second, expressed by -~~' 


corresponding value of the efficiency is 


V 

V + s 


( 6 .) 


The object of such inventions as Woodcroft’s gaining pitch screw, and 
Hangings screw, is to diminish waste of the kind that has now been 
described ; and in Euthven’s form of centrifugal pump the same principle 
appears to ho kept in view. The same is also the object of making 
paddles feather, so as to enter the water edgewise. It is probable that 
the object is partly attained by all those inventions, but by none of them 
wholly ; and such being the case, the loss of work may be expressed by 
cW^ 

; c being a multiplier not exceeding unity, depending on the mode 

of action of the particular propeller employed. It is probable that in a 
well-designed centrifugal pump c may be very small ; while for ordinary 
paddles and screws it is 1. 

9. Transverse motions are impressed on the discharged water by all 
forms of the screw and paddle. 

Let u denote the transverse component (whether vertical, horizontal, or 


inclined) of the velocity of the discharged water. Then, if that motion is 
impressed gradually, the work wasted per second in producing it is — — , 


and if more or less suddenly (1 + 



being a multiplier not 


exceeding unity ; and the latter is the more common case. The jet pro- 


peller is free from this cause of waste of work. 

10. Waste of the energy of the feed water may occur in those cases in 
which the water acted upon . by the propelling apparatus is received into 
the vessel, and carried along with her before being discharged ; that is to 
say, in certain forms of jet propeller. The feed water has, relatively to 
the ship, the velocity and in order ifcat the energy due to that relative 
velocity may not be wasted, it is necessary either that eadi partido of 
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water should begin to be acted upon by the ‘proi>elling apparatus without 
losing any part of that relative velcH'ity (as in the case of tlio screw and 
the paddle), or that any loss of velocity sliould be cora[w*iisated by a cor- 
responding increase of pressure, to co-oporate with the propelling appamtua 
in producing the velo(‘ity of discharge v + For exan)j)le, if the fetnl 
water is taken into a space in which it is sqiisibly at rest relatively to the 
ship, it should produce by its on the water previously in that 


. ' r* 

space the whole head of pressure ilue to its relative velocity otherwise 
energy will be wasted in i>roducing eddies in llu‘ confiiuMl water, to an 

VV'^ ..2 * 

amo.unt per second vvlii(‘b 




plicr whose value nia) range from an insensibly small fraction to unity, 
acconling to the degree of suddeime^s vsith vvdueh the velocity of feed 
is checked. 

11. The niultipli^ f may e\en take values greater than unity, if the 
feed water is “ throttled ” that is, if it is drawn through openings so 
narrow tliat the velocity becomes for a time greater than r, and then falls 
.suddenly by the water enteiing a laige receiver, 

12. The following is a summarv of the lesults ai rived at in the pre- 
ceding articles • — 


Ratio to tho 
Useful Work. 


A, Useful work per second, 

B. Work unavoidably lost, being the 

energy of the discharged water. 


Ur 


W s 
.7 


1 



- if 


A 



C\ Additional work wasted, through 
suddenness of action of the j>ro- 

pellcr on the water, 


< Rj 
*> 


cWs2 

2.7 


r s 
2v 


D. Work wasted tlirough transverse motion of 

the water if iwodueed gradually, • 

E. Additional work wasted if transverse mo- 

tion is produced suddenly, , 

E; Work wasted, through loss of energy of 

% 

feed water, 


‘2/j 2vs 


2-7 


u 

2vs 


/Wc® fv 
2 <7 2 » 


13. The following paiticnlar case may be specially mentioned. Sup- 
pose that the velocity of discharge is impressed giadai^y (so that e » 0), 
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that there is no transverse njotion of the discharged water (so that u = 0), 
and that all the energy due to the velocity of feed is lost (so that / = 1). 
Then the total work ]>er second is — 


+ = • • ( 7 .) 

\ 2 «; 2 s/ 2 ^ ' 

« 

being the actual energy correspondiilg to the velocity of discharge ; and 
the corresponding efficiency is — 


2 T s 
(r + «)- 


( 8 .) 


In this case ilic lost work becomes a minimum, and the efficiency a 
maximum^'* when .9 = v; and such is very nearly the case in the* 
“ Nautilus ’’ and the ‘‘ Waterwitch.” 

14. In the following example the data assumed aiv — 


W =.5 tons, or 11,200 lbs. per second : 

/• =15 ft. per second; 6* = 15 ft. per second; 

so that + .9 = 30 ft. per second, and 11 = 5217 lbs.; the velocity 
supposed to be impressed gradually; and w = 0. Then — 


Tiatio to 
Useful Work. 

Foot-pounds 
per second. 

H.r. 

A. Useful work 

1 

78.25.5 

142 

B. Necessary loss of work, 

1^ 

30,1 2 7i 

71 

F. Additional loss if energy of feed water is 
wholly wasted, .... 

1 

39,1271 

71 

Total work, including the above losses, but 
exclusive of friction (the efficiency 
being 0*5), 

2 

15(),510 

284 

C. Additional loss if the velocity s is im- 
pressed suddenly, .... 

1 

2 

39,1 27i 

71 

Total work with that addition, but still ex- 
clusive of friction (the efficiency 
being 0*4) 


195,637J 

3S5 


* This case of maximum efficiency has been pointed out by Mr. K. D. Napier. See 
Engineer, November 30, 1866, page 424. 
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1 5. As another example, let — 

W = 10 tons, or 22,400 lbs. jwr st'cond ; 
r =15 ft. jier sceond ; »• = ft. per second ; 

(so that V + s = 22^ ft. per .second, :md U = 5217 lb.s., as lioforo); let 
= 0 ; .and let the velocity he impressed suddenly. Then — 


lUtio to 
I'scfnl Work. 

Foot-[H)nnd8 
)1CI‘ sccoiul. 

H.P. 

A. Useful woi lv, 

] 

7i<,255 

U2 

H. Necessary loss of work. 

1 

1 

Ht.AGaj 

;i5j 

Additional los^ through suddcimess of 
action, ...... 

1 

1 

iy,5();.»i* 

;i5| 

Total work, exclusivt^ of fiiction (the effi- 
ciency being 0-07), 

1 » 

1 17,;)82i 

213.J 
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XXXIV.— EEPORT ON THE DESIGN AND CONSTRUCTION 
OF MASONliY DAMS.’‘^ 

1. Subjects of Eejmt. — I have carefully considered tho letter of Captain 
Tulloch, R.E., Executive Engineer of the Municipality of Bombay, dated 
the 10th December, 1870, on the subject of masonry dams or reservoir 
walls of great height, and also the papers on the same subject by M* 
GraefF and by M. Delocre, which api^cared in the Aumles des Poufs et 
Chausse4s, These last 1 have studied both in the original and in the very 
faithful translation by Mr# J. G. Fife. I have also made mathematical 
investigations as to the proper figure and dimensions of such dams, which 
are given in an appendix to this report. 

2. Material — As regards the material best suited for a reservoir wall or 
embankment, I consider that it must bo determined by the nature of the 
foundation. That foundation should be sound rock, if practicable ; and 
should a rock foundation be unattainable, firm impervious earth. It may 
be doubted whether any earthen foundation is thoroughly to be relied on 
where the depth of water exceeds 100 or 120 feet. It is not advisable 
to build a high masonry dam on an earthen foundation ; for the base of 
tho dam must be spread to a width sufficient to distribute the pressure, so 
that it shall not be more intense than the earthen foundation can bear ; 
and this involves the use of a quantity of material which would lead to 
immoderate expense, if the material used were masonry. 

3. Mode of Building, — In the case of a rock foundation, the proper 
material is unquestionably rubble masonry, laid in hydraulic mortar ; and 
the opinion of M. Graeff that continuous courses in building that masonry 
are to be avoided, is fully corroborated by experience ; for the bed-joints 
of such courses tend to become channels for the leakage of the water. 

4. Precaution, — The very fact, however, of the irregular structure of that 
masonry renders necessary unusual care and vigilance in superintending its 
erection, in order to insure that every stone shall be thoroughly and firmly 
bedded, and that there shall bo no empty hollows in the interior of the 


From The Engines* for Jan. 5, 1872, 
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wall^ nor spaces filled with mortar alone where stones ^ght to be placed. 
The practice of ^‘grouting,” or filling hollows by pouring in liquid mortar, 
should be strictly prohibited. Should it be rosolvetl to inseH in the face 
of tile wall headers, or long bond-stones, mth or without projecting ends 
to form corbels, as in the dam of the river Fureiis, those stones ought to 
be laid with their lengths mt hotizoiUal^ but nomutto the face of tite mil 

5. Prineipkit determining Profile. — With respect to the profile of the wall, 
its figure is in the main to be detennined by principles nearly the same 
with those laid down by the French engineers alroiidy referred to, and put 
in practice in the dams of the ri\ors Furens and Ban ; that is to say, the 
intensity of the vertical pressure at the inner face of the wall should at no 
point exceed a certain limit when the Reservoir is empty, and the intensity 
of the vortical pressure at tlie outer face of the wall should at no point 
exceed a certain limit when the resorv'oir is full. 

6. Limits of Vertical Pressure. — In the theoretical investigations of JVL 
Delocrc, and the practical examples given by M. (Iraof!*, the same limit is 
assigned to the intensity of tlie vertical pressure at both faces of the wall. 
But it appears to mo that tliere are the following reasons for a<lopting a 
lower limit at the outer than at tlui inner face. The direction in which 
the pressure is exerted amongst the particles close to cither fot'c of the 
masonrj’, is necessarily that of a tangent to that face : and, unless tlic face 
is vertical, the vertical pressure found by means of the ordinary formula 
is not the wliole jiressiire, but only its vertical component; and the whole 
pressure exceeds the vertical pressure in a ratio wliich becomes the greater 
the greater the “ batter,'* or d(‘viation of the face from the vci tical. The 
outer face of tlie wall has a much greater batter than tlie inner face ; 
therefore, in order that the masonry of the out<*r face ma> not be more 
severely strained when the reservoir is full, than tliat of the inner face 
when the reservoir is empty, a lower limit must be taken for th<* intensity 
of the vertical pressure at the outer face than at the inner face. 

7. JVeight of Wall to he Throicn Inwards. —The proposal of the executive 
engineer to throw the weight of the wall farther inwards than in tlic 
French designs, tends to realise the principles just stated, and so far I fully 
approve of it, and haye carried it out in the profile w hich accompanies tliis 
report. 

8. Wall mt to Overhang Inwards. — 1 do not, however, concur with the 
executive migineer in the proposal to throw the weight of the wall so far 
inwards as to make it overhang, for the following reason — ^the additional 
stabiKty against the horizontal thrust of the water gained by giving the 
wall an overhanging batter inwards, is not that due to the whole weight of 
the overhanging masonry, but only to the excess of that weight above the 
wei^ of water which it displaces ; in other words, about half the effect 
of the weight of the overhanging mass of masonry in giving stobility is 
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lost through its buoyancy, and hence the additional stability gained by 
making the wall overhang inwards is not proportionate to the additional 
load thrown. upon the lower parts of the inner face; and more stability 
would be gained by placing a given mass of masonry, so as to form an 
uniform ^dition to the thickness of the wall, than by making it overhang 
inwards. 

9. JLimits of Vertical Pressure^ hoio Fixed. — In choosing limits for the 
intensity of the vertical pressure at the inner and outer faces of the wall 
represented by the accompanying profile, I have not attempted to deduce 
the ratio which those quantities ought to bear to each other from the 
theory of the distribution of stress in a solid body ; for the data on which 
any such theoretical, determination would have to be based are too uncer- 
tain. The limits which I have chosen arc as follows, and they are given, 
in the first place, in feet of a vertical column of masonry whose weiglit 
would be equivalent to the pressure, and are then reduced to various other 
measures : — 


limits of vertical pressure at 

Inner face. 

Outer face. 

Feet of masonry, 

IGO 

125 

Feet of water, 

.320 

250 

Pounds on the square foot (nearly), 

20,000 

15,625 

Metres of masonry (nearly). 

49 

38 

Metres of water (nearly), 

. 98 

76 

Kilog. on the square centimetre (nearly), 

9-8 

7-G 


In choosing these two limits I have been guided by the consideration of 
the following facts. As regards the inner face, where the deviation of the 
direction of the stress from the vertical is unimportant, it is certain, from 
practical experience, that rubble masonry laid in strong hydraulic mortar, 
and on good rock foundations, will safely bear a vertical pressure equiva- 
lent to the weight of a column of masonry 160 feet high, if not higher. 
As regards the outer face, the practical data given by M. GraeiF show that 
masonry of the same quality in the sloping outer face of a dam will safely 
bear a pressure whoso vertical component, as found by the ordinaiy rules, 
is equivalent to the weight of a column 125 feet high. 

10. DimimUion of Vertical Pressure toioards Foot of Slope. — The same 
reasons which show that the intensity of the vertical component of the 
pressure ought to be less for a battering than for a vertical face, show also 
that this intensity ought gradually to diminish at the lower part of the 
outer face, where the batter gradually increases. , In the present state of 
our knowledge wo should not be warranted in forming any definite 
theory as to the law which this diminution ought to follow; and, there- 



gEStHyam 


DESIGN AND CONSTHUOTION OF MASONUV DAMS, ,^53 

fore, in preparing the accompanying design, I have thought it best to 
l>e guided in this, as in the previous case, by practical examples, and to 
consider it sufficient to make the law of dimimifiou such, tliat at Ute 
depth of 150 feet Ixilow the surface, the intensity of tlie vortical com- 
ponent of the pressure at the outer face becomes nearly ctjual to wliat it is 



at the same depth in the outer face of the dam across the Kurens — viz., 
107 feet of masonry, or about G} kilogrammes on the square centimetre. 

11. Temion to he avoithd , — I have kept in view another principle, not 
referred to by the French authors — viz., that there ought to bo no ])racti- 
cally appreciable tension at any point of the masonry, whether at the outer 
face when the reservoir is empty, or at the inner face when the reservoir 
is full Experience has shown that in structures of brickwork and 
masonry that are exposed to the overturning action of forces which 
fiuctnate in amount and direction (as when a factory chimney is exposed 
to the pressure of the wind), the tendency to give way first shows itself 
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at that point at which the tension is greatest. In order that this principle 
may be fulfilled, the line of resistance should not deviate from the middle 
of the thickness of the wall to an extent materially exceeding one-sixth of 
the thickness. In other words, the lines of resistance when the reservoir 
is empty and full respectively, should both lie within, or but a small 
distance beyond, the middle third of the thickness of the wall. 

Horizontal Ctirmture of Walh — As regards the effect of giving the 
wall a curvature in plan convex towards the reservoir, I look upon this as 
a desirable, and in many cases an essential precaution, in order to prevent 
the wall from being bent by the pressure of the water into a curved shape 
concave towards the water, and thus having its outer face brought into a 
state of tension horizontally, which would probably cause the formatioli of 
vertical fissures, and perhaps lead to the destruction of the dam. I con- 
sider, however, that calculations of stability which treat the dam as a 
horizontal arch are so uncertain as to be of very doubtful utility ; and I 
would not rely upon them in designing the profile. In fixing the radius 
of horizontal curvature, I consider that the engineer should be guided by 
the fonn of tlie gorge in which the dam is to be built, making that radius 
as short as may be consistent with convenience in execution, and with 
making the ends of the dam abut normally against the sound rock at the 
sides of the gorge. 

13. Summary of Conditions to he fulfilled hy Profile; Logarithmic Curres 
chosen , — The conditions which have been observed in designing the accom- 
panying profile may be summed up as follows : — A. The vertical pressure 
at the inner face not to exceed IGO feet of masonry. B. The vertical 
pressure at the outer face not to exceed 125 feet of masonry at the point 
where it is most intense, and to diminish in going down from that point. 
C, The lines of resistance when the rcseiwoir is full and empty respectively, 
to lie within or near to the middle third of the thickness of the wall. 
These are limiting conditions, and do not prescribe exactly any definite 
form. In ^loosing a form in order to fulfil them without any practically 
important excess in the expenditure of material beyond what is necessary, 
I have been guided by the consideration that a form whose dimensions, 
sectional area, and centre of gravity under different circumstances, are 
found by short and simple calculations, is to be preferred to one of 
a more complex kind, when their merits in other respects are equal; 
and I have chosen logarithmic curves for both the inner and the outer 
faces. 

14. Rule as to Thicknesses , — The constant subtangent common to both 
curves (marked A D in the figure) is 80 feet ; this bears relations to the 
vertical pressures which are stated in the appendix. The thickness C B 
at 120 feet below the top is 84 feet; and of this one-fourteemth, 
A C = 6 feet, lies inside the vertical axis 0 X, and thirteen-fourteenths, 
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AB s: 78 feet, outeido that axis. Tlic formula for the thiekiicss ( at auy^ 
depth X below the top is as follows ; 

/ = . . . ( 1 .) 

or, in cornmov logarithms, 

lop:. ! - loir. /, + 01 343’'’ “ . . (1 A.) 

in which a denotes the siihtangeiit (80 feet), and the given thickness 
(84 feet) at the given flepth (.♦*, 1 20 feet) b(*low the top. The thickness 

at the top is 18*7 \ foot. 

15. Hmzohtol Onliunfiii . — In the profile, hoiizontal ordinates arc drawn 
at every 10 feet of depth, from the top donn to 180 feet, an^l their lengths, 
from the vertical axis OX to the inner and outer luces respectively, ai'C 
luarked in feet and decimals. In each case those ordinates arc respectively 
one-fourt(‘onth and thirtoon-fourtcentlnH of the thickness. Intennediato 
ordinates, at illte^^4ds of 5 feet, can easily he calculated, if rc(|uired, b}'’ 
taking mean proportionals between the adjacent paiis of ordinates at the 
intervals of 10 feet. 

IG. Scrihtm/ ylrats,- -T\io s(‘ctioual area of the nail, from tli(3 tot> down 
to any given depth, found by multiplying the tonstant subtangcut 
(a = 80 feet) by the ditference {( — f^^) betwt*<‘n the tldckuesscH at the 
top and at the given depth ; that i.s to say, 

i' td . ^ a(f - IJ. , . . (2.) 

o 

17. Line <tf Ili'sidanre v'hen Jltseianr /s Emidji , — Hie vei tical line through 
the centre of gravity of the part of tlnj >vall aliovc a given horizontal 
plane, stands midway between the middle of tlio thickness at the given 
horizontal plane and the middle of the thickness at the to^ir of the wall ; 
and tlius have been found points in the curve marked “ Line of resistance, 
reservoir empty.” 

18. Momtut of Freasure of irater , — Supposing tlie reservoir filled to the 
level of the top of the wall, the moment of the pressure exerted horizon* 
tally by the water against cacli unit of length of Avail, from the top ilown 
to a given depth (/), is found by multiplying the Aveight of a cubic unit of 
water by one-sixth of the cube of the depth ; and if Ave take, for con- 
venience, the Aveight of a cubic unit of masonry as the unit of weight, and 
suppose the masonry to liavc twice the heaviness of water, this giA^es us> 
for the moment of horizontal pressure 

.... (3.) 
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19. Line of liesUtance token Reservoir is Full — The moment of horizontal 
pressure, expressed as above stated, being divided by the area of cross- 
section above the given depth, gives the horizontal distance at the given 
depth between the lines of resistance with tlie reservoir empty and full 
respectively; that is to say, 


jidx 


( 4 -)' 


and thus have been found points in the curve marked “ Line of resistance, 
reservoir full.” 

20. Vertical Component of JVatcr-Fressure m[ihdctL—lvL the preceding 
formula} the pressure of the Avater against the inner face of the wall is 
treated as if it Avere Avholly horizontal (as in tlic investigations of 
M. GraefF and M. Delocre). In fact, hoAvcver, tliat jjrcssure, being normal 
to the inner face of the Avail, has a small inclination doAvn wards, and, 
tlterefore, contains a small vertical component, Avhich adds to the stability 
of the AA’all. The neglect of that vertical component is an error on th(} 
safe side. 

21. lutensit}/ of Vertical Pressure in Masonry, — To find the mean inten- 
sity of the vertical pr(}ssui*e on a given horizontal plane in the masonry, 
expressed in feet of masonry, divide the sectional area by the thickness at 
the given jdanc ; that is to say. 




(•>.) 


To find the greatest intensity of that vertical pressure, according to the 
ordinary assumption that it is an uniformly varying stress — in other Avords, 
that it increases at an uniform rate from the face farthest from the line of 
resistance to the face nearest to that line, the mean intensity is to be 
increased by a fraction of itself expressed by the ratio which the deviation 
of the line of resistance from the middle of the thickness bears to one-sixth 
of the thickness; that is to say, let p denote that greatest intensity, 
expressed in feet of masonry, and r the deviation of tlic line of resistance* 
from the middle of the thickness ; then, 

■ ■ ■ ■ 

When that deviation is appreciably greater than one-sixth of the thickness, 
the preceding rule is no longer applicable ; but this case, as already exr 
plained, ought not to occur in a reservoir wall. The assumption on which 
this nile is based, of an uniform rate of variation of that component of the 
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pressure which is normal to the pressed surface* is known to ho sensihly 
correct in the case of beams, and is probably very near the truth in walls 
of uniform or nearly luiiform thickness. Whether, or to what extent, it 
deviates from exactness in walls of varying thickness is uncertain in the 
present state of our experimental kuon'ledge. 

22. Prof les for Different Dcjtfhs , — The range of tlitferent <lepths to which 
the same profile is applicahle without any wjisto of materml extemis from 
the greatest depth shown on the figure 180 feet, up to 110 feet 
or thereabouts. For depths b(‘twcen 110 feet arul 80 or 90 feet, or 
thereabouts, the waste of iiiaterial is uniMi[)()rtaut. For depths to any 
considerable extent less tliaii 90 feet, tlic use of a part of the same profile 
gives a surplus of stability. For exam])Ie, if the depth be 50 feet, tln^ 
quantity of nuitc?rial is greater than that which is necessary in the ratio of 
1 '1: to 1 nearly. For tlic shallow juirts, however* at tlu> ends of a dam 
that is deep in the centre, 1 think it pr<?feral)lo to use llui same i>rofile as 
ill the deoi) parts, notwitlistan<ling this expenditure of material, in order 
that the full advantage of the almtment against the sides of the ravine 
may bo obtained. In the cas(^ of a dam that is less deep in the centre 
than 120 feet, the following rule may be employed: <*onHtruet a profile 
similar to that suit(*d to a depth of 1 20 feet* wdth all the thic-knesses and 
ordinates <liminislied in the same proportion with llu‘ depth. The intensity 
of the vertical pressure at each point will be ditninished in the same pro- 
portion also, but tins does not imply waste of material, tluj whole strength 
of the material being required in order that there will be no u[>prociablo 
tension in any part of the wall. 


A P 1" K N I) I X. 

Mathematical PnixciPLiis of tuk Pkofile CuuvJ'..s. 

L Principles Relating to all Form of Profik . — Let /, as before, be the 
thickness of the wall in a horizontal plane at the depth x below the top ; 
then, taking the weight of a cubic unit of masonry as the unit of weight, . 
the weight of each unit of length of the wall above that plane is 
expressed by 

l%dx. 

- 0 

In order that there may be no appreciable tension at the outer edge of the 
given plane when the reservoir is pmpty, nor at the inner edge vrhen it is 
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full, the centre of resistance of that plane ought not to deviate from the 
middle of the thickness by more than about one-sixth of the thickness 
inwards when the reservoir is empty, outwards when it is full 

Let y denote the deviation of the centre line of the thickness of the 

wall outwards from a vertical axis 0 X ; so that y — ~ and y + - arc the 

ordinates of the inner and outer faces of the wall respectively ; and when 
X = 0, let y = y^. The lino of resistance when the reservoir is empty 
cuts the horizontal plane at the depth ic, in a point vertically below the 
centre of gravity of the part of the wall above that plane ; and in order 
that the weight of the wall may be thrown as far inwards as is consistent 
with there being no appreciable tension at the outer face when -the 
reservoir is empty, the deviation of that line of resistance from the 
middle of the thickness of the wall ought not materially to exceed one- 
sixth of the thickness; hence, if be taken to denote the inward 
deviation in question, 


i y id X ^ ^ 

ri = y- -fi = or <^- nearly. . . (A.) 

I idx 

J 0 

Let tv bo the ratio in which the masonry is heavier than water. Then 
the moment of tho horizontal pressure of the "water above the same plane 
on each unit of the length of wall is, 


The vertical component of that pressure is neglected, as explained in the 
body of the report. The extent to which the centre of resistance at the 
given horizontal plane is shifted outwards by tho pressure of the water is 

--i—-. ■ • (B.) 

6 zv idx 

J 0 

in which r denotes the outward deviation of the line of resistance from 
tho middle of the thickness when the reservoir is full ; and the condition 
that the centre of resistance, when the reservoir is full, is not to deviate 
from the middle of the thickness by more than about pne-sixth of the 
thickness, is expressed by the following formula : — 


+ r 


M 


Hdx 
J 0 
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V = or ncarl3% . ((^) 


The formulas (A) and (C) express the condition that there shall Ix' no 
practically important tt^ision in the masonry at any horiztnitul plane. 
Let and be the vertical pre.ssnivs at the inner and outer faces 
respectively at the depth .r ; and l^j| and P tlie limits which those 
pressures arc not to exceed, 1'hcn we liave, us another pair of eepuv 
tions to be satisfied, • 

+ • ■ «>■) 

,i = (l = or <1>. . . (K) 

II. rnnrij)ks lUdaiing io ihc Loffarithmir-(*un:c Profile. — As a means of 
satisfying the equations of condition to a degiec^ of approximation 
sufficient for practical puri)o.ses, let the inner and outer 1)oumhirie8 and 
the centre line of the profile be all three logarithmic curves, witli the 
vertical axis 0 X for their common {isymptote, and having one common 
constant subtangent a. It may be remarked tliat one reason for adopting 
the logarithmic curve is its giving a thickness at tlie top of the wall 
sufficient for the fonnation of a roadway ; and that another reasoA is, its 
giving values to the intensity of the pressure at the outer face below the 
point of maximum pressure, which diminish as the batter increases. Let 
the ratio borne by the dev iation y of the centre lino of tlie thickness from 

the vertical axis to the thickness t be expressed by c = 

Then we have the following equations : — 


t = 6-“. 


y = ct = cf^e'^. . 


X 

j idz = ~ I j = a(t — Q. . . (H.) 




y - yp 

2 ■ 


• (K.> 
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(1.+ 33:Vi - 

-3' 

• (M.) 

f 

( 

. "Vi 

• 

J. r. 33. \ 1 - 

- 0 — 3 c \1 — V. 

V j . 

• (N.) 


When the values given above arc substituted in the expressions of con- 
ditions, A, C, 1), and E, the formulae obtained are of a kind incapable of 
solution by any direct process. They can, however, be solved approxi- 
mately without much difficulty by the process of trial and error ; and such 
is the method by which the dimensions of the profile sent with the report 
have boeirobtained ; the constants employed being 

?r =: 2 ; Pj — IGO feet; P 125 feet. 

The general nature of the process of approximation followed may bo 

(t Ti 

summed up as follows: — ^By making = 0, .an equation is obtained 

Oj * 

involving the value of which makes^ a maximum. That equation shows 

3 

that as a first approximation to that value wc may take ^ . This first 

approximation is insei’ted in equation (K) ; and by making =: there is 
deduced from that equation an approximate Value of Then, in equation 

X 

(M), by inserting the approximate values of and of c, and making 
(the limit of ^j), there is obtained an approximate value of a ; and by 
making r = in equation (L), an approximate value of The several 

first approximate values being then inserted in ^ = 0, there is dbt^ined 

CL X ^ 

X 11 ' r/ • 

a corrected value of which is found to be about -5- ; andv thence bjf 
means of equation (K), tbe actual maximum value of is comput^: Bii4 
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found to fall slightly within the prescribed limit Finally, as a test of the 
approximations, equations (K), (L), (M), and (N) arc applied to a series of 
values of extendmg from the top to the bottom of tlio wall. As to the 
degree of approximation obtained, the greatest values jq and p an? i-espec- 
tively 154 feet and 124 feet, insteml of 160 feet and 125 feet; jukI there 
are, as the drawing shows, some small deviations of the lines of resistance 
beyond the middle third of the thickness, but not sufficient to bo of 
practical importances 
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XXXV.— ON THE APPLICATION OF BARYCENTRIC 
PERSPECTIVE TO THE TRANSFORMATION 
OF STRUCTURES.^ 

1. This paper contains the substance of some remarks which I made at 
the recent meeting of tlie British Association, on the elegant investigation 
by Professor Sylvester of the principles of Baryccntric l^erspectivc and 
Homalographic Projection. 

2. In the rroceedmjs of the Royal Society for the 6th March, 1856, 
I published a theorem called that of The Transformation of Structures,” 
which may be briefly expressed as follows : — 

If a stmeiure of a given jlgure he halanced and stable under forces repine- 
mnted ly given lines, then will any structure whose figure is a parallel projection 
of the original figure he halanced and stable under forces represented by the 
corresponding projections of the lines repi'esenting the original forces, 

3. By a parallel projection of a figure is meant a figure derived from 
the original figure by altering the co-ordinates in uniform proportions, or 
by substituting oblique for rectangular co-ordinates; and it is called 
parallel because to every pair of equal and parallel lines in tlie original 
figure there correspond a pair of equal and parallel lines in the trans- 
formed figure. For example, every orthographic projection of a plane 
figure is a parallel projection ; all ellipsoids are parallel projections of each 
other and of a sphere, Ac. 

4. That theorem was ai)plied in A Manual of Applied Mechanics to the 
deduction of the figures of a skew arch and of a ramping arch from that 
of a common arch, of an equilibrated rib from a common catenary, of 
arches for supporting earth from arches for supporting the pressure of a 
liquid, &c. 

5. Its applications, however, were limited by the condition of parallel 
projection; and there were, consequently, many conceivable transformations 
of structures to which it could not be applied. 

6. The theorems discovered by Mr. Sylvester now afford the means of 

* From the Philosophical Magazine for Nov., 1863. 
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greatly extending the art of designing structures by transformation from 
structures of more simple figures ; for they obviously give at once the 
solution of the question — given (he <’/ « ^rtidnre trhkh is haimetd 
and Mk under a load didribukd in « giren mg; giren also any jmspeetm 
or homalograplik prtgeclm of that figure; h fiml how the Iml mfist be dis- 
trilmted on the transformed drueture, in order that it also may he. txdanctd 
and Mk. 

7. This is not the first instainre in which theorems of pure science 
have proved to be capable of practical applications unexi)ected, jierhaps, 
by their discoverers. 
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XXXVI.— PEINCIPLE OF THE EQUILIBEIUM OF 
POLYHEDKAL FEAMES.*^ 

The following theorem is the extension to polyhedral frames of a principle 
which is proved for polygonal frames in u4 Manual of Applied MeclmnkSf 
Art. 150. 

Theorem. — If planes diverging from a point or line be drawn normal 
to the lines of resistance -of the bars of a polyhedral frame, tlien the faces 
of a polyhedron whoso edges lie in those diverging planes (in such a 
manner that those faces, together with the diverging planes which contain 
their edges, form a set of contiguous diverging pyramids or wedges) will 
represent, and bo normal to, a system of forces which, being applied to 
the summits of the polyhedral frame, will balance each other — each such 
force being appUed to the summit of meeting of the bars whose lines of 
resistance are normal to the set of diverging planes that enclose that face 
of the polyhedron of forces which rei^resents and is normal to the force in 
question. Also, the areas of the diverging planes will represent the 
stresses along the bars to whose lines of resistance they are respectively 
normal. 

It is obvious that the polyhedron of forces and the polyhedral frame 
are reciprocally related as follows ; — their numbers of edges are equal, 
and their corresponding pairs of edges perpendicular to each other ; and 
the number of faces in each polyhedron is equal to the number of summits 
in the otlxer. 

* From the Pliiloaophkal Magazine for Feb., 1864. 
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XXXVII.— ON A PROPERTY OP CURVES FULFILLING 
THE CONDITION + 'rf = 0.* 

rt.r- (if/- 


1. In a pai)ev On Stream-Lines,” ])ul>lishe(l in the Philosc^klml Maga^m, 
for October, I stated, and, in a Supplement in the same paper, 

]mblished in tlio Philosophical Magazine for January, 18C5, I proved the 
prciposition that “ all 'vvavos in ^vhich molecular rotation is null, begin to 
break when the two slopes of the crest meet at right angles.” 

2. I have now to state the purely geometrical proposition of which* 
flint mechanical prot>osition is a consc(|uencc. Jf a plane rune which Julfih 
the eotuVdion 


<p<i> 
(i/- ^ 



cuts itself . in a (huhle poinlf it dws so at right (ingles^ 

3. The following is the demonstration, it is well-known that the 
inclination of any plane cun e to the axes at an ordinary point is given by 
the equation 


(I 0 
d X 


+ -]jf'4 = 0; 


also, that at a double point and both vanish, so that the inclina- 
^ dx dy 

tions of the two branches to the axes arc given by the tivo roots of the 
(|uadratic equation 


^dxdy' 


dxdy + *^-^.df/ = 0; 

dy 


whence it follows that the product of the two values of which are the 
two values of the tangent of the inclination to the axis of Xy is 


From the Proceedings of the Royal Society iot 1867. 
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« 

In a curve which fulfils the before-mentioned condition, the value of that 
product is — 1 j and when such is the case with the product of the tangents 
of two angles, the difference of those angles is a right angle ; therefore, the 
two branches cut each other at right angles. Q.E.D. 

4. The proposition just demonstrated is so simple and so obvious, that 
I was at first disposed to think it must have been known and published 
previously; and had T not been assured by several eminent mathematicians 
that it’ had not been previously published to their knowledge, I should not 
have ventured to put it forth as now'. 


SlTPPLEMENI’ 'ro THE PEvECEDING PAPEU. 


* Professor Stokes, D.C.L., has pointed out to in(‘ an extension of tlu^ 
preceding theorem — viz., fhai at rrerji mvMipU poivf hi a plane curve irhirh 
fulfils the condition 


iP if) d’^ if) 

d ^ d f 


0 , 


the branches make equal angles with each other; so that, for example, if n 
branches cut each other at a multiple point, they make with each other 

TT 

2 n equal angles of 

The following appears to me to be the simplest demonstration of the 
extended- theorem : At a point where n branches cut each other the 
following equation is fulfilled by all curves : 


+ ,ly^0 ^ = 0 . 

» 

Let B be the angle made by any branch with the axis of x ; then 
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Bat in a curve which fulfils the equation 


we have 


I •* I j •» — 

(f .r- ti tr 


'' = /-I 

,Ih ^ ‘-./.r- 


whence it follows that in such a curve tin* eipiation of a nuiltipio point of 
71 branches is 

(cos 4" — I . sin G) j = 0. 

Choose for the axis of a tangent to one of the branches at the 
multiple point. Tl}(*n it is eviilent that the preceding equation is 
satisfied by the 2 /i values of G corresponding to the 2 lith roots of 
unity; tliat is to say, liy 


G = 0, ^ .Vc., 

n n 


{2 71 - l)7r 


therefore, the n branches make witli each other 2 71 equal angles of \ 
Q.E.I). 
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This Work lias been jirepared to supply the existing want of a Text-Book 
on the Meclianical I’rinciples and Practice of Telegraph Engineering, and 
is the only treatise in the language specially de^^oted to the subject. It- 
gives tlie result of many years’ practical experience on the part of the 
Author, and is intended for use by the Student as well as by the Engineer 
actually engaged in Design and Construction. 

• ... 

GENERAL CONTENTS. 

Pabt I.-«-(>ENEliAL PRINCIPLES OF STRENGTH AND STABILITY, compris- 
ing the Strength of Materials ; the Distribution of Ijoad and Stress in Telegraph 
Structures, such as Poles- -simple, strutted, tied, stayed, coupled, and trussed ; 
the (Catenary, with application of its Formulae to the cases of Wires and 
Cables ; Ilieory of the Submersion of Cables, &c. 

Part II. -PROPERTIES AND APPLICATIONS OF MATERIALS, OPERA- 
TIONS; AND MANIPULATION, including the Principles and Practice 
of, and Numerical Data for, designing Simple Structures, such as Poles of 
Iron and Wood; Iron and Wooden Masts simple and compound; Specifica- 
tions for Wire, &c. ; Soldering; Surveying; the Raising of heavy Masts; 
Insulating Materials and their Applications, &c. 

Part III.— TELEGRAPH CONSTRUCTION, MAINTENANCE, AND ORGANISA- 
TION, treating of the Application of the Information conveyed in Parts I. 

• and II. to the case of Combined Structures, including the Construction of 
Overground, Subterranean, and Subaqueous Lines; Ofiice Fittings ; Estimat- 
ing ; Organisation, &c. 


“ Mr. Douglas deserves the thanks of Telegraph Euglneors for the excellent * Manual ’ now before us 
... ho has ably supplied an existing want . • • . the subject is treated with great olearnesa and 
judgment . . . good practioal information given in a clear, terse BtyW'-^Engineering. 

Mr. Douglas's work is, we believe, the first of its kind. . . . The author is evidently a practical 
Telegrapbio Engineer. . . . /J^e amount of information given is such as to render this volume a most 
useful guide to any one who may be engaged in any branch of Electric Telegraph Engineering 
Atlmautn, 

“ The book is calculated to be of great service to Telegraphic Engineers ... the arrangement is 
so judicious that with the aid of the full Table of Contents, reference to any special point should be 
easy.”— /row. 


London : CHARLES GRIFFIN & CO., 10 Station.bb5‘ Hail Count. 
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Royal 8Vo, 764' pp,^ cloth. With ouer 200 llfuatrations drawn to ScdlOf and 
’ reduced in many instances from Working Drawings, Price 34s, 

ELEMENTS OF METALLURGY: 

A Practical Treatise on the Art of EitractinA Metals from M Ores. 

hr 

J. ARTHUR PHILLirS. (\K., F.C.S., F.CI.S., 

Ancleu ElUvo nit’u'.o dos Puris. 

The Fourth FdUioii of “ The Mauuui tf Mi^taUnrtj^f F.nktnjai, IhnmIeUed, 

‘ itnd l\* wiuitf H, 

GENERAL CONTENTS. 

I. A Tiieatise on Ft ki.s aiul liKFKA< ruuv Matehiai s. 

H. A I)E.*<rKirTiON' of tho principal MKTAi.i.iKi;i:ors M in Eli a with their DlsTKi- 
inTioN. 

III. Statisi'ic's of the amount <»f each Mkt.%l nniiually pro<lncc(l throu;a[hout the 

world, obtained from <itbeial sources*, or, where tiiisi lias not ht'<m jirttcticable, 
from authentic private inforoiation. 

IV. The Methods of As.sayino tlie dilVerent Ouks, together with the Fhoceshkh of 

MKTALLritoK'Af. TKEA'i HrcNT, comprisiu.^ 


REFHAlTOltY .MATEHIAL.S. 

Ikon. 

Al.trMINICM. 

Fike Clays. 

CoKAi/r. 

i'orrKi;. 

‘Fcklk, Ac. 

Nickel. 

Tin. 

Antimony. 

Mrhcckv. 

(Sold. 

Arsenic. 

IlisMi HI. 

Si L VEIL 

Zinc. 

l.KAD. 

•Flatim m, & 


‘•'Klenu'nls of Metallurgy ’ intrinsic niprits of the hiir’ucHt dejiref*. Such a work Uprc' 

ciiioly wanted by the fjreal xnojorityuf HtuduntH loid priKrtimJ wmioTs. nnd its vei7 compactncH* »»* **• 
itself a Urst-mte riH^ointnendntion. The author haa treated with (Treat akill tlie nietatIurKiral operatloim 
relating to all the piiiunpal uietals. Ttie tnetlHMlH are (lehern>eil with Nurprlsitig 4 *leurneHa and exatdtieMs, 

R lacing an easily intelligible picture of each procoes ev«*n Ijofore nien of less priictieal exi»erleni*e, and 
lastrating tho most important contrivances in «u eve^'llent ami porspicnouH iniiimer. . . . In our 
opinion the best work over written ou tho subject with a view to Ph pmclical iioutineut. ITesfmitwfer 
ilevifvr. 

‘•In this most useful an<l handsome volume, Mr. Phillips has coudoimnd a hirge amount of valuable 
practical knowledge. We have not only the resuliH 4 »f scientifle in((uiry most eautiouHly set forth, but 
the experiences of a fhonnighly prartiml man very elearSy given. . . . A ea refill study of the llfst 
division of the hook, on Fuels, will be footul to lie or great valUH to every one In training for the praetkai 
appHcatiotis of our selcntitlc knowledge to any of our metallurgical operations,”— d<Ae«irw// 4 . 

“For twenty years the learned author, who might well have retired adth honour on account of his 
acknowletlged succchh and high chnra 4 !ter as an authority In Metallurgy, has t)Cen making notes, both as 
a Mining Kngineer and a practical Metallurgist, and devoting the most vahmble ]>orifon of his lime to tho 
accumulation of materials for this, his Masterpiece. 'JTiere can be no possihle doubt that. * Klemente of 
Metallurgy' will be eagerly sought for by Students In S<!lcrice and Art, as well as by Prscticttl Workers 
in Metals. . . . Two hundred and fifty pages arc dcv<»ted cxidu lively io the Metallurgy of Iron, In 
which every process of manufacture is treated, and the latest iinproveincius acciirtitely detailed. . . . 
The arrangement of subjects is practically clear, an<l vatculatcfl to facilitate* the rcaily discovery by 
Htudents pf any special knowledge they may s<?ek to ac<|ulre.'’— -f Whery ihiardian. 

“The value of this work is almost inestiniabie. ’I hcre can be no quest iou that the ii mount of time 
and labour bestowed on it is enormous. . . . There Is certainly no Metallurgical Treatise in the 
languid calculated to prove of such ^reneral utility to the .Student really seeking souofl pnurtical infoima - 
^iou upon the sul^ct, and none wbl<m gives greater evU!cbc.e of the extensive metallurgical knowledge 
of its author.* —inmfngr Jcumal. 

“Such a work vras much needed, end the ttee*! could hardly have been better supplied than it has 
been by Mr. Phillips. '‘^Quor/erfp Journal offkimer. 

“ Hr. Phillips deserves well of the Metallurgical interests of ibis country, for having produced a woilr 
which is equally valuahlo to the Student as a Tazt-book, and to the practical Smelter as a Standard 
Work of Beferenee. . . . The lllustnitlonB are admirable examples of Wood Eugravlng.*'*^c;^^l 
ATeira. * 


Lohdo»: CHARLES GRIFFIN & CO., 10 Stationers’ Hali. CoorV. 
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Published with Concurrence of the Survey ors-General of New South Wales 
» and Victoria. 

Half'Bound, Folio, Price ^s. 

TEAVEESE TABLES: 

Computed to 4 Places Decimals for erery Minute of Angle up to 100 of Distance, 

FOR THE USE OF SURVEYORS AND ENGINEERS. 

BY 

K. LLOYD GUKDEN, 

AXJTllOIllSEn SURVEYOR FOR THE GOVERNMENTS OF NEW SOUTH WALKS AND VICTORIA. 

DISTINCTIVE FEATURES: 

1. The Tables are calculated to Single Minutes, and to 100 of Distance. 

12. The Traverses are given to four places of decimals, so that the Sines and Cosines 
for a distance of twelve miles can be ascertained correctly to within half an inch. 

3. Simplicity and economy of labour in calculation. One Openino of the Tables 
gives the information which, when sought by the usual method, involves four 
references to the book of logarithms, two additions, and the writing out of forty- 
eight more figures than arc reciuired in the use of Traverse Tables. 


“ Those who have exporioneo in exact Survey-work will best know how to appreciate the enormous 
amount of labour represented by this valuable book. The computations enable the user to ascertain the 
Hines and cosines for a distance of twelve miles to within half an inch, and this by' rkferenck to but One 
Table, in place of the usuaf fifteen minute computations required. This alone is evidence of the assist- 
ance which the Tables ensuio to every user, and as every Suiweyor in active practice has felt the wont of 
Buch assistance, few knowing of their publication will remain without thorn.*'— Bnffineer. 

“We cannot suiHciently admire the heroic patience of the author, who, in order to prevent error, 
calculated each result by two different modes, and, before the work was finally placed in the Printer’e 
hands, repeated tjie operation for a third time on revising the "BrootB."— Engineering. 

“ Mr. Gurden is to be thanked for the extraordinary labourVhIch he has bestowed on facilftatii:^ 
the work of the Surveyor. . . . An almost unexampled instance of professional and literary industry' 
. . . "When the anxious and laborious work of one man affords the means of such a saving of toil for 
all those who avail themselves of his work, the patient and careful tabulator deserves the name of a 
benefactor of his profession, and of a good servant of his fellows.”— Aiilemeuw. 

“These Tables are characterised by absolute simplicity, and the saving of time effected by their 
use is most material. . . . The Author has done much to reduce the cost and burden of the Surveyor’s 
work. Every one connected with Engineering or Survey should be made aware of the existence of this 
elaborate and useful set of Tables.”— BatVder. 

“ From the enormous amount of time and labour which the Tables will save, they may ekfely be 
recommended to every Surveyor and Engineer.”— Journal. ' 

“ Up to the present time, no Tables for the use of Surveyors have been prepared which in mlonte- 
ness of detail can be compared with those compUed by Mr. B. L. Gurden. ... With the aid of 
dlls book the toil op calculation is reduced to a minimum; and not only is time saved, but the risk of 
error is avoided. . . . The profession is under an obligation to Mr. Qubdeit for ensuring that in the . 
calculation of triangles and traverses inaccuracies are for the future impossible. . . . Hr. Gwu>k»’s 

BOOK HAS BUT TO BB XNbWN, AND NO EnOINEEr’s OB SUBTBTOB’S OFPICK WILL BE WnHOCT A 

ArcMUei. 


London : CHARLES GRIFJFIN' & CO,, 10 Stationebs’ Hall CdirfiT* 
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THE CIRCLE OF THE SCIENCES: 

A SERIES OB' POPULAU trb:atisi?:s 

ON TIIK 

NATURAL AND PHYSICAL SCIENCES, AND THEIR APPLICATIONS- 

nv 

Professors Owen, Ansteo, Youso, and Tennant; Drs. Latham, Low Aim Smith, 
ScoPFEHN, BrsHNAN,and Beonnkii; Messrs. Mitoiikle, Tw'isdkn, 

Dallas, (Joee, Imeav, Maetin, Si*aklin(!, and others. 

Complete in Nine Vcilumes, illustrated with many thousand iln^^nivings on Wood. 
Crown 8vd. Cloth lettered. Os. each volume. 


Vol. 1. — OHGANIC NATURE. — Part I. Animal and Vr^etaMe Physiology; the 

Skeleton and the Teeth; Vurieiie?* i»I the iluuuin Ihu o. Ev Frufess<ii’ (hvi-.s, Dr. Latham, uiut Dr. 
J’esiiN.vx. 

Vol. 2. — ORGANIC NATURE. — Part II. Structural and Sv-stemaiio Botany, and 
Natural Hisi«iryof the Animal Kin^jdom— luverudtrated AiiinmlH, flj* Dr. Smjiii uud 

Wit.M.vM S. Dallas, F.L.S. 

Vol. 3.-ORGANIC NATURE.— Part 111. Natural History of the Animal Kingdom 
— Vertehriited Atiirnuls. Dy William S. Dall.vm, F f, S. 

Vol. 4.-- INORGANIC NATURE. Ocohitry and Physical Ceography ; Crystallo- 
ffiaphy; Minerahi^jy; Metc'**roloffy, aud Atiiiosj»li«i*ii‘ Phemfim na. Dy Pn.'h’r '<;r A.vniro, Her, W, 
MiTcuiar., M..V,, i'rol'efjBor i i xxANT. and Dr. Sioikku.n. 

Vol. 6. PRACTICAL ASTRONOMY, NAVIGATION, AND NAUTICAL 

AHtroMomy. I’y ili m (Ireeiiwieh DbM.-rvutory, I’loIVKvor Y‘)i sc, and 10. .1. Lwwl, F.K.A.S. 

Vol. 6. ™ ELEMENTARY CHEMISTRY. The Impomlerahlc Agents ami Inorganic 

Bodic.s. By J on n Sou- i kun , M. 1). 

Vol. 7. PRACTICAL CHEMISTRY. Monographs on Electro. Metallurgy; the 

Photographic Art; (’hemistry of Food and ita Adidimitifinw; and Artitlclnl lAifht. llyOKouoK 
(}oi:K, Birmiughimi, Joii.v SoomenN, M.IX, Dr, KtovAim niioNsriL Hradlord, 51 h and 

.loiix Mautin. 

Vol. 8. — MATHEMATICAL SCIENCE. Philosophy of Arithmetic; AlgoVira ami 
Us Solutions; Plane {Jeornetry; Logarithms: Plane and Spbeiienl Triponornetry ; Metisurnllon 
and Pnwjtical Cleonielry, with use of Instnunents, By I’rufsHMor ViU-No, /lev. J. F. Twihpk.v, 31, A., 
Sandhurst College, and Alk.k.vxokii C-.F. 

Vol. 9. —MECHANICAL PHILOSOPHY. “ The Properties of Matter, Bllomontary 

Statics; Dynamirs: Jlydn.'.st-Hiie.s ; IlydrtMlyimwiies; J'neuniiitica; Prn»*lie;d .MeehaulcS ; and UlO 
Steam EugliiO. By the Pev. Wa/.tlj: Mnentxi. 3I.A , J. H. 3'<m so, and Jons IwiLiv. 


In Separate Treatises. Cloth. 


1. Ansteo’s Geology and rhy.sical Geo- 

2 . B*Sks?s P ractical Astronomy, . 

3. BRomntR and ScotFEin<’s Chemistty of 

Food and Diet, : 

4. BuaoKAif’s PhTBiology of Animal atul 

Vegetable Life, . . ; • * 

6. Gkaut’s Theory and Practice of Llcctro- 
^position, 

6. IiCBAY's Practical ilechanics, . 

7. Jabdivi's Practical Geometry, . 

8. LATBAifs Varietiea of the Hamaa 


9. Sto^u^dTBKVANT’aCrystailograpby 
and Mineralogy, 

10. MncHBUi’e Propertiea of Matter and Ele- 

mentary Static^, . . . . • 

11. OwsN'a Prlndnal Forma of the Skeleton 

alldttleTeel^. . . 


A. d . 
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12. Si’OKVKnN’H ChcmUlry of Light, Heat, and 

Kleetrieity 3 0 

LX ScoTKKits Chemistry of the Inorganic 

Ikxlles 3 0 

It. Kcoftkun'h Chemistry of Artlflcfal Lighti 1 3 
1.5. Scx»FrKuir and U»we 8 Practical Meteor- 
ology 13 

IG. Smith .« Introduction to Botany: Htmctoml 

and Systematic 3 0 

17. TwifiDKx's Plane and Spherical XiifOiK^ 

metry, 13 

18. TwisonrooLogarithmi, . . . .10 

19. Yovsg'b Elements of Algebra. . . .10 

m Ywito'n Solntions of Questions In Aljgehra, 1 0 

21. Yousg’s Navigation and NanUcal Aitro- 

nomy, ... « • . 3 3 

22. Tonro s Plane Geometry, . . .13 

23. Youuc’s Simple Arithmetie, . • » 1 0 

24. Tomm'a Elementary Dynainlet; .13 
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6 A frm Company’s (Jatdl<^. 


TECHNICAL AND SCIENTIFIC PUBLICATIONS. 


ELECTBO-METALLtritaT. 

ELECTRO-METALLURGY (A Manual of). By James Napier, 

F. II. S. E. , F. C. S. Comprising — 


Electbotypk Processes. 

Electro-platino. 

Electro-gilding. 


Bronzing. * 

Coating \^ith Copper. 
Deposition of other Metalf. 


A History of the Art, &c., &c. 


With Illustrations, crown 8vo, cloth, Ts. 6d. Fifth Edition, 

“The Fifth Editiov has all the o/l vantages of a nrw wowk, and of a pkoved and thied fi!iesi>.* . . 
A work calculated to inspire invention. and Watchmaker . 


DYEING. 

DYEING AND DYEING RECEIPTS (A Manual of). By James 

Kapier, F. R.S.E., F.C.S. Comprising — 

1. Chemistry op Dyeing. 4. Animal Dyes. 

2. Mordants and Alterants. | 5. Aniline Colours. 

8. Vegetable Dyes. ' 6. Practical Manipulation. 

With Diagrams and 57 Specimens of Dyed Cotton, Silk, and Woollen Fabrics. 

Demy Svo, cloth bevelled, 21s. Third Edition, 

“ Excekhixcly valhaklk to the Practical Dyer. ... A Manual of necownry refeijenco to all who 
wish to keep pace with the sciontillc tliscovcrles of the Wma."— Journal of A hk'ience. 

CHEMISTRY. 

CHEMICAL RECREATIONS: A Popular Manual of Experi- 

mental Chemistry. By John Joseph Griffin, F.C.S. With 540 Engravings 
of Apparatus. Crown 4to, cloth. Tenth Edition, " . 

Part 1. Elementary Chemistry. Price 2s. 

Part II. The Chemistry of the Non-Metallic Elements, including a Comprehen- 
sive Course of Class Experiments. Price 10s. 6d. 

Ovy complete in one volume, clothe (jilt top, 125 . Ci. 


PRACTICAL CHEMISTRY (A Manual of) : The Analysis op 

Poods and the Detection of Poisons. By A. Wyn^br Blyth, F.C.S., 
M.B.C.S, Public Analyst for the County of Devon. 

Part I. POODS : Sugar, Starches ; Flour, Bread ; Milk, Butter, Cheese ; Tea, 
Coffee, Cocoa ; Alcohol and Alcoholic Liquids ; CqIIdiments. 

Part 11. POISONS : Organic and Inorganic, their Detection and Estimation. 

Crown Svo, cloth, with Numerous Tables and Diagram^, price 128. 6d. 

“ Will be used by every Analyst**— Zaiicef. 

“ Stands unbivaxxsd for completeness of information.**— jSomtfarjr Record, 


London : CHARLES GRIFFIN & CO., 10 Statiohees’ Hall Covet. 
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GENERAL SCIENTIFIC PUBLICATIONS, 

GEOLOGY. 

A MANUAl. OF GEOLOGY: 

PRACTICAL AND T^LEOEETICAL. 

JOHN PHILLIPS. M.A.. F.R.S.. F.O.S., 

UATK 1*KOFFSSOR OF «.IiOM>r.Y IN TIIK I'MVKJSSnA IM i>\r«>J{U. 

UKVISKI) AND p:i>ITi:i) BY 

R 0 B E R ’J’ K T H E R I D Q E, E. R. S.. E. ( J. .S., 

nr the me El M OJ FUAniE-VI. ORotiH.l, 

AND 

II. (5 (I V I E R S E E L E Y, E. R. S.. 

OE COT.KHor, I.OMm>N. 

WITH NUMEROUS ILLUSTRATIONS. 

(/// Prf'paratloH.) 


NATURAL HISTORY. 

THE STUDENT’S NATURAL HISTORY ; a Dictionary of tho 

♦Natural Scicuce-s: Botany, Uoncholoyy. Kiito^iiolntry. Mincralo^f^y, 

Pala>ontoJo£ry, anti Zoology. By W. Baird, M.l)., F.L.S., lato of the British 
Museum. Witli a Zooloii^ical Chart, showinif tho Distrihution ami Kaiij^ of 
Animal Life, anti over Two hundred and iifty lllustratiotis. Demy Svo. (jloth 
I'ilt, 10s. Cd. 

“Tho work is a very useful one, and will conlrihuto, l»v H» rhpapnesH arul oumprehOQsivcncss, to * 
foster tho extondiog tasto for Natural yulcatjo.” — lUvinc, 


THE NATURAL HISTORY OF THE INANIMATE CREATION, 

recorded in the Structure of tho Earth, the Plants of the Ficltl, and the Atmos- 
pheric Phenomena. By Professor Axstkd, M.A., F.II.S. With numerous 
Illustrations. Large fiost Svo. Cloth, Ss. 6d. 


A POPULAR HISTORY OF THE ANIMAL CREATION : being 

a Systematic and Popular Description of the Habits, Structure, and Classifica* 
tion of Animals. By W. S. Dallas, F.L.S. With coloured Frontispiece and 
many hundred Ulustrationa Crown Svo. Cloth, 8s. Gd. Kew Edition 


London : CHARLES GRIFFnsr & CO., 10 Stationers' Hall Court. 
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GENERAL g 'CIENTlFIC PUB LICATIONS. 

. HTOCeHE AND PCBUO HEALTH. 

A DICTIONARY Of HYGIENE AND PUBLIC HEAgH, 

BY 

ALEXANDER WYNTER BLYTH, M.R.aS., F.C.S., 

ANALYST FOE THE COUNTY OP DEVON 
COMPBISING— 

1. Sanitaby Chemistry. I 3. Sanitary Legislation. 

2. Sanitary Engineerinc}. ' I 4. Epidemic and Epizootic Diseases. 

6. HygiIine — M ilitary, Naval, Private, Public, School. • 

JRoyal Svo, cloth bevelled, with Ilhistrations, f^rice 28«. 

A vrork of extreme valve to all specially intorested in Sanitation."— Times and Gazette, 

Fifteenth Edition, 

domestic medicine and household surgery 

(A DICTIONARY OF). By Spknckr Thomson, M.D., Edin., L.R.C.S. 
With Appendix on the Management of the Sick*room, and many Hints for 
the Diet and Comfort of Invalids. 

Large Svo, cloth, with numerous Illustrations, price 8s, 6d, 

“ Dr. Thomaon has fully succeeded in conveying to the public a vast amount of useful professional 
Jtnowlodge,”— Journal of Medical Science, 

military surgery. 

INTERNATIONAL PRIZE ESSAY. 

THE SURGEON'S POCKET-BOOK: an Essay or the 

Best Treatment of the Wounded in War ; for which a prize was awarded by 
Her Majesty the Empress of Germany. Specially adapted to the PUBLIC 
MEDICAL SERVICES. By Surgeon-Major J. H, Porter, Hon. Assoc, of the 
Order of St. John of Jerusalem, late Assistant-Professor of Military Surgery in 
the Army Medical School. 

16mo, roan, with 152 Illustrations, price Is, CyL Second Edition, revised and enlarged. 

“ Every medical officer Is recommended to have the ‘ Surgeon’s Pockot-Book,’ by Surgeon-Major 
Porter, accessible, to I'efresh bis memory and fortify bis judgment.” — Precis of I^eld-Servtee Medical 
Arrangemmtsfor Afghan War, 

This capital little book . . . of the greatest practical value. . . . A surgeon with this Manual 
in his pocket oacomes a man of resource at onGef'^-^Westmitister JUvUw, 

Published under the Sanction of the National Somty for Aid to the 
Sick and Wounded in War, 

A MANUAL OF INSTRUCTION FOB ATTENDANTS 

ON THE SICK AND WOUNDED IN WAR. By Staff-AamBtant-Sar^geon 
A. Mon|rr, of the Royal Victoria Hospital, Netitoy. , 

JfTUfi mmeroua lUiutrations, pott 8vo, tiotk, 6$. 
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